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Abstract

In this paper, we shall examine the finite generation of symbolic Rees rings of the
defining ideal of the space monomial curves (t%,t,t¢) for pairwise coprime integers
a, b, ¢ such that (a,b,c) # (1,1,1). If such a ring is not finitely generated over a
base field, then it is a counterexample to the Hilbert’s fourteenth problem. The finite
generation of such rings is deeply related to the existence of negative curves on certain
normal projective surfaces. Herein, we prove that, in the case of (a +b+c)? > abe, a
negative curve exists. Using a computer, we shall show that a negative curve exists
if all of a, b, ¢ are at most 300 in the case where a base field is of characteristic zero.
As a corollary, the symbolic Rees rings of space monomial curves are shown to be
finitely generated if a base field is of positive characteristic and all of a, b, ¢ are less
than or equal to 300.

1 Introduction

Let k be a field. Let R be a polynomial ring over k£ with finitely many variables. For
a field L satisfying & C L C Q(R), Hilbert asked in 1900 whether the ring L N R
is finitely generated as a k-algebra or not. This is called the Hilbert’s fourteenth
problem.

The first counterexample to this problem was discovered by Nagata [14] in 1958.
An easier counterexample was found by Paul C. Roberts [16] in 1990. Further coun-
terexamples have been given by Kuroda, Mukai, etc.

The Hilbert’s fourteenth problem is deeply related to the following question of
Cowsik [2]. Let R be a regular local ring (or a polynomial ring over a field). Let P



be a prime ideal of R. Cowsik asked whether the symbolic Rees ring

R.(P) = PT"

r>0

of P is a Noetherian ring or not. His aim is to give a new approach to the Kro-
necker’s problem, which asks whether affine algebraic curves are set theoretic com-
plete intersection or not. Kronecker’s problem is still open, but Roberts [15] provided
a counterexample to Cowsik’s question in 1985. Roberts constructed a regular local
ring and a prime ideal such that the completion coincides with Nagata’s counterex-
ample to the Hilbert’s fourteenth problem. In Roberts’ example, the regular local
ring contains a field of characteristic zero, and the prime ideal splits after completion.
Later, Roberts [16] provided a new easier counterexample to both Hilbert’s fourteenth
problem and Cowsik’s question. In Roberts’ new example, the prime ideal does not
split after completion, but the ring still contains a field of characteristic zero. It was
proved that analogous rings of characteristic positive are finitely generated ([9], [10]).

On the other hand, let pi(a,b,c) be the defining ideal of the space monomial
curves (t%,t°,¢°) in k3. Then, px(a,b,c) is generated by at most three binomials
in k[x,y,z]. Many authors have intently studied these symbolic Rees rings. For
example, Huneke [7] and Cutkosky [3] developed criteria for the finite generation
of such rings. In addition, Goto, Nishida and Watanabe [4] proved in 1994 that
Rs(pr(7n — 3, (5n — 2)n,8n — 3)) is not finitely generated over k if the characteristic
of k is zero, n > 4 and n # 0 (3). In their proof of the infinite generation, they
proved the finite generation of Rs(px(7n — 3, (5n — 2)n,8n — 3)) in the case where k is
of characteristic positive. Goto and Watanabe conjectured that, for any a, b and c,
Rs(pi(a, b, c)) is always finitely generated over k if the characteristic of k is positive.

On the other hand, Cutkosky [3] gave a geometric meaning to the symbolic
Rees ring Rgs(px(a,b,c)). Let X be the blow-up of the weighted projective space
Proj(k[z,y, z]) at the smooth point Vi (px(a, b, c)). Let E be the exceptional curve of
the blow-up. Then the finite generation of Rs(pg(a,b,c)) is equivalent to that of the
total coordinate ring

TC(X)= @ HX,0x(D))
DeCI(X)

of X. If —Kx is ample, it can be proved (cf. [6]) that TC(X) is finitely generated
using the cone theorem (cf. [8]). Cutkosky proved that T'C'(X) is finitely generated
if (=Kx)? > 0, or equivalently (a4 b+ c)? > abe. The finite generation of TC(X) is
deeply related to the existence of a negative curve C, i.e., a curve C' on X satisfying
C? <0 and C # E. In fact, in the case where vabc € Z, a negative exists if TC(X)
is finitely generated. If a negative exists in the case where the characteristic of & is
positive, then T'C'(X) is finitely generated by a result of M. Artin [1].

Using a standard method (mod p reduction), if a negative curve exists in the
case of characteristic zero, then it can be proved that a negative curve exists in the
case of characteristic positive. Therefore, Rs(pi(a,b,c)) is finitely generated in the



case of characteristic positive (cf. Lemma 3.4). In the examples of Goto-Nishida-
Watanabe [4], a negative curve exists, but Rs(px(a,b,c)) is not finitely generated
over k in the case where k is of characteristic zero (cf. Remark 3.5 below).

In Section 2, we shall prove that if Rg(px(a,b,c)) is not finitely generated, then
it is a counterexample to the Hilbert’s fourteenth problem (cf. Theorem 2.1 and
Remark 2.2).

In Section 3, we review some basic facts for the finite generation of Rs(px(a,b,c)).
We define sufficient conditions for X to have a negative curve (cf. Definition 3.6).

In Section 4, we shall prove that a negative curve exists in the case where (a +
b+ ¢)? > abc (cf. Theorem 4.3). It should be noted that if (a + b+ ¢)? > abc,
then Cutkosky [3] proved that Rs(px(a,b,c)) is finitely generated. Moreover if we
assume vabc € 7, then the existence of a negative curve follows from the finite
generation. Existence of negative curves in these cases is an immediate conclusion
of the cone theorem. Our proof of the existence of a negative curve is very simple,
purely algebraic, and unlike Cutkosky’s proof, does not employ the cone theorem.

In Section 5, we discuss the degree of the negative curve (cf. Proposition 5.4),
which is used in a computer programming in Section 6.1.

