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Abstract. In this paper we study an optimal control problem for a singular
diffusion equation associated with total variation energy. The singular diffu-
sion equation is derived as an Allen-Cahn type equation, and then the observ-
ing optimal control problem corresponds to a temperature control problem in
the solid-liquid phase transition. We show the existence of an optimal control
for our singular diffusion equation by applying the abstract theory. Next we
consider our optimal control problem from the view-point of numerical anal-
ysis. In fact we consider the approximating problem of our equation, and we
show the relationship between the original control problem and its approxi-
mating one. Moreover we show the necessary condition of an approximating
optimal pair, and give a numerical experiment of our approximating control
problem.
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1 Introduction

In this paper we consider an optimal control problem for the following singular diffusion
equation:

wy — kdiv (ﬂ) + 0l q(w) 2w+wu  ae in Qp:=(0,T) x €, (1.1)

[Vl
ow
o= 0 a.e. on Yy := (0,7) x T, (1.2)
n
w(0,z) = wy(x) for a.a. x €, (1.3)

where T' > 0 is a fixed finite time, 2 is a bounded domain in RY (N > 1) with a smooth
boundary I' := 0f2, & is a (small) positive constant, 91—y 1)( - ) is the subdifferential of the
indicator function Ij_q1)(-) on the closed interval [—1,1], v = u(t,x) is a given forcing
term on Qr, 9/0n is the outward normal derivative on I', and wy is a given initial datum.

The main focus of this paper is to study the following optimal control problem (OP)
for our singular diffusion equation (P):={(1.1), (1.2), (1.3)}:

Problem (OP). Find a function u, € L*(0,T; L*(Q)), the so-called optimal control, that
realizes the minimization:

Rt TSR
of the following cost function:
T T
a 2 1 2

for any u € L*(0,T; L*(Q2));

where « is a positive constant, w is the unique solution of (P) for each forcing (control)
term u, wy is the given target profile in L*(0,T; L*(R2)), and |- |2(q) is the standard norm
in L?(Q).

Note that Problem (P) is derived as the L*-gradient flow for the following functional:

1
w € L*(Q) — /i/ |Vw| + / I1q(w) do — 5/ lw+ul? dv (u € L3());
0 v Q

including the total variation fQ |Vw| of parameter w. Accordingly, the singular diffusion
—div(%) is just a formal phrase to describe the first variation (subdifferential) of the
total variation. The above functional is known as a possible expression of free energy,
governing phase field dynamics, and in the context u denotes the relative temperature,
and w denotes the non-conserved order parameter. Hence we figure out that Problem
(P) is a kind of Allen-Cahn equation, and Problem (OP) is a kind of temperature control
problem in the observing solid-liquid phase transition.

The main difficulty of (OP) is in the singularity, arising from the total variation and
the indicator function. Recently the singular diffusion equations, kindred to (P), were
studied by a lot of mathematicians (cf. [1, 2, 4, 9, 12, 18, 20]) from various viewpoints.



Especially in the case when the space dimension of 2 is one, the authors [16, 17] showed
the necessary condition of (OP) and proposed the numerical scheme to find the optimal
control of the approximating problem, although their theories were made for slightly
different singular diffusion equation with ours.

In this paper we will demonstrate some theorems, which extend the available situa-
tion (one-dimensional situation) of the line of foregoing results [15, 16, 17], into general
multi-dimensional situations. Additionally we perform the numerical experiment for ap-
proximating control problem in two dimensional space, to support the validity of the
resulted theorems. Consequently the main novelties found in this paper are:

(a) to show the existence of optimal controls, and to prove the necessary condition for
the optimal controls in Problem (OP);

(b) to construct an effective approximating method for Problem (OP) under multi-
dimensional setting of €2;

(¢) to propose the numerical scheme to find the approximating optimal control of (OP),
and to show the convergence of our numerical algorithm;

(d) to give a numerical experiment of the approximating optimal control problem of
(OP) in two-dimensional space.

The plan of this paper is as follows. In Section 2 we recall the fundamentals of
the theory of functions of bounded variation, including the exact definition of the total
variation functional. In Section 3 we study the problems (P) and (OP) by applying
the abstract theory. In Section 4 we consider the approximating problems of (P) and
(OP), and prove the necessary condition of an optimal pair to the approximating problem
of (OP). In Section 5 we prove the main result (Theorem 5.1) in this paper, which is
concerned with the necessary condition of the optimal control of (OP). In Section 6
we propose the numerical scheme to find the optimal control of approximating control
problem for (OP), and show Theorem 6.2 which is concerned with the convergence of our
numerical algorithm. Furthermore we give a numerical experiment of the approximating
control problem for (OP) in two-dimensional space.

Notations and basic assumptions

Throughout this paper we use the following notations.

For any reflexive Banach space B, we denote by |- |z the norm of B, and denote by
B’ the dual space of B. Additionally we denote by (-, )/ g the duality pairing between
B’ and B.

In particular we put H := L*(Q) with usual real Hilbert space structures. The inner
product and norm in H are denoted by (-,-) and by |- |g, respectively. Also we put
X := H'(Q) with usual norm | - |x, and denote by (-,-) the duality pairing between X’
and X.

Let us here prepare some notations and definitions. For a proper (i.e., not identically
equal to infinity), l.s.c. (lower semi-continuous) and convex function ¢ : H — R U {0},



the effective domain D(v)) of ¢ is defined by
D(¢) == {z € H; 9(z) < oo}

The subdifferential of v is a possibly multi-valued operator in H, and it is defined that
z* € 0Y(z) if and only if

z€ D) and (2"y—2) <Y(y) —¢(z) forall ye H.

For various properties and related notions of the proper, 1.s.c., convex function ¢ and its
subdifferential 0, we refer to a monograph by Brézis [5].

Let us now give some assumptions on data. Throughout this paper we assume the
following conditions (A1)—(A2):

(A1) T, o and k are the fixed positive constants in R.

(A2) wy is the given target profile in L*(0,T; H).

Finally, throughout this paper we use N;,i = 1,2,3,--- to denote positive (or nonneg-
ative) constants depending only on the argument(s).

2 Preliminaries

We begin by recalling the definitions of functions of bounded variation and their total
variation.

Definition 2.1. (I) Let f € L'(Q). Then f is called a function of bounded variation (or
simply BV-function), if and only if:

- @ € CY(Q;RY) with a compact support,
/|Vf] sup{/fdlvgodx ol < 1in 0 < 0.

Here we call / |V f] the total variation of f.
Q
(IT) We denote by BV (Q2) the space of all BV-functions.

