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ASYMPTOTIC BEHAVIOR OF QUANTUM WALKS ON THE LINE

TOSHIKAZU SUNADA AND TATSUYA TATE

ABSTRACT. This paper gives various asymptotic formulae for the transition probability associated
with discrete time quantum walks on the real line. The formulae depend heavily on the ‘normalized’
position of the walk. When the position is in the support of the weak-limit distribution obtained by
Konno ([Kol]), one observes, in addition to the limit distribution itself, an oscillating phenomenon
in the leading