In Section 6.2, we prove that a negative curve exists if k£ is a field of characteristic
zero and all of a, b, ¢ are at most 300 such that (a,b,c) # (1,1,1) (cf. Theorem 6.1).
As a corollary, we know that Rs(pr(a,b,c)) is finitely generated if k is a field of
characteristic positive and all of a, b, ¢ are at most 300 (cf. Corollary 6.2).

2 Symbolic Rees rings of monomial curves and
Hilbert’s fourteenth problem

Throughout of this paper, we assume that rings are commutative with unit.
For a prime ideal P of a ring A, P(") denotes the r-th symbolic power of P, i.e.,

PM =P Apn A
By definition, it is easily seen that PO pt) « plrtr) for any r, r’ > 0, therefore,
¢ rrrr
>0

is a subring of the polynomial ring A[T]. This subring is called the symbolic Rees
ring of P, and denoted by Rs(P).

Let k be a field and m be a positive integer. Let ay, ..., a, be positive integers.
Consider the k-algebra homomorphism

Ot Klrr, .. 2] — K1
given by ¢x(x;) = t% fori =1,...,m, where x1, ..., &, t are indeterminates over k.
Let pi(a,...,an) be the kernel of ¢r. We sometimes denote pg(aq, ..., a) simply

by p or p; if no confusion is possible.



Theorem 2.1 Let k be a field and m be a positive integer. Let ay, ..., an, be positive
integers. Consider the prime ideal py(aq, ..., an) of the polynomial ring k[x1, . .., Tm].

Let a1, s, B, ..., Bm, t, T be indeterminates over k. Consider the following
injective k-homomorphism

& k:[:vl,...,xm,T] B k(a17a2751,---,5m7t)

given by §(T) = ag/ay and &(x;) = o B +t% fori=1,...,m.
Then,

E(an 1+t a1 fa41t%2, .., aq B +t4™ an/ar )Nk, g, B, - -+, Bm, t] = E(Rs(pr(at, - .., am)))
holds true.

Proof. Set L = k(auf1 +t*,...,a10m + t*™, aa/a1). Set d = GCD(ay,...,an).
Then, L is included in k(ay, a9, B1, . . ., Bm, t?). Since

k[aba%ﬁlv v 7ﬁm7t] N k(abaQ?ﬁlv s aﬁmvtd) = k[aha%ﬁl?' o a/BWth]’
we obtain the equality
LN k[Oq,OéQ,,Bl, o 7ﬁm7t] =LnN k[a17a27517 .. 7/8matd]'

By the commutativity of the diagram

L
|
k?[fL']_,...?LUm,T} — k(a17a27/617°"aﬁmvtd) D) k[a17a27/817"'aﬁm7td]
£\ ! !

k(al,QQ,ﬂl,...,ﬂm,t) D k[a17a27ﬂ1)°"aﬁﬂhtd]

it is enough to prove this theorem in the case where GCD(ay,...,an) = 1.
In the rest of this proof, we assume GCD(ay,...,an) = 1.
Consider the following injective k-homomorphism

é: k[xlv"‘7$maT7ﬂ — k(alaO[Zaﬂl)' "7ﬁm7t)

given by £(T) = ag/aq, £(t) = t and £(z;) = a1 3i+1% for i = 1,...,m. Here, remark
that ag/aq, a1 f1 +t*, a182 + %2, ..., a1 0y + t*, t are algebraically independent
over k. By definition, the map ¢ is the restriction of £ to klxy,...,zm,T).

We set S = k[z1,...,zn] and A = k[z1,...,2m,t]. Let q be the ideal of A

generated by 1 — %, ..., x,, —t*". Then q is the kernel of the map b : A — k[t]
given by ¢y (t) =t and ¢ (z;) = t* for each i. Since ¢y, is the restriction of ¢y to S,
gN S =p holds.

Now we shall prove q" NS = p(") for each r > 0. Since q is a complete intersection,
q(") coincides with q” for any r > 0. Therefore, it is easy to see g¢" NS > p().
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Since GCD(ay,. .., an) = 1, there exists a monomial M in S such that ¢y (z})t =
o (M) for some u > 0. Let

O @1 k[xy,. .., &, a7 1] — k[t 171

be the localization of ¢;. Then, the kernel of ¢, @ 1 is equal to

_ M _
qk[z1, ..., Tm, 2] l,t] = (p,t — ﬁ)k[xl, ey T, X 1,t].
1

Setting t' =t — %,
qAlz7Y] = (p, )k[z1, ..oy T, 27 1]
holds. Since x1, ..., oy, t' are algebraically independent over k,
g Alz; NSyt = (0, 8) kw1, zm, ] L] Ok, g, 2y ] = 7S
holds. Therefore,
NS cqAznsS=pSzrins cp™.

We have completed the proof of " N S = p().
Let R(q) be the Rees ring of the ideal g, i.e.,

R(q) =EPa'T" C A[T).
r>0

Then, since q" NS = p() for r > 0,
R(q) N S[T] = Rs(p)

holds. It is easy to verify
R(q) NQ(S[T]) = Rs(p)
because Q(S[T])NA[T] = S[T], where Q( ) means the field of fractions. Here remark
= [

that S[T] = k[z1,...,2m, T) and A[T] = k[z1,...,Tm, T, t]. Therefore, we obtain the
equality 3
§(R(q)) N L = &(Rs(p))- (1)
Here, remember that L is the field of fractions of Im(¢).
On the other hand, setting = = x; —t% for ¢ = 1, ..., m, we obtain the following:
R(q) = klz1,...,zm, 2\ T,... 2, T, 1]
= k[o\,...,2, 2\ T, ... ¢ Tt
Here, remark thatNx’l, cey @ Tt are algebraically independent over k.

By definition, £(z}) = a13;, and (2T = af3; for each i.
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We set B
B =¢(R(q)) (2)
and C' = klag, a9, b1, - .., Bm, t]. Here,

B = (klaupj |i=1,2; j=1,...,m])[t] C C.
Since B is a direct summand of C' as a B-module, the equality
CnQB) =B 3)

holds in Q(C).
Then, since L C Q(B), we obtain

CNL=(CNQ(B))NL=BNL=¢&Rsp))

by the equations (1), (2) and (3). q.e.d.