Now we recall the important property of the space BV () as follows (cf. [7]):

Proposition 2.1 (cf. [7, Chapter 5]). (I) (Lower semicontinuity) Let {f;} C BV (),
and let f € LYQ). If f; — f in L'(Q) as j — oo, then

imint [ V52 [ (94
i=ee Jg Q
(IT) (Compactness) The space BV () is a Banach space endowed with the norm
|zlBv(@) == |2|L1(0) / |Vz|  for any z € BV ().
Q

Moreover BV () is compactly embedded into L*(S2). Hence BV (Q) N L>®(S2) is compactly
embedded into the space LP(Q) for any 1 < p < oc.
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Proposition 2.2 (cf. [7, Chapter 5]). Let f € BV(Q2). Then there exists a Radon
measure |V f| on Q, and |V f|-measurable function vy : Q@ — RY such that

(i) lvel=1, [V f|-a.e. on€;

(ii) / f dive dz = —/ @ vV f| forall ¢ € CHQRN) with a compact support.
0 0

Remark 2.1. If f belongs to the Sobolev space W' (Q), then |V f| is absolutely contin-
uous with respect to the Lebesgue measure, and it follows that:

/ \Vfl= / |V f(x)|dz  for any Borel subset U C
U U

and v /()
x
— if V 0,
vy = i@ 070 en
0 otherwise,
Now we define a functional V on H by
Vz if z € BV(Q) with |z] <1 a.e. in €,
V() = /Q| | (1) with |2] < (2.1)

00 otherwise.

Note that the effective domain D(V') of V' is of the form:
D(V)={2e€e BV(Q)NH; |z|<1ae. in Q}.

Clearly V is proper, l.s.c. and convex on H.
On the other hand let V{) be the total variation functional on H without constraint,

namely
Vo(z) = / V2| if z € BV(Q),
0 T QO
00 otherwise.

Also we define the proper, ls.c. and convex functional Z_; ;; of H by

I[—l,l](z) = / ][_1,1](Z)dx for any z € H,
Q

where I;_; 1] is the indicator function on the closed interval [—1,1]. Then the total varia-
tion functional V' can be formulated as in the form

V(z) = Vo(2) + Ij-11y(2) for any z € H.

Here we recall the representation result of ;) obtained in [1, 2].



Proposition 2.3 (cf. [I, 2]). w* € dVy(w) if and only if there is a vector field v,, €
L= (Q; RYN) such that

vwl <1 ae inQ, divw, € H, w*=—divv, inD'(Q),

- / divv, zdr = / v, - Vzdr for any z € WHH(Q)N H (2.2)
Q Q

and

Vo(w) = — / dive, wdz.
Q
Moreover we see the following decomposition property of the subdifferential V. For
the detailed proof, we refer to [20, Theorem 3.1]:

Proposition 2.4 (cf. [20, Theorem 3.1]). The subdifferential OV of V' is decomposed into
the following form:

OV (z) = 0Vo(2) + 0Z_11)(2) in H  for any z € H.

3 Problems (P) and (OP)

We begin by giving the notion of a solution to (P):={(1.1), (1.2), (1.3)}.

Definition 3.1. Let u € L*(0,T; H) and wy € H. Then a function w : [0,T] — H is
called a solution of (P), or (P;u,wg) when the data are specified, on [0, T}, if the following
conditions are satisfied:

(i) we WbH0,T; H) with V(w) € L*(0,T).
(i) There is a function w* € L?(0,T; H) such that w*(t) € OV (w(t)) and
w'(t) + kw*(t) = w(t) +u(t) in Haa. te(0,T),
_dw

where w' 1= .
(ili) w(0) = wp in H.
Remark 3.1. By Proposition 2.4, the condition (ii) in Definition 3.1 is equivalent to the
following condition (ii)”:
(i)’ There is a function w§ € L*(0,T; H) and a function ¢ € L*(0,T; H) such that
we(t) € 0Vp(w(t)) in H, £(t) € 0Zi11)(w(t)) in H,

w'(t) + kwy(t) + E(t) = w(t) + u(t) in H
for a.a. t € (0,7).



Thus the subdifferential 0V corresponds to the rigorous formulation of the singular term
—div (%) +0I_11(w) as in (1.1). Furthermore, in the light of (2.2), we infer that the

homogeneous Neumann type boundary condition is implicitly inherent in (ii) and (ii)’.

Remark 3.2. It follows from (ii) of Definition 3.1 that the equation (1.1) is equivalent
to the following variational inequality:

(W' (t) —w(t) —u(t),w(t) — 2) + kV(w(t)) — kV(z) <0

for any z € D(V) and a.a. t € (0,7).

Here we mention the result of the existence-uniqueness of solutions for (P).

Proposition 3.1 (cf. [5, 12]). Assume (A1). Then, for each u € L*(0,T; H) and wy €
D(V') there is a unique solution w of (P;u,wy) on [0,T].

Proof. We easily see that Problem (P) can be reformulated as the following Cauchy prob-
lem (CP;u, wy):

(CP:u, wp) { Z’((g)) —|:— fUiz}/(w(t)) —w(t) 2 u(t) in H for a.a. t € (0,7T),

of the evolution equation, that is governed by the subdifferential OV of the convex function
V on H, given in (2.1). Therefore, by applying the abstract theory established by Brézis
[5], the Cauchy problem (CP;u,wp) has one and only one solution w € W12(0,T; H), in
the sense as in Definition 3.1, for each v € L*(0,T; H) and wy € D(V'). Hence (P;u, wy)

has a unique solution on [0, 7. O
Recently Yamazaki [21] considered the optimal control problems of nonlinear evolution
equation governed by subdifferential operator in a real Hilbert space. So by applying the
abstract result in [21], we can get the existence of an optimal control for (OP) as follows:
Proposition 3.2 (cf. [21, Section 5.2]). Assume (A1)—(A2). Let wy € D(V). Then
Problem (OP) has at least one optimal control u, € L*(0,T; H) so that
J(uy) = inf  J(u),
(u ) uELQl%(lJ,T;H) (U)

where J(-) is the cost functional defined in (1.4).

As is mentioned in Proposition 3.1, we see that (P) can be reformulated as the Cauchy
problem (CP;u,wp). The evolution equation, as in (CP; u, wy), just corresponds to a

special case of the nonlinear evolution equation, treated in [21]. Thus the existence of
our optimal control problem (OP) will turn out a direct consequence of the abstract
theory, obtained in [21]. For the detailed argument, we refer to [21], and omit the proof

of Proposition 3.2.



Remark 3.3. The above Proposition 3.2 does not cover the uniqueness of optimal con-
trols. So, throughout this paper, we have to note the situation that Problem (OP) may
have more than two optimal controls.

We get the optimal control of (OP) in Proposition 3.2. But it is very difficult to show
the necessary condition of the optimal control for (OP) since the subdifferential OV'(-) is
not smooth. Hence the optimality condition of (OP) will be derived by constructing some
effective approximating method for the original problem (OP).

4 Approximating problems of (P) and (OP)

In this section we study the approximating problems of (P) and (OP).
With regard to Problem (P), we consider the following approximating problem (P)e,
prescribed for each € € (0, 1]:

Problem (P)°. Find a function w® : [0,7] — H which fulfills the following equations:

wi — K div (a*(Vw®)) + Fe(w®) = w® +u  ae. in Qr, (4.1)
v-a*(Vws) =0 a.e. on X, (4.2)
we(0,x) = w§(x) for a.a. z € Q, (4.3)

where a®(n) = (a5(n),a5(n), -+ ,a5(n)) is a vector filed on RY of the form:
n

and v is the outward unit normal vector on I'. Also we define a nondecreasing function
F*© on R by

+en  forany m= (n1,m2, - ,nN) € RN, (4.4)

1 [s—1]*"

Fe(r) .= sign(r) /Olrl min {—,

€ g2

} ds forr eR, (4.5)

where [-]T denotes the positive part of functions. Clearly F¢ is a C''-function with deriva-
tive (F¢)" € WH(R), such that

1
0< (F%)'(r) <= foranyreR (4.6)
£
and . )
|Fe(r)| > = ([r= 1"+ [-1—7]") — 5 for any r € R. (4.7)
€
We fix a primitive [ of ¢ such that
F?(0)=0 and F°(r)>0 foranyrcR. (4.8)
In the rest we denote (P)¢ by (P;u, w§)® when the data of the control u and the initial
value w§ are specified. Note that for each € € (0, 1] the singular diffusion term div (é—%)

and the constraint I}, ;j(w) as in (1.1) are approximated by div (a®(Vw®)) and F*(w®),
respectively.



Next for each € € (0, 1] we consider the approximating optimal control problem (OP)®
of (OP) as follows:

Problem (OP)°. Find a function (optimal control) uS € L?(0,T; H) that realizes the
minimization:

(4 &€ — : f &€ .
I (u5) uEL;%;TJ{)J'(U),
of the following cost function:
a [T 1 [T
7= [l = w O+ 5 [ o (4.9

for any u € L?(0,T; H);

where w® is a unique solution of the approximating problem (P;u,w§)® for each control
uw e L*0,T; H), and wy is the given target profile in L?(0,T; H).

Here we mention the result of the existence-uniqueness of a solution for (P)c.

Proposition 4.1. Assume (Al). For each € € (0,1] let w € L*(0,T; H) and w§ € X.
Then there is a unique function w®, called a solution of (P;u,w§)® on [0,T], which solves
the equations (4.1)—(4.3) in the following sense:

(i) w® e Wh2(0,T; H) N L*>(0,T; X);
(i1) (4.1) holds in the variational sense, i.e.,
((w)'(8), 2) + ff/Qag(Vwa(t)) Ve dr + (F(w (1)), 2) — (w(t), 2) = (u(t), 2)
forall z € X and a.a. t € (0,T);
(iii) w®(0) = ws in H.

Proof. For each ¢ € (0, 1] we define an approximating energy functional V¢ for V on H
of the form:

1 [ ~
/ < ’VZ|2+€2—|-§|VZ|2> das+—/F5(z)d:v if z € X,
Q 2 K Ja

00 otherwise.

Ve(z) = (4.10)

Clearly V¢ is proper, l.s.c. and convex on H. Also we observe that the approximating
problem (P)< is considered as the Cauchy problem (CP;u,w§) of the form:

(CP:u, ) { Eulgzz)’)(tiz;f‘a‘/a(we(t)) —w(t) =wu(t) in H for a.a. t € (0,7,

Hence by applying the abstract theory of evolution equations governed by maximal mono-
tone operators and Lipschitz perturbation (cf. Brézis [5]), the problem (P)¢ has a unique
solution w® € W12(0,T; H)NL>®(0,T; X) for each € € (0,1], u € L*(0,T; H) and w§ € X.
Thus the proof of Proposition 4.1 has been completed. Il



Here we give the following important lemma, which is key one to showing the relation
between (P) and (P)®.

Lemma 4.1 (cf. [I8, Lemma 3.1]). V¢ — V on H in the sense of Mosco [1/] as e — 0,
namely the following two conditions are satisfied:

(i) For any subsequence {Ve} C {V*}, if zp — 2z weakly in H and ¢ — 0 as k — oo,
then lign inf Vo (z,) > V(2).

(ii) For any z € D(V') and any sequence {e,} C (0,00) satisfying €, \, 0 as n — oo,
there is a sequence {z,} C H such that z, — z in H, and lim V™ (z,) = V().

n—oo

Proof. The result follows by a slight modification of the proof of [18, Lemma 3.1]. For
the calculation details we refer to [18, Lemma 3.1]. O

Now we mention the result of the continuous dependence between (P) and (P)° as
follows.

Proposition 4.2. Assume (Al). For each ¢ € (0,1], let u® € L*(0,T; H), w§ € X, and
let w® be the unique solution of the approximating problem (P;u®,w§)® on [0,T]. Then
there is a positive constant Ny > 0, independent of € € (0, 1], such that

T
sup |w?(t)[f; + £ sup V‘s(wa(t))+/ [(w)' (7) [T
te[0,7] te[0,7] 0

< N (VEf) + gl + [ e ) (4.11)
Furthermore assume wg € D(V), {wi} C X, uw € L*(0,T; H), {u°} C L*(0,T; H) and
wg — wo in H,  V(wg) — V(wp), (4.12)

u® — u weakly in L*(0,T; H) (4.13)

as € — 0. Then w® converges to the unique solution w of (P;u,wy) on [0,T] in the sense
that
w® — w in C([0,T]; LY(Q)) and in L*(0,T; H) as & — 0. (4.14)

Proof. Taking w*(t) and (w®)'(t) as the test functions in (ii) of Proposition 4.1, and
applying Gronwall’s inequality, we get the boundedness (4.11). Such calculations are
standard one, so we omit the detailed proof.

Now let us show (4.14). From (4.11)—(4.13) we infer that

w® is bounded in W'2(0,T; H) uniformly in e € (0, 1] (4.15)
and
sup V(w*(t)) is bounded uniformly in € € (0, 1]. (4.16)
te[0,7)
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Also we observe from (4.16), the definitions of Vj(:) and V() and Remark 2.1 that

sup Vp(w®(t)) is bounded uniformly in e € (0, 1],
te[0,7

hence,

sup |w®(t)|pv(e) is bounded uniformly in e € (0, 1]. (4.17)
te[0,7)

Since H C L'(2) and the imbedding BV () — L(Q) is compact, it follows from (4.15)
and (4.17) that there is a subsequence {e;} C {e} and a function w € W'?(0,T; H) N
L>(0,T; BV(2)) N C([0,T); L'(Q)) satisfying e — 0 and
w* — w  weakly in W12(0,T; H),
in C([0,77; L1(2)),
weakly-* in L>°(0,7; BV (Q)),

in the pointwise sense, a.e. in Qr,

(4.18)

as k — 00.