Remark 2.2 Let k be a field. Let R be a polynomial ring over k with finitely many
variables. For a field L satisfying & C L C Q(R), Hilbert asked in 1900 whether
the ring L N R is finitely generated as a k-algebra or not. It is called the Hilbert’s
fourteenth problem.

The first counterexample to this problem was discovered by Nagata [14] in 1958.
An easier counterexample was found by Paul C. Roberts [16] in 1990. Further coun-
terexamples were given by Kuroda, Mukai, etc.

On the other hand, Goto, Nishida and Watanabe [4] proved that Rs(px(7n —
3, (bn — 2)n,8n — 3)) is not finitely generated over k if the characteristic of k is zero,
n >4 and n #Z 0 (3). By Theorem 2.1, we know that they are new counterexamples
to the Hilbert’s fourteenth problem.

Remark 2.3 With notation as in Theorem 2.1, we set

0 0 0
D, = = B — e — By
LT Mg T2, T ag; o 3 m
0 0 0
D = a—17 m am—1"__ -
2 ait aﬁl + + amt 8ﬁm aq ot

Assume that the characteristic of k is zero.
Then, one can prove that {(Rs(pr(ai,- .., am))) is equal to the kernel of the deriva-
tions D; and Da, i.e.,

E(Rs(pr(ar, ... am))) = {f € ka1, a2, b1, ..., Bm, t] | D1(f) = D2(f) = 0}.



3 Symbolic Rees rings of space monomial curves

In the rest of this paper, we restrict ourselves to the case m = 3. For the simplicity
of notation, we write x, y, z, a, b, ¢ for x1, x2, =3, a1, as, as, respectively. We
regard the polynomial ring k[z,y, z] as a Z-graded ring by deg(xz) = a, deg(y) = b
and deg(z) = c.

px(a, b, c) is the kernel of the k-algebra homomorphism

¢k : k[az,y,z] - k[t]

given by ¢p.(z) = 1%, ¢r(y) = t°, dr(z) = t°.

By a result of Herzog [5], we know that pg(a,b,c) is generated by at most three
elements. For example, py(3,4,5) is minimally generated by 2® — yz, y? — 2z and
22 —2%y. On the other hand, px(3,5,8) is minimally generated by #° —y3 and z — xy.
We can choose a generating system of px(a, b, ¢) which is independent of k.

We are interested in the symbolic powers of py(a,b,c). If px(a,b, c) is generated
by two elements, then the symbolic powers always coincide with ordinary powers
because pi(a, b, c) is a complete intersection. However, it is known that, if px(a, b, c)
is minimally generated by three elements, the second symbolic power is strictly bigger
than the second ordinary power. For example, the element

h= (2% —y2)* = (y — 22)(z* — 2’y)

is contained in px(3,4,5)2, and is divisible by 2. Therefore, h/x is an element in
pr(3,4,5)? of degree 15. Since [px(3,4,5)%]15 = 0, h/z is not contained in py(3, 4, 5)2.

We are interested in the finite generation of the symbolic Rees ring Rs(px(a, b, c)).
It is known that this problem is reduced to the case where a, b and c are pairwise
coprime, i.e.,

(a,b) = (b,c) = (c,a) = 1.

In the rest of this paper, we always assume that a, b and ¢ are pairwise coprime.
Let Px(a, b, ¢) be the weighted projective space Proj(k[x,y, z]). Then

Pk(a7 bv C) \ {V+(l‘,y), V+(y, z)? V+(z, I‘)}

is a regular scheme. In particular, Py(a,b,c) is smooth at the point Vi (px(a,b,c)).
Let m : Xi(a,b,¢) — Pg(a,b,c) be the blow-up at Vi(pg(a,b,c)). Let E be the
exceptional divisor, i.e.,

E =1 (Vi(pr(a,b, ).

We sometimes denote py(a,b,c) (resp. Pr(a,b,c), Xi(a,b,c) ) simply by p or pg
(resp. P or P, X or X}) if no confusion is possible.
It is easy to see that

CI(P) = ZH ~ 7,



where H is the Weil divisor corresponding to the reflexive sheaf Op(1). Set H =
>, miD;, where D;’s are subvarieties of P of codimension one. We may choose D;’s
such that D; # Vi (p) for any i. Then, set A =Y, mywm1(D;).
One can prove that
CI(X)=ZA+ZFE ~ 7°.

Since all Weil divisor on X are QQ-Cartier, we have the intersection pairing
Cl(X) x Cl(X) — Q,

that satisfies

1
A2 — T, E2 — —17 AE — 0
aoc

Therefore, we have

nin
(nlA — TlE).(nzA — T’QE) = CleCQ — Trira.
Here, we have the following natural identification:
0 B "] (r>0)
H°(X,0x(nA—rFE)) = { s, (r < 0)

Therefore, the total coordinate ring (or Cox ring)
TC(X) = P H'(X,0x(nA-rE))
n,reZ

is isomorphic to the extended symbolic Rees ring
RspT Y =-asST?aST 'eoSepTep?T?e. ...

We refer the reader to Hu-Keel [6] for the finite generation of total coordinate rings.
It is well-known that R,(p)[T!] is Noetherian if and only if so is Rs(p).

Remark 3.1 By Huneke’s criterion [7] and a result of Cutkosky [3], the following
four conditions are equivalent:

(1) Rs(p) is a Noetherian ring, or equivalently, finitely generated over k.

(2) TC(X) is a Noetherian ring, or equivalently, finitely generated over k.

(3) There exist positive integers r, s, f € p(, g € p®), and h € (z,y,2) \ p such
that

gs(z,y,z) (S(x,y,z)/(f; 9 h)) =Trs- gS(z,y,z) (S(x,y,z)/(p7 h)),

where Es(z,y,z) is the length as an S, , .)-module.