Now we show that w is the unique solution to (P;u,wg) on [0,T]. To do so, we give
the bounded estimates of F*(w®F) uniformly in k£ € N.

Here by taking F*¢x(w®*(t)) as the test function in (ii) of Proposition 4.1, and by using
Schwarz’s inequality, (4.4) and (4.6), we get

d

= | Pt rada + 5 D < ot Of + (0

for a.a. 7€ (0,7).
By integrating this inequality in 7 over [0, t], we have
~ 1 [t
| P ado+ 5 [P o)
Q 0

< /S)Fak(w(a)k (z))dx + ’wgk‘%Q(O,T;H) + |u€k|%2(0,T;H)
for all t € (0,7).

Therefore by taking account of (4.8), (4.11)—(4.13) and (4.19), there is a positive constant
Ns, independent of ¢, such that

/0 For (w () [ < N, (4.20)

Hence it follows from (4.7) and (4.20) that

/ /y W (r, 2) — 1] Pdadr
< 2 / / (|F€<w€k<m>>|+—)2dxdf
< zgk/ /(|F (w* (7, 2))[2 + )dmdr

< 23 <N2 + ZT|Q|) :

(4.19)

11



which implies that

€k

|[[w* — 1]+|%2(07T;H) — 0 ask— oo, (4.21)

where |Q| is the volume (N-dimensional Lebesgue measure) of €.
Similarly it follows from (4.7) and (4.20) that

I[-1— wak]+|iz(0,T;H) — 0 ask — oo. (4.22)

Here let K := {¢ € L*(0,T;H) ; |¢| < 1 a.e. on Qr}, and let mx be the orthogonal
projection from L?(0,T; H) onto K. Then by applying Lebesgue’s dominated convergence
theorem, we easily see from (4.18) that

Trw® — mgw in L2(0,T; H) as k — oo. (4.23)
Therefore it follows from (4.18) and (4.21)—(4.23) that

w* = [w* — 1T+ rgwt — -1 —w]t

4.24
— agw=w (€ K) in L*0,T;H) ask — oo. (4.24)

Now we show that w is the solution to (P;u,wg) on [0,7]. Since w® is the unique
solution of the approximating problem (P;u®*, wg*)=* on [0, T], we see that (cf. [5, Example
2.1.3 and Proposition 2.16]):

—(w™) + w™ + vt € KO (w™) in L*(0,T; H), VkE€EN,

where 0®¢* is the subdifferential of the proper, l.s.c. and convex function ®** on L?(0,T’; H)
defined by

T
B (2) = / Ve (2())dt, V= € L0, T H).
0
Here we note from Lemma 4.1 that ®°* converges to ® on L*(0,7; H) in the sense of

Mosco as k — oo (cf. [0, Proposition.7]), where ® is the proper, l.s.c. and convex
function ® on L*(0,T; H) defined by

d(z) := /OT V(z(t))dt, Vze L*0,T;H).

Therefore, by the general theory of subdifferentials (cf. [3, Theorem 3.66]), we see that
0P+ converges to 0P in the graph sense (cf. [3, Definiton 3.58]). Hence we observe from
[3, Proposition 3.59] that:

(%) if 22, € 0D (z,), 25— z* weakly in L*(0,T; H) and 2., — z in L*(0,T; H), then,
2* € 09(2).

For the detailed definition and various properties of graph convergence of maximal mono-
tone operators, we refer to a monograph by Attouch [3].

Thus it follows from the above general theory, (4.13), (4.18) and (4.24) that —w’ +
w+u € KOP(w) in L*(0,T; H), which implies that

w'(t) + KOV (w(t)) — w(t) > u(t) in H for a.a. t € (0,T).

12



Also we observe from (4.12) and (4.18) that w(0) = wy in H. Therefore w is the solution to
(P;u, wp) on [0,T]. Clearly w is the unique solution to (P;u,wp) on [0, 7] (cf. Proposition
3.1), whence (4.14) holds without extracting any subsequence from {e}. Thus the proof
of Proposition 4.2 has been completed. O

By a similar argument to [21, Sections 34|, we get the following Proposition 4.3,
which is concerned with the relation between (OP) and (OP)e.

Proposition 4.3. Suppose (A1)—(A2). Then, for each e € (0,1] and w§ € X the approz-
imating problem (OP)® has at least one optimal control v € L*(0,T; H) so that

Jo(ug) = inf  J(u).

w€L2(0,T;H)

Furthermore, fix any sequence {u} in L*(0,T; H) such that uS is the optimal control of
(OP)=. Assume wy € D(V), {wj} C X,

wg — wo in H and  VE(wg) — V(wy) ase — 0. (4.25)

Then there is a subsequence {ex} C {e} and a function u., € L*(0,T; H) such that .. is
the optimal control of (OP), e, — 0 and

Ut — u,,  weakly in L*(0,T; H) as k — oo. (4.26)

Proof. Note that the approximating problem (P)¢ is considered as the Cauchy problem
(CP; u, w§)® (cf. Proposition 4.1). Therefore, by applying the abstract result in [21], we
can get the existence of an optimal control u$ of (OP)® for each € € (0, 1].

Now we show (4.26). Let us fix any sequence {u¢} in L*(0,T; H) such that uf is the
optimal control of (OP). Let u be any function in L?(0,T; H). Also, let w® be a unique
solution for (P;u,w§)® on [0,7], and let w be a unique solution for (P;u,w,) on [0, 77.
Then we observe from (4.25) and Proposition 4.2 that

w® — w in C([0,T]; L'(R)) and in L*(0,T; H) as & — 0. (4.27)
Since u is the optimal control of (OP)?, we see that

Q 1

7)< =5 [l O+ g [ e (4.28)

Clearly it follows from (4.9), (4.27) and (4.28) that {uc} is bounded in L*(0,T; H) with
respect to € € (0,1]. Thus there is a subsequence {ey} C {e} and a function u,, €
L*(0,T; H) such that e — 0 and

ut — u,, weakly in L*(0,T; H) ask — oc. (4.29)

For any k € N, let wi* be a unique solution of (P;uf*, wg*)* on [0,T]. Then, by
(4.25), (4.29) and Proposition 4.2, we see that wS* converges to the unique solution w,.
of (Pjus, wp) on [0,77] in the sense that

w — w,, in C([0,T]; L*(Q)) and in L*(0,T; H) as k — oc. (4.30)
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Now, by using (4.27)-(4.30) and the weak lower semicontinuity of L*-norm, we see
that
I (Usi) < li}gng}f JHE(uk) < J(u).
Since u is any function in L?*(0,T; H), we infer from the above inequality that u,. is the
optimal control of (OP) satisfying the convergence (4.29) (i.e. (4.26)). Thus the proof of
Proposition 4.3 has been completed. [

Now we give the necessary condition of an optimal pair (wg, u5) for (OP), where ws

is the unique solution for (P;u$, w§)?, and ug is the optimal control of (OP)® obtained in
Proposition 4.3.