(4) There exist curves C' and D on X such that

C#D, C+E, D+E, C.D=0.



Here, a curve means a closed irreducible reduced subvariety of dimension one.
The condition (4) as above is equivalent to that just one of the following two
conditions is satisfied:

(4-1) There exist curves C' and D on X such that
C+#E, D#E, C><0, D*>0, C.D=0.
(4-2) There exist curves C' and D on X such that
C+#E, D#E, C#D, C*=D?>=0.
Definition 3.2 A curve C on X is called a negative curve if
C+#F and C?<0.

Remark 3.3 Suppose that a divisor F' is linearly equivalent to nA — rFE. Then, we

have
2

2 1 2
F= abc "

If (4-2) in Remark 3.1 is satisfied, then all of a, b and ¢ must be squares of integers
because a, b, ¢ are pairwise coprime. In the case where one of a, b and ¢ is not square,
the condition (4) is equivalent to (4-1). Therefore, in this case, a negative curve exists
if Rs(p) is finitely generated over k.

Suppose (a,b,c¢) = (1,1,1). Then p coincides with (z —y,y — z). Of course, Rs(p)
is a Noetherian ring since the symbolic powers coincide with the ordinary powers.
By definition it is easy to see that there is no negative curve in this case, therefore,
(4-2) in Remark 3.1 happens.

The authors know no other examples in which (4-2) happens.

In the case of (a,b,c) = (3,4,5), the proper transform of
2

V+(($3 —y2)* — (y° — za) (2 — $2y))
x
is the negative curve on X, that is linearly equivalent to 154 — 2F.
It is proved that two distinct negative curves never exist.
In the case where the characteristic of k is positive, Cutokosky [3] proved that
Rs(p) is finitely generated over k if there exists a negative curve on X.
We remark that there exists a negative curve on X if and only if there exists

positive integers n and 7 such that
% <Vabe and [p™M], #£ 0.

We are interested in the existence of a negative curve. Let a, b and ¢ be pairwise
coprime positive integers. By the following lemma, if there exists a negative curve
on Xy, (a,b,c) for a field ko of characteristic 0, then there exists a negative curve on
Xi(a,b,c) for any field k.



Lemma 3.4 Let a, b and c be pairwise coprime positive integers.

1. Let K/k be a field extension. Then, for any integers n and r,
[pr(a, b, )]y @1 K = [pic(a,b,¢)"],.
2. For any integers n, r and any prime number p,
dimg, [pr, (a,b,¢) "], > dimgpg(a, b,¢) "],

holds, where Q 1is the field of rational numbers, and ), is the prime field of
characteristic p. Here, dimg, (resp. dimg) denotes the dimension as an F-
vector space (resp. Q-vector space).

Proof. Since S — S ®, K is flat, it is easy to prove the assertion (1).
We shall prove the assertion (2). Let Z be the ring of rational integers. Set
Sz, = Z[z,y, z]. Let pz be the kernel of the ring homomorphism

¢z : Sz — LIt]

given by ¢z(x) = t%, ¢z(y) = t* and ¢z(z) = t°. Since the cokernel of ¢z is Z-free
module, we know

pz ®z k = Ker(¢z) @z k = Ker(¢y) = pi;

for any field k.
Consider the following exact sequence of Z-free modules:

0— pz\"V — Sy — Sz/pz" — 0
For any field k, the following sequence is exact:
0—pz" @2k — 8 — S/p2") @z k — 0
Since pzSz[r~!] is generated by a regular sequence, we know
pz)Szle™!] = pz" Szlr ]
for any r > 0. Therefore, for any f € pz("), there is a positive integer u such that
' f € pg’.
Let p be a prime number. Consider the natural surjective ring homomorphism
n: Sz — Sz Rz Fp.

Suppose f € pz("). Since 2" f € p;” for some positive integer u, we obtain

z'n(f) € n(pz") = pr,"

10



Hence we know
pz") @z F, =n(pz ") C pr, .
We obtain
ranks[pz "], = dime, [p2"], ®2 F, < dims, [pe, ),

for any r > 0 and n > 0. Here, ranky denotes the rank as a Z-module.
On the other hand, it is easy to see that

pz'") @2 Q = po"”
for any r > 0. Therefore, we have
rankz[pz "], = dimg[pg"]n

for any r > 0 and n > 0.
Hence, we obtain
dim@[p(@(r)]n < dimg, [ple (T)]n

for any r > 0, n > 0, and any prime number p. q.e.d.

Remark 3.5 Let a, b, ¢ be pairwise coprime positive integers. Assume that there
exists a negative curve on Xy, (a,b, c) for a field ko of characteristic zero.

By Lemma 3.4, we know that there exists a negative curve on Xg(a,b,c) for any
field k. Therefore, if k is a field of characteristic positive, then the symbolic Rees ring
Rs(py) is finitely generated over k by a result of Cutkosky [3]. However, if k is a field
of characteristic zero, then R4(py) is not necessary Noetherian. In fact, assume that
k is of characteristic zero and (a,b,c) = (Tn — 3, (5n — 2)n,8n — 3) with n #Z 0 (3)
and n > 4 as in Goto-Nishida-Watanabe [4]. Then there exists a negative curve, but
Rs(pg) is not Noetherian.

Definition 3.6 Let a, b, c be pairwise coprime positive integers. Let k be a field.
We define the following three conditions:

(C1) There exists a negative curve on X(a,b,c), i.e., [pr(a,b, c)(T)]n # 0 for some
positive integers n, r satisfying n/r < Vabc.

(C2) There exist positive integers n, r satisfying n/r < Vabc and dimy S,, > r(r +
1)/2.

(C3) There exist positive integers ¢, r satisfying abeq/r < Vabe and dimy Sqpeq >
r(r+1)/2.