Proposition 4.4. Suppose (A1)—(A2). For the fized number € € (0,1], let w§ € X, and
let ¢ € L*(0,T; H) be the optimal control of (OP) obtained in Proposition J.3. Let we
be the unique solution of (P;us, w§)®. Then there exists a unique solution p° of the adjoint
equation on [0,T] as follows:

p° € WH(0,T; X')N L*(0,T; X) c C([0,T]; H); (4.31)

[ oo o e [ ] <[%‘; v ) Vp8(7)> ¢(r) dudr
v [ o). conar - [ 6.

= /0 (a(wi (1) —wg(7)), (7)) dr for any ¢ € L*(0,T; X); (4.32)

subject to:
p°(T,z) =0 fora.a. x€Q; (4.33)

T
where [%i;()] € L>®(RN; RNY*N) denotes the transpose of the gradient %—‘j; € L®(RN; RV*N),
Moreover p° satisfies the equation

pPHus =0 inL*0,T;H). (4.34)

We prove Proposition 4.4 by showing the result of Gateaux differentiability of the cost
functional J(-). Here we define the solution operator A® of (P)c.

Definition 4.2. (I) Let w§ € X. Then we denote by A® : L?(0,T; H) — L*(0,T; X)
C L?*(0,T; H) a solution operator of (P)¢ which assigns to any control u € L*(0,T; H)
the unique solution w® := A®(u) of the state problem (P;u, w§)<.

(IT) Let wi € X, and let v € L?*(0,T; H) be the optimal solution of (OP)?. Then
(ws,us) = (A%(uf), us) is called the optimal pair of the control problem (OP)=.

14



For a moment we often omit the subscript € € (0,1]. For any A € [—1,1]\ {0}, any
w € L*0,T;H) and any u € L*(0,T; H), we put wy := A°(u + \a), w := A°(u) and
Xx = . Then we easily see that y, satisfies the following system:

N N
0 0 — . .
(xa)e — “Z B (Z‘Z(t,w)—a?) + F\(t,x)xn =xa+u ae in Qr, (4.35)
- 17 j

= = —X O .
E iz E aij(t,x)% =0 a.e. on X, (4.36)
' i

i=1 j=1
XA(0,2) =0 for a.a. x €€, (4.37)
where v = (11,19, - -+ ,vy) is the outward unit normal vector on I', and we define
A b da;
ay(t,z) = o ~(Vw(t,z) + s(Vwy(t, ) — Vw(t,x)))ds for a.a. (t,z) € Qr,
0 97
F(ta) = / (FY (w(t, ) + s(wn(t,z) — w(t,2))ds  for aa. (t2) € Or.
0
Here gi i £(n) with respect to n;, where n = (n,--- ,nn) € RY

and a®(n) = (a5(n),a5(n), - ,a%(n)) is a vector filed on RY defined in (4.4).

Now we give the uniform estimate of solutions y, with respect to A € [—1,1] \ {0}.

Lemma 4.3. Suppose all the same conditions in Proposition 4./. Then there is a positive
constant N3 > 0 independent of A € [—1,1] \ {0} such that

T T
sup DOl + 26 [ [Va®Bd+ [ G0k < Nlifaors (039
0 0

t€[0,T]
for any u € L*(0,T; H).

Proof. Clearly we see that a5(-) € CY(RY) fori =1,--- | N,

N 1>
a;
> 5o (m&E > eléf, (4.39)
ig=1 i
: 1
gzl,("?)'ﬁgﬂ fori,j=1,--- N (4.40)
J

for any n = (m,--- ,ny) € RY and any § = (&, -+ ,&y) € RY.

Also note that the function F* satisfies (4.6). Therefore by (4.6) and (4.39)—(4.40),
we can get a priori estimate (4.38). Such calculations are standard one, so, we omit the
detailed proof. O

Now let us mention the result of the Gateaux differentiability of A® and J¢.
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Lemma 4.4. Under the same conditions as in Proposition /./, the following two state-
ments hold.

(I) The solution operator A° admits the Gateauz derivative Dy A*(u) at anyu € L*(0,T; H)
and any direction u € L*(0,T; H). More precisely, for any u € L*(0,T; H) there
exists a bounded and linear operator X, : L*(0,T; H) — L*(0,T; H) such that:

A (ut M) — A%(u)
(@) = Dah™(u) = Jimy A\ (4.41)

for all direction u € L*(0,T; H).
Moreover, for arbitrary u,u € L*(0,T; H) the function x := X, (u) fulfills that:

x € WH0,T; X'YNL*(0,T; X) C C([0,T); H); (4.42)

£

(), 2) + / (%‘; (Vw()Vx(t)) - V(@)de + ((F) (w(t)x (1), 2)

= (x(t),2) + (a(t), 2) (4.43)
for a.a. t € (0,T) and all z € X;
x(0,2) =0  for a.a. x € Q; (4.44)

where w = A®(u).

(IT) The cost function J° admits the Gateauz derivative Dy J¢(u) at any u € L*(0,T; H)
and any direction @ € L*(0,T; H). More precisely,

Do) = lim Je(u + )\z;\) — J(w)

_ /O (a(w(t) — walt)), x(£))dt + /0 (u(t), @(t))dt, (4.45)

for any v € L*(0,T; H) and any direction © € L*(0,T; H), where w = A*(u), wq is
the given target profile in L*(0,T; H), and x (= X,(w)) is the Gateaux derivative as
in the assertion (I).

Proof. We show (I). We put wy = A°(u + M), w = A°(u) and x, = =2~ for all
u,@ € L*(0,T; H) and X € [—1,1]\ {0}. Then by the uniform estimate (4.38) of xy, there
is a subsequence {\,} C {\} and a function y € W'2(0,7; X’) N L*(0,T; X) such that
An — 0,

X, — X weakly-x in L°°(0,T; H) and weakly in L*(0,T; X), (4.46)
Xa, — X in L*(0,T; H) and in C([0,7T]; X"), (4.47)
XA, — X' weakly in L*(0,T; X) (4.48)

as n — 00, and the following estimate holds:
|X‘%°°(O,T;H) + 5"1‘VX‘%2(0,T;H) + ‘X/‘%Q(O,T;X’) < N3’a|%2(O,T;H); (4.49)
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where N3 > 0 is the same constant as in Lemma 4.3.
Next we show that the limit function x of {x,,} fulfills (4.43)—(4.44). Thanks to
(4.38), we see that

lwy, — w|rzorx) = AnlXonlr207:x)
1

1
AN (T + 76712 il 2y
— 0 asn — oo. (4.50)

IN

So, taking a subsequence if necessary, we see from the definition of Fi and Lipschitz
continuity of (£*)’ that :

F,(t0) = (FeY (w(t,2)) for a.a. (t,7) € Qr,

in the pointwise sense, as n — oo.

Since the function Fy (A € [~1,1]\ {0}) is bounded (cf. (4.6)), we can apply Lebesgue’s
dominated convergence theorem to show that

Fy, = (F*)'(w) in L*(0,T; H) asn — oo. (4.51)
Similarly we observe from (4.40), (4.46), (4.50) that for each ¢,5 =1,2,--- | N,
_ 8)@ 6(1‘? 8)( .
A n 7 2
i Vw)== kly in L*(0,T; H 4.52
()52 = ST wealdy in (0.7: 1) (4.52)

as n — 0.
Note that the solution x,, of (4.35)—(4.37) satisfies the following variational identity:

8)(,\ 0z
/0 (X, dt+m/ /Z 6% >axidxdt

" / (B, (1) (1), 2)t = / (o (1), 2)dt + / @, d (453)
forall ze X andn=1,2,3,---

Taking account of (4.46)—(4.52), we get the variational form (4.43) by taking the limits
n (4.53) as n — oo. Also we infer from (4.47) that

x(0,-) = lim xy,(0,-) =0 (€ H) in X',

which implies (4.44).

Furthermore we see that the solutions of the Cauchy problem {(4.43), (4.44)} are
uniquely determined within (4.42), which guarantees the uniqueness of cluster points of
the sequence {x,} as A — 0.

From the linearity inherent in (4.43) and the estimate (4.49) it follows that each
operator X, (u € L*(0,T;H)) is a bounded and linear operator from L?*(0,7; H) into
itself, and the operator A® is Gateaux differentiable in L?(0,7T; H). Thus we conclude the
assertion (I) of this lemma.

By the differentiability of A®, we easily prove the assertion (II) of this lemma. Hence
the proof of Lemma 4.4 has been completed. m
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By taking account of Lemma 4.4, we easily prove Proposition 4.4, which is concerned
with the necessary condition of an optimal pair (ws, u%) = (A®(ug), u).

* ) *

Proof of Proposition /.J. Taking account of (4.6) and (4.39), we see from [13, Chapter 3]
that there exists the unique solution p* € W2(0,7; X") N L*(0,T; X) C C([0,T]; H) of
the variational problem {(4.32), (4.33)}.

Now let (ws,u$) = (A®(uf),us) be the optimal pair of the problem (OP)c. Let us fix
any @ € L*(0,T;H), and let x¢ be the directional derivative DzA®(u). Since uf is a
minimizer for J(-), we have

0 < liminf JE(uS + Aa) — Je(ul)
A—0 )\

T

= /0(Oé(wi(t)—wd(t)),xi(?ﬁ))dH/o (uz(t), a(t))dt

= [ wraacaas [ [ ([a;

" / ((FoY (wl(£))p° (1), x <>>dt— / (0 (1) x5 (1)) i + / (w2 (0), () dt
= /0<( )( dt—i-l-i

Vwiu))] W(t)) V(1) dudt

D)V - Y (t)dadt

n / (o) (wE ()X (8), 77 (1)) dt — / (), 57 (1) dt + / (w2 (8), ()t
- | o+ (4.54)

where we have used the variational identities (4.32) and (4.43) for p® and x£, respectively.
Since @ € L*(0,T; H) is arbitrary, we infer from (4.54) that the optimal control u¢ satisfies

(4.34). Thus the proof of Proposition 4.4 has been completed. O
Remark 4.1. Casas-Fernandez—Yong [0] and Fernandez [¢] have already studied the
optimal control of quasilinear parabolic equations. By the same arguments in [0, 8], we

show Proposition 4.4 which is concerned with the necessary condition of the optimal
control for (OP)e.

5 Optimality condition for (OP)

In this section we show the main result (Theorem 5.1) in this paper, which is concerned
with the necessary condition of the optimal control of (OP).

Theorem 5.1. Suppose the same conditions in Proposition 4.5. Let u., be the optimal
control of (OP) obtained in Proposition 4.3. Let w,, be the unique solution to (P, wp)
on [0,T], and we set

W ={z¢ec H(Qr) ; 2(0,2) =0 for a.a. x € Q}.
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Then there is a function p € L*(0,T; H) and an element n € W' satisfying the following:
T T
| w2+ Gz — [0l
0 0

= /0 (Wi (T) — wy (7)), 2(7))dT for any z € W. (5.1)

Moreover p satisfies the equation
ptu.=0 inL*0,T;H). (5.2)

Proof. Tt is very difficult to show the necessary condition of the optimal control for (OP)
directly. So by using Propositions 4.2-4.4, we prove Theorem 5.1.

Let u,. be the optimal control of (OP) obtained in Proposition 4.3. Namely, there are
a subsequence of € (which we also denote ¢ for simplicity) and a sequence {uZ} of optimal
controls uZ of (OP)%, for every ¢, such that

us — Uy, weakly in L*(0,T; H) ase — 0. (5.3)
Then, applying Proposition 4.2 under (4.25) and (5.3), we see that
wE — w,, in C([0,T); LY(Q)) and in L*(0,T; H) as ¢ — 0, (5.4)

where w$ is the unique solution to (P;uf, w§)® on [0, 7], and w,, is the unique solution of
(P;tss, wo) on [0, 7.
Now, through the limiting observation of p® as € \, 0, we prove (5.1)—(5.2). To this
end we give a priori estimate of the solution p® for the adjoint equation (4.32)—(4.33).
Note that the function p® satisfies the following variational identity:

T—t

/Q—@ﬂ%ﬂ@@ﬂﬂr+ﬁfimé(Ii$YVwaﬂﬂTvm%ﬂ>-vanwh

+ [ (P .o ar - [ 07, c)ar

T—t T—t

:(/w@ﬂﬂ—wﬁ»aﬂMT (5.5)

Tt
for any ¢t € [0,7] and any ¢ € L*(T —,T; X).