Here, dim;, denotes the dimension as a k-vector space.
By the following lemma, we know the implications
(C3) = (C2) = (C1)

since dimy, [p(T)}n = dimy, S, — dimk[S/p(T)]n.
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Lemma 3.7 Let a, b, ¢ be pairwise coprime positive integers. Let r and n be non-
negative integers. Then,
dimy[S/p™),, < r(r +1)/2

holds true for any field k.
Proof. Since z, y, z are non-zero divisors on S/ p("), we have only to prove that
dimy[S/p | apeq = 7(r +1)/2

for ¢ > 0.
The left hand side is the multiplicity of the abc-th Veronese subring

[5/pT) ) = @420[5/P "] ateq-
Therefore, for ¢ > 0, we have

dim[S/papeg = ([S/p) + (b€)](ab))
((z"), [S/p()](abe))
= L), s/5)
(@).5/6)

e((x),S/p)ls,(Sp/p"Sp)

|
®

9

—~

e

QI —Q

<

—
=
+
—_

S~—

[\)

q.e.d.

Remark 3.8 It is easy to see that [pg(a,b,c)], # 0 if and only if dimy S, > 2.
Therefore, if we restrict ourselves to r = 1, then (C1) and (C2) are equivalent.

However, even if [pg(a,b, c)(2)]n # 0, dimg, S, is not necessary bigger than 3. In
fact, since p;(5,6,7) contains y? — zx, we know [px(5,6,7)%]24 # 0. In this case,
dimy, S94 is equal to three.

Here assume that (C1) is satisfied for 7 = 2. Furthermore, we assume that the
characteristic of k is zero. Then, there exists f # 0 in [pg(a,b,c)®], such that
n < 2v/abe for some n > 0. Let f = fi - - - fs be the irreducible decomposition. Then,
at least one of f;’s satisfies the condition (C1). If it satisfies (C1) with r = 1, then
(C2) is satisfied as above. Suppose that the irreducible component satisfies (C2) with
r = 2. For the simplicity of notation, we assume that f itself is irreducible. We want
to show dimy S,, > 4. Assume the contrary. By Lemma 3.4 (1), we may assume that
f is a polynomial with rational coefficients. Set

f=kia®yP 2 — kox®2yP2272 4 fan®3y58 08,
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Furthermore, we may assume that k;, ko, k3 are non-negative integers such that
GCD(kl,kQ, kg) = 1. Since

af of of

LA A b
al" aya Oz € pk(aa ,C)
as in Remark 5.1, we have
a1 oy Qg k1 0
Br B2 B3 ko | =10
MoY2 3 k3 0

Therefore, we have
(xo‘lyﬁl Pl )k1 (xocayﬂa 273 )kg — ($a2yﬁz Z’YQ)IQ'

Since f is irreducible, 219”127 and x®3y% 273 have no common divisor. Note that
ky = ki + ks since f € pr(a,b,c). Since k; and ks are relatively prime, there exist
monomials N; and N3 such that z®1yfz7 = N{“H%, oyt = N§1+k3 and
o2y = Nle§3. Then

f= Kk NFTES — (kg + k) N{UNG® + kg Nyt ts,
Then, f is divisible by Ny — N3. Since f is irreducible, f is equal to Ny — N3. It

contradicts to of of of
%, 87y, a S pk(a, b, C).

Consequently, if (C1) is satisfied with » < 2 for a field k of characteristic zero,
then (C2) is satisfied.

Assume that k is a field of characteristic zero. Let a, b and ¢ be pairwise coprime
integers such that 1 < a, b, ¢ < 300. As we shall see in Theorem 6.1, a negative curve
exists unless (a,b,c) = (1,1,1). In these cases, calculations by a computer show that
(C2) is satisfied if (C1) holds with r < 5.

We shall discuss the difference between (C1) and (C2) in Section 6.1.

Remark 3.9 Let a, b and ¢ be pairwise coprime positive integers. Assume that
px(a, b, c) is a complete intersection, i.e., generated by two elements.
Permuting a, b and ¢, we may assume that

pk(a’u b7 C) = (xb - yav z = xayﬁ)

for some «, 8 > 0 satisfying ca + b = c. If ab < ¢, then
deg(z? — y*) = ab < Vabe.
If ab > ¢, then
deg(z — 2%9°) = ¢ < Vabe.

must be equal to (1,1,1). Ultimately, there exists a negative

If ab = ¢, then (a,b,c
(1,1,1).

)
curve if (a,b,c) # (1,1

I

13



4 The case where (a + b+ c)* > abc

In the rest of this paper, we set £ = abc and 1 = a+ b+ ¢ for pairwise coprime positive
integers a, b and c.
Forv=0,1,...,£ — 1, we set

SE) = Bg>0Segto-

This is a module over S©&) = @,50S¢,.

Lemma 4.1
1
dimy,[S&Y)), = dimy, Seqpy = 3 {¢¢* + (n + 2v)q + 2dimy, S, }
holds for any q > 0.

The following simple proof is due to Professor Kei-ichi Watanabe. We appreciate
him very much.
Proof. We set a, = dimy S,, for each integer n. Set

) =" ant™
neZ
Here we put a, = 0 for n < 0. Then, the equality

1
0= —ma-—su-—m

holds.

Set b, = a, — an—¢. Then, b, is equal to the coefficient of ¢" in (1 — %) f(¢) for
each n. Furthermore, b, — b,_1 is equal to the coefficient of " in (1 — t)(1 — &) f(¢)
for each n.

On the other hand, we have the equality

1
1-1¢

(1=1)(1 —t5)f(t) = g(t) x =g(t)x (L+t+2+--), (4)

where

Lt4- 4ttt
(I+t+- (It t - 2oL

g(t) =

Since a, b and ¢ are pairwise coprime, g¢(t) is a polynomial of degree & — n + 2.
Therefore, the coefficient of t" in (1 —t)(1 —t¢)f(t) is equal to g(1) for n > & —n+2
by the equation (4). It is easy to see g(1) = 1.