Let us assign p° to the test function ¢ as in (5.5). Then it follows from (4.6) and (4.39)

that

T T

|ﬁ@ﬁﬂfuf/ [ (7) — walr) s (5.6)

T—t

|ﬁ@—w@s3/

T—t
for any ¢t € [0,7]. So applying Gronwall’s lemma, the convergence (5.4) implies the
existence of a positive constant N, independent of ¢ € (0, 1] such that:

sup (0, < V0 ([ )~ s +1)). (57)

t€[0,T]
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Here for any ¢ € (0, 1] let us define a bounded and linear functional p© € W’ on W by
putting:

(1, Qwrw

= A?m[;<r§jwwawﬂ?m%w)-vz@wx+<aﬁﬂwﬂwm%wx@»}w;

for all € W. Then by (5.4) and (5.7) there exists a positive constant N; independent of
e € (0, 1] such that:

|<ME7C>W’,W|
A@WW%WNMdmﬁM

< éaﬁY@%dOM4+‘AZHﬂ£@»ﬁ'

Amwwﬂwmﬂmﬂ+Avwmwmﬂ+£wwamﬂ
< Ns (|wes — walr20m.m) + 1) [Clw (5.8)
for any ¢ € W := {2z € H'(Qr); 2(0,x) =0 for a.a. = € Q}.

Therefore we get
‘/’LE|W/ < N5 (’w** - wd’LQ(O,T;H) =+ 1) for all € € (07 1] (59)

By virtue of (5.7) and (5.9), we find a function p € L>°(0,7; H) and an element 1 € W’
such that

p° —p  weakly-x in L>(0,T; H), (5.10)
5.11)

—~

s — o weakly in W/,

as ¢ — 0, by taking a subsequence if necessary. In the light of (4.34), (5.3) and (5.10),
we deduce that
P+ =0 in L*0,T;H). (5.12)

Finally, since p® also solves that:

A(ﬁ@ﬂ%ﬁh+mew—A(ﬁ@JWMT

T
— [ @) - wm) ) dr, vzew, (5.13)
0
we infer from (5.4), (5.10)—(5.11) and (5.13) that the identity (5.1) holds. Thus the proof
of Theorem 5.1 has been completed. O

6 Numerical Scheme for (OP)°

In this section we fix the parameter ¢ € (0, 1] and the element w§ € X. Then we study
the problem (OP)¢ from the view-point of numerical analysis.

For a moment we often omit the subscript ¢ € (0, 1].

Here we define the solution operator of the adjoint equation {(4.32)—(4.33)}.
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Definition 6.1. We denote by Af, the solution operator which maps any control v €
L?*(0,T; H) to the unique solution p® := AS,(u) of the adjoint equation {(4.32)-(4.33)}
under wi = A®(u).

Now by using the necessary condition (4.34) of (OP)¢ obtained in Proposition 4.4, we
propose the following numerical algorithm, denoted by (NA), to find the optimal control
of (OP)=.

Numerical Algorithm (NA) of (OP)®

Step 0) Give the stop parameter o, and choose the initial data wi € X;

Step 2

( )
(Step 1) Choose the initial control function uy € L?(0,T; H), and put u,, = ug;
( ) Solve the problem (P;u,,w§)?, and let w,, = A®(uy,);

( )

Step 3) Solve the adjoint equation {(4.32)—(4.33)} under wi = w,, = A®(u,), and let
pr = Agq(un);

(Step 4) Test: If |uy + pplr2(0,r;m) < 0, then STOP; Otherwise go to (Step 5);

(Step 5) Prepare constants 3,0 € (0,1), and set

Pn 1= ﬁl” and Upy1 1= Up — Pp(Un + Pn),

by finding the minimal constant I, € NU {0}, to realize that:

J* (un, — ﬁln (Un +pn)) = J(un) < _5ﬁln|un +pn|%2(0,T;H)'

The minimal constant [, is actually found by using an appropriate line search
method;

(Step 6) Set n =n+ 1, and go to (Step 2).
Now we mention our final main result in this paper, which is concerned with the

convergence of the numerical algorithm (NA).

Theorem 6.2 (cf. [17, Theorem 4.1]). Assume (Al)-(A2), ¢ € (0,1] and w§ € X.
Let {u,} be a sequence in L*(0,T; H) defined by the numerical algorithm (NA). Also let
pn = N (uy). Then:

()  lim J®(u,) exists.
(1)
lim (u, +p,) =0 in L*(0,T; H). (6.1)

n—oo
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(IIT)  There are functions us, € L*(0,T; H) and pS, € L*(0,T; H), and a subsequence
{nr} C {n} such that ps, is a unique solution of the adjoint equation {(4.32)—(4.33)}
under w = A®(us,),

unk - ui*? pnk - pi* Zn L2(07Tﬂ H) as k - 007
Usy + D% = 0 in L*(0,T; H),
JE(us i) — JE(us
hence, Dz J®(us,) = }\irr(l) (i + qj\) () =0 foranyue L*(0,T;H).

Remark 6.1. The above (NA) is actually derived by using an analogy from the algorithm,
proposed and studied by the authors [17], although the referred algorithm is made for the
case when the space dimension of €2 is one and the term w + u, as in the right hand side
of (1.1), is replaced by w — vw® + u (v > 0).

By the arguments similar to those in [17, Section 4], we can show Theorem 6.2.
Here we give the following key lemma.

Lemma 6.3. Assume the same conditions as in Theorem 0.2. Let £ € [—1,1]\{0}. Then
the Gateauz derivative of the solution operator A° is continuous in the following sense:

A¢ AG) — A®
Xe = Dad"(u + €2) = lim (u+&z+ 1;) (u+&z)

— X = Dah*(u) i= lim Af(u+ M;) —A o, ) (6.2)

for any uw € L*(0,T; H), any z € L*(0,T; H) and any direction u € L*(0,T; H),

as & — 0.

Proof. For any u € L*(0,T;H), z € L*(0,T;H) and ¢ € [-1,1] \ {0}, we put we :=
Af(u+€2) and w := A®(u). Then by the quite standard calculation we get the following
estimate:

T
sup |we(t) — w(t)| + 8%/0 \Vwe(t) — Vw(t)|5dt < N6§2|z|%2(07T;H) (6.3)

t€[0,T]
for some constant Ng > 0 independent of £ € [—1,1]\ {0}. Thus we infer from (6.3) that
we — w in L*(0,T; X) as £ — 0. (6.4)

Now we show (6.2) by using the convergence (6.4). Note from (I) of Lemma 4.4 that
Xe = DaA*(u + £2) satisfies the following variational identity:

/OT<X/$(15)> C(t))dt + H/OT /Q (3;: (ng(t))VXg(t)> V() dudt

n / ((F7) (we(t))xe (1), C(8))dt = / (xe(8), C(0)dt + / @n).cepdt  (65)
for all ¢ € L?*(0,T; X) and any direction @ € L*(0,T; H),
xe(0,2) =0 fora.a. zeQ. (6.6)
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By (6.5)—(6.6) and the standard calculation, we get the uniform estimate of solutions x
with respect to € € [—1,1] \ {0} as follows:

T
s (O +e / O xe(t) Bt < Nelaf2ao o (6.7)
€10,

for some positive constant N7 independent of £ € [—1,1] \ {0}. Thus we infer from (4.6),
(4.40), (6.5) and (6.7) that