Since b, — b1 =1forn > &+ 1,

bn=b§+(n—£)

14



holds for any n > £. Then,

q
gy — Gy = Z Agitv — Ag(i— 1)+U)
i=1

q
= D by
=1

q
= Z be +&(i—1)+v)

=1
q—1)q
= b§q+f(2)+vq

= §q2+<bg—§+v>q

Recall that be is the coefficient of ¢ in

(1—t5)f(t) = =gt)x (1+2t+-+m+1)t"+---). (5)

Setting
g(t) = co+crt + -+ cepyat® T,

it is easy to see
Ci = Ce—n+2-i (6)

for each i. Therefore, by the equations (5) and (6), we have

be=co(§+ 1)+ &+ - +cepra(n—1)=(co+c1+- -+ cepya) X 542—77.
Since g(1) = 1, we have be = &T" Thus,
agqyv = §q2+ (6—;77_§+U)q+%
q.e.d.

Before proving Theorem 4.3, we need the following lemma:

Lemma 4.2 Assume that a, b and ¢ are pairwise coprime positive integers such that
(a,b,c) # (1,1,1). Then, n — /€ #0,1,2.

Proof. We may assume that all of a, b and ¢ are squares of integers. It is sufficient
to show

o?+ 32+~ —afy#£0,1,2

15



for pairwise coprime positive integers «, 3, v such that («, 3,7) # (1,1, 1).
Assume the contrary. Suppose that (ag, 5p,70) is a counterexample such that
ag + Bo + Yo is minimum. We may assume 1 < o < Gy < 9.
Set
f(z) = 2% — apfox + a2 + 52

First suppose ag8y < 9. Then,
f(0) = flaoBo) = af + 85 > 2.
Since f(y0) = 0,1, or 2, we have
Y0 = apfo and of + 35 = 2.

Then, we obtain the equality ag = By = 70 = 1 immediately. It is a contradiction.
Next, suppose O‘OTBO < v < apfy- Then, 0 < 9By — vo < Yo and

f(coBo —v0) = f(0) =0,1, or 2.

It is easy to see that «q, By, apBo — Yo are pairwise coprime positive integers. By the
minimality of ag + o + 70, we have ag = By = apBy — 0 = 1. Then, vy must be zero.
It is a contradiction.

Finally, suppose 0 < 7o < O‘OT’%. Since By < v < 0‘0250, we have ag > 2. If ag = 2,
then 2 < By = . It contradicts to (5o, v0) = 1. Assume «ap > 3. Since [y < Yo,

f(v0) < f(Bo) = (2= a0)B5 + of < 0.

It is a contradiction. q.e.d.

Theorem 4.3 Let a, b and ¢ be pairwise coprime integers such that (a,b,c) #
(1,1,1).
Then, we have the following:

1. Assume that Vabc ¢ Z. Then, (C3) holds if and only if (a + b+ c)? > abe.
2. Assume that abc € Z. Then, (C3) holds if and only if (a + b+ ¢)? > 9abe.

3. If (a+ b+ ¢)? > abe, then, (C2) holds. In particular, a negative curve exists in
this case.

Proof. Remember that, by Lemma 4.1, we obtain
. 1, 9
dimy S¢q = 5(5(] +ng + 2)

for any ¢ > 0.

16



First we shall prove the assertion (1). Assume that (C3) is satisfied. Then,

=

€’ +ng+2 o r(r+l)
2 2

is satisfied for some positive integers r and q. The second inequality is equivalent to
€q® +nq > r(r + 1) since both integers are even. Since

¥ +ng >’ +r> ¢+ Ve,

we have n > /€ immediately.
Assume 1 > /€ and /€ € Z. Let € be a real number satisfying 0 < € < 1 and

n—¢ f

§<—5— (7)

Since /€ € Q, there exist positive integers r and ¢ such that

€E>T — \/gq > 0.
Then,

N NN I A

2
Since /€q + € > r, we have

£ +2e\/Eq+ & > 1P

Therefore

r? 41 < g%+ 2e\/Eq + € + 1 \/gq<§q +ng+ € < &¢*+ng+2

by the equation (7).
Next we shall prove the assertion (2). Suppose /€ € Z. Since r > /£q, we may
assume that » = /g + 1. Then,

(Eq® +ng+2)— (> +7) = (n—3/)q.

Therefore, the assertion (2) immediately follows from this.

Now, we shall prove the assertion (3). Assume n > /€. Since (a,b,c) # (1,1,1),
we know £ > 1. If \/€ € 7Z, then the assertion immediately follows from the assertion
(1). Therefore, we may assume /£ € Z.

Let n, ¢ and v be integers such that

n:€Q+U> ,U:\/g_l'

17



We set

r:\/gq—kl.
\/gr=£q+\/§>n.

Then,

Furthermore, by Lemma 4.1,

2dimy, S, — (r2 +71) = (ﬁq2 + (1 + 2v)q + 2dimy, Sy) — (gq2 + 3¢+ 2)
= (n—VE—2)q+ (2dimg S, — 2).

Since 1 — /€ is a non-negative integer, we know 1 — /€ > 3 by Lemma 4.2. Conse-
quently, we have 2dimy S, — (72 +7) > 0 for ¢ > 0. q.e.d.

Remark 4.4 If (a+b+c)? > abe, then Ry(p) is Noetherian by a result of Cutkosky [3].

If (a4 b+ c)? > abc and vabe ¢ Q, then the existence of a negative curve follows
from Nakai’s criterion for ampleness, Kleimann’s theorem and the cone theorem (e.g.
Theorem 1.2.23 and Theorem 1.4.23 in [11], Theorem 4-2-1 in [8]).

The condition (a + b+ ¢)? > abc is equivalent to (—Kx)? > 0. If —Ky is ample,
then the finite generation of the total coordinate ring follows from Proposition 2.9
and Corollary 2.16 in Hu-Keel [6].

If (a,b,¢) = (5,6,7), then the negative curve C is the proper transform of the
curve defined by y? — zz. Therefore, C is linearly equivalent to 12A — E. Since
(a+b+c)? > abe, (—Kx)? > 0. Since

—Kx.C = (184—E).(12A— E) = 0.028 - - > 0,

— K x is ample by Nakai’s criterion.

If (a,b,¢) = (7,8,9), then the negative curve C is the proper transform of the
curve defined by y? — zx. Therefore, C is linearly equivalent to 164 — E. Since
(@ +b+c)? > abe, (~Kx)? > 0. Since

—Kyx.C = (24A—E).(16A— E) = —0.23--- < 0,

—Kx is not ample by Nakai’s criterion.

5 Degree of a negative curve

Remark 5.1 Let k be a field of characteristic zero, and R be a polynomial ring over
k with variables x1, x2, ..., Zm,. Suppose that P is a prime ideal of R. By [12], we
have

oot tamp
P(T):{hGR’O§a1+~~+am<r:> € }

« a
(9.%'11 M 8xmm
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In particular, if f € P("), then

of of 1
=4 e plr=1),
oz’ Oz

Proposition 5.2 Let a, b and ¢ be pairwise coprime integers, and k be a field of
characteristic zero. Suppose that a negatwe curve exists, i.e., there exist positive
integers n and r satisfying [p(a, b, c) 7")] #0 and n/r < \/E

Set ng and rg to be

ng = min{n € N|3r >0 such that n/r < /€ and [p")],, # 0}
LﬁJ‘*‘

where | =] is the mazimum integer which is less than or equal to %

ro =

Then, the negative curve C is linearly equivalent to ngA — roF.

Proof. Suppose that the negative curve C' is linearly equivalent to n1 A —r E. Since
n1/r1 < /€ and [p(™)],,, # 0, we have ny > ng. Since H*(X, O(ngA—1oE)) # 0 with
no/ro < Vabe, ngA—roE — C is linearly equivalent to an effective divisor. Therefore,
ng > n1. Hence, ng = n;.

Since ng/r1 < V&, 1o < r1 holds. Now, suppose rg < r1. Let f be the defining
equation of 7(C'), where m : X — P is the blow-up at V. (p). Then, we have

[p(rl_l)]no = [p(”)]no =k f.

If n is an integer less than ng, then [p(" Y], = 0 because

By Remark 5.1, we have
of 9f Of _ (o

ox’ Oy’ Oz

Since their degrees are strictly less than ng, we know

of _of _of _
oxr Oy 0z

On the other hand, the equality

f af af

holds. Remember that k is a field of characteristic zero. It is a contradiction. q.e.d.
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Remark 5.3 Let a, b and ¢ be pairwise coprime integers, and k be a field of charac-
teristic zero. Assume that the negative curve C exists, and C' is linearly equivalent
to ngA — roE.

Then, by Proposition 5.2, we obtain

no = min{n e N|[p'Vel ™, £ 0}
10

ro = |—]+1.

0 | 5J

f
Proposition 5.4 Let a, b and ¢ be pairwise coprime positive integers such that /&€ >
1. Assume that (C2) is satisfied, i.e., there exist positive integers ny and ri such that
ni/r1 < V€ and dimg S,, > r1(r1 +1)/2. Suppose n1 = Eq1 + v1, where ¢ and vy
are integers such that 0 < v; < €.
Then, 1 < 2k Suy 1614,

: VE-n
In particular,

2¢ max{dimy S; | 0 <t < &}
VE—n

ny =§&q +v < +¢.

Proof. We have

ny ﬂ
T1>\/E—\/EQ1+\/E.

Therefore,

2
. v v
2dimy Sy, > i+ 11 > €G3+ 2uiq + 2 + \/E(h +—.

§ V€

By Lemma 4.1, we have

2
v

(VE —n)q1 < 2dimy Sy, — -

< 2 dlmk Sv1 .

6 Calculation by computer

6.1 Examples that do not satisfy (C2)

Suppose that (C2) is satisfied, i.e., there exist positive integers n; and r1 such that
ny/r1 < V€ and dimg S, > ri1(r1 + 1)/2. Put ny = g1 + v1, where ¢; and v; are
integers such that 0 < vy < £. If /€ > n, then ¢; < 2dimy Suy 1 61ds by Proposition 5.4.
By the following programming on MATHEMATICA, we can check whether (C2)

is satisfied or not in the case where /€ > 7.

20



c2la_, b_, c_] :=
Do [
If[(a+ b+ c)”2>abc, Print["-K: self-int positive"]; Goto[fin]];
s = Series[((1 - t7a)(1 - t"b)(1 - t7c))"(-1), {t, 0, a b c}];
Do[ h = SeriesCoefficient[s, k];
m = IntegerPart[2 h/(Sqrtla b c] - a - Db - c)];
Do[ r = IntegerPart[(a b c q + k)(Sqrtl[a b c]~(-1))] + 1;
If[2h+qa+b+c)+abcqg2+2qgk>r (r +1),
Print [StringForm["n=‘¢, r=‘‘", a b c q + k, r]];
Goto[fin]l],
{q, 0, m}],
{k, 0, abc - 1}];
Print["c2 is not satisfied"];
Label[fin];
Print["finished"]]

Calculations by a computer show that (C2) is not satisfied in some cases, for
example, (a,b,c) = (9,10,13), (13,14, 17).

The examples due to Goto-Nishida-Watanabe [4] have negative curves with r = 1.
Therefore, by Remark 3.8, they satisfy the condition (C2).

In the case where (a,b,c) = (9,10,13),(13,14,17), the authors do not know
whether Rg(py) is Noetherian or not in the case where the characteristic of k is
zero, however the negative curve do exists as in Theorem 6.1 below.

If we input (a, b, c) = (5,26,43), then the output is (n,r) = (1196, 16). Therefore,
(C2) is satisfied with (n,r) = (1196, 16). However, the negative curve on X¢(5, 26,43)
is linearly equivalent to 5154 — 7E by a calculation in the next subsection.

6.2 Existence of a negative curve

The aim of this subsection is to show the following theorem by a computer.

Theorem 6.1 Let a, b and ¢ be pairwise coprime positive integers such that (a,b, c) #
(1,1,1). Assume that the characteristic of k is zero.
If all of a, b and c are at most 300, then there exists a negative curve on X.