IXelL20.75x7) < Nalt|p20,7:m) (6.8)

for some positive constant Ny > 0 independent of { € [—1,1] \ {0}. Therefore by the
uniform estimates (6.7) and (6.8) of xg, there is a subsequence {¢,} C {{} and a function
X € W20, T; X') N L*(0,T; X) such that &, — 0,

Xe, — X weakly-* in L°(0,T; H) and weakly in L*(0,T; X), (6.9)
Xe, — X in L*(0,T; H) and in C([0,7T7]; X'), (6.10)
X, — X weakly in L*(0,T; X'), (6.11)

as n — 00.
Here from (4.6), (6.4), (6.9), Lipschitz continuity of function (F*¢)’, and Lebesgue’s
dominated convergence theorem, we infer that:

(F*) (we, )Xe, — (F°)'(w)x in L*(0,T; H) as n — oo. (6.12)

Similarly we observe from (4.40), (6.4), (6.9) that for each i,7 =1,2,--- | N,

Oat 8)@ oas 8% . 2
L o — kl L T H 1
o (T 5 — S 0u) X wealdy in 20,75 ) (6.13

as n — o0o.
By (6.9)—(6.13), and by taking the limits in (6.5)—(6.6) as n — oo, we observe that Y
satisfies the following system:

4?7@@@»#+KATAC§ﬁVM®ﬂEﬁD.qumﬁ

n / (F°) (w(t))X (), C(8))dt = / (R(1). C(t))dt + / @(t).C(e)dt,  (6.14)
for all ¢ € L?(0,T; X) and any direction @ € L*(0,T; H);
X(0,-) = Tim xe,(0,) =0 (€ H) in X" (6.15)

Since the solutions of the Cauchy problem {(6.14)—(6.15)} are uniquely determined,
we see that Y = x and the convergence (6.2) holds, i.e.,

Xe = Dal*(u+€2) — x = DaA°(v)  in L*(0,T; H) as&—0

for any v € L?(0,T;H), z € L*(0,T; H) and any direction @ € L*(0,T; H). Thus the
proof of this lemma has been completed. O
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Taking account of (4.45), (6.2) and (6.4), we easily see that the following corollary
holds.

Corollary 6.1. Assume the same conditions as in Theorem 0.2. Let £ € [—1,1] \ {0}.
Then the Gateaux derivative of the cost functional J® is continuous in the following sense:

DgJ®(u+ £z) == lim Jolut &2+ X) = Jou +&2)
A—0 A
JE(u+ Aa) — Jo(u)
A
for any w € L*(0,T; H), any z € L*(0,T; H) and any direction @ € L*(0,T; H),

(6.16)

— DgJ%(u) := }\in%)

as & — 0.

By the arguments similar to those in Lemma 6.3, we can show the following lemma,
so we omit the detailed proof.

Lemma 6.4. Suppose the same conditions in Theorem 6.2. For any & € [—1,1] \ {0},
w € L*0,T;H) and z € L*(0,T;H), let pe = A (u+ £2). Then pe = A, (u + £2)
converges to p = A, (u) in L*(0,T; H) as £ — 0.

Also we get the following lemmas by the same proof of [17, Lemmas 4.5, 4.6]. For the
detailed proofs we refer to [17, Section 4].
Lemma 6.5 (cf. [17, Lemma 4.5]). Assume the same conditions as in Theorem 6.2. Let

n €N, and let {up; k= 1,2,--- ,n} be a sequence in L*(0,T; H) defined by the numerical
algorithm (NA). Let p, = AS,(uy), B € (0,1) and 6 € (0,1). Assume that u, + p, # 0 in
L?(0,T; H). Then there is a minimal constant l,, € NU {0} such that

T (tn = B (Un 4 pn)) — T (un) < =08" [t + Pul 20 710)- (6.17)

Lemma 6.6 (cf. [17, Lemma 4.6]). Assume the same conditions as in Theorem 6.2. Let
n €N, and let {up; k= 1,2,--+ ,n} be a sequence in L*(0,T; H) defined by the numerical
algorithm (NA). Let p, = AS,(uy), B € (0,1) and 6 € (0,1). Assume that u, + p, # 0 in
L2(0,T; H). Also, let 1, be the constant obtained in Lemma 6.5. Then we have

57 ((1 - 5)|un +pn|L2(O,T;H)) S ﬁln|un + pn|L2(O,T;H)7 (618>
where v : [0,00) — [0,00) is the function defined by
y(t) = inf {|€2| 20y 5 [u+ &2+ pe — (u+p)|r2orom >t} (6.19)

with pe = A5, (u + &z) and p = A5, (u) for & € [—1,1]\ {0}, v € L*(0,T; H) and z €
L2(0,T; H).
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Taking account of Lemmas 6.3-6.6, we can prove Theorem 6.2 by using a similar
demonstration method, adopted in [I7, Theorem 4.1]. For the detailed proof, see [17,
Theorem 4.1].

Finally we give a numerical experiment of (OP)¢ in two dimension of space. We
performed the numerical simulation of (OP)® under the setting parameter: a = 100.0,
k = 0.01, ¢ = 0.01, and the stopping parameter § = 107 in the numerical algorithm (NA).
For the numerics we change the variables from (¢, z) to (t/c,z/c) = (s,y) with ¢ = 0.01.
We consider the domain (0,7) x 2 > (s,y) by 7' = 0.01 and Q@ = (—1,1) x (—1,1),
and making a lattice for numerics with space mesh size Ah = 0.01 and time mesh span
At = 0.00001 = 0.1 x Ah?.

With regard to the target profile wy, we suppose that:

1, if |z < 0.5,

for a.a. (t,2) € Or.
L1, e >0, oraa (b)€0r

walt, z) = {

Also, for simplicity, we set that the given initial data wi = 0 a.e. in €, and the initial
control function uy = 0 a.e. in (). For the detailed profiles of given data w,; and wg, see
Figure 1.

We do a numerical experiment of (OP)¢ by using the explicit finite difference scheme
similar to [15]. For the detailed scheme, we refer to [15].

Figure 2 is the numerical result of the solution for (P)® with initial data w§ = 0 at
T = 0.01 in the case of the iteration number n = 20. Figure 3 is the graph of the value of
the cost functional J¢ for (OP)?. We observe from Figures 1-3 that the solution of (P)*
has the similar profiles to the desired one w, and the cost functional J¢ almost takes the
minimal value.

Target Initial data

Y

L]

-2

L8

-4

€

Figure 1: Given target and initial data for (P)c.
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Figure 2: Solution for (P)® at 7'= 0.01 and iteration number n = 20.
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Figure 3: The graph of the value of the cost functional J¢ for (OP)=.
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