Let a, b and ¢ be pairwise coprime positive integers such that (a,b,c) # (1,1,1)
and 1 < a,b,c < 300. Then, by Theorem 6.1, there exists a negative curve in the case
where k is of characteristic zero. Then, by Remark 3.5, Rs(p(a, b, ¢)) is Noetherian in
the case where k is of positive characteristic. Thus, we obtain the following corollary
immediately.

Corollary 6.2 Let a, b and c be pairwise coprime positive integers such that all of
a, b and ¢ are at most 300. Assume that the characteristic of k is positive.
Then the symbolic Rees ring Rs(pr(a,b,c)) is Noetherian.
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Proof of Theorem 6.1. By Remark 5.1, we have

0<a+f+y<r=

HatB+7h
() — "

If A is a homogeneous polynomial of degree n, we have

nh—aaz%-i-b a—h—l-cz%
oz y@y 0z’

In the same way, we have

dea h ; gotB+vp gatb+y+1p ) gatB+y+1p oatB+y+1p
(deg h—aa—fb=yc) 0°2xdBydz amaa“az@ﬁy@“/z—i_ yaax85+1y672+62 0oxdByoHz’

By this formula, we know

(r) hes “*h

r g <

P, { €Sy 0_a+ﬁ<r:>axaayﬁep}

because z ¢ p. Here, remember that the characteristic is zero. Let {Mj,..., M} be

the set of monomials of z, y, z of degree n. Here, s is dimy S,,. Set
h=d M+ -+ dsM;

and M; = zyfiz% for i = 1,...,s, where di,...,ds € k. For non-negative integers
m and n, we set (m;n) to be

L1 (n=0)
(mv”)—{m(m—l)--~(m—n+1) (n > 0).

Then, for h € S,,, h is contained in [p(")],, if and only if

S

> (essa)(fis B)di = 0

i=1

for 0 < a+ § < r. It is equivalent to

S
Ze?fzﬁdz =0
i=1

for0<a+p<r.

If a + b+ ¢ > Vabe, then there exists a negative curve by Theorem 4.3.

If one of a, b and ¢ is less than 5, then it is easy to see a + b+ ¢ > Vabe. We
may assume that 5 < a < b < ¢. By the following programming on MATLAB, we
can prove Theorem 6.1 using a computer.
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clear all

rlist=[];
for a=5:300
for b=a+1:300
if gcd(a,b) ==

for c=b+1:300
if ((gecd(b,c) ==1) & (gcd(a,c) == 1) & (c < axb) & (atb+c <= sqrt(axbx*c)))
for n=a:50000,
flag=0;
rflag=0;
eflag=0;

r=floor(n/sqrt(axb*xc)) + 1;

A=[1;
for i=0:floor(n/a),
for j=0:floor((n-ix*a)/b),
for k=0:floor((n-i*a-j*b)/c),
if n==ix*a+j*b+k*c
A=[A;i j k];
end
end
end
end
A=A’

if size(A,2) > (r*(r+1))/2
eflag=1;
text = [a b crn size(A,2)]
[fid,message] = fopen( ’negativecurve2_e.txt’, ’at’ );
if £id>0
fprintf (£fid,’%d,%d,%d,%d,%d,%d\n’ ,text) ;
else
[’open error’]
end
fclose(fid);
break
end

B=[1;
for i=0:r-1,
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for j=0:r-1-i,
B=[B;i jl;
end
end
B=B’;

M=[];

for i=1:size(4,2),
N=[];
for j=1:size(B,2),
N=[N (AC(i-1)*3+1)"B((j-1)*2+1))*(A((1-1)*3+2) "B((j-1)*2+2))];
end
M=[M;N];
end

if rank(M) < size(4,2)
for i=1:size(rlist,2),
if r == rlist(i)

rflag=1;
end
end
if rflag==0
rlist = [rlist r];
end
flag = 1;
[a b c]
text = [a b c rn rank(M) size(4,2)]
[fid,message] = fopen( ’negativecurve.txt’, ’at’ );
if £id>0
fprintf (fid,’%d,%d,%d,%d,%d,%d,%d\n’ ,text) ;
else
[’open error’]
end
fclose(fid);
break
end
end
end
if (flag == 0) & (eflag == 0)
[fid,message] = fopen( ’negativecurve.txt’, ’at’ );
if £id>0
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fprintf (fid, not found [%d,%d,%d]\n’,a,b,c);

else
[’open error’]
end
fclose(fid);
end
end
end
end
rlist

end
q.e.d.

Remark 6.3 Assume that the characteristic of k is zero. Let a, b and ¢ be pairwise
coprime positive integers such that a 4+ b+ ¢ < Vabe, (a,b,¢) # (1,1,1) and 1 < a <
b < ¢ < 300.

More than 90% in these cases satisfy (C2).

Using this program, it is possible to know ng and r¢ such that the negative curve
is linearly equivalent to ngA — roE (cf. Remark 5.3).

Calculations show the following.

The maximal value of r is nine.

In the case where rg < 5, (C2) is satisfied, i.e.,

dimj Sno > 7“0(7'0 + 1)/2.

Suppose (a,b,c) = (9,10,13). In the case where the characteristic of k is zero,
the negative curve is linearly equivalent to 3054 — 9F. We know that the negative
curve is also linearly equivalent to 3054 — 9F if the characteristic of k is sufficiently
large. On the other hand, the negative curve is linearly equivalent to 1004 —3F if the
characteristic of k is three as in Morimoto-Goto [13]. Therefore, the linear equivalent
class that contains the negative curve depends on the characteristic of a base field.
Assume that the characteristic is a sufficiently large prime number. Let C be the
negative curve and D be a curve that satisfies (4-1) in Remark 3.1. Suppose that D
is linearly equivalent to n1 A — r1 E. Since C.D = 0, we know

ny  9%2-10-13
r 305
Therefore, r must be a multiple of 305.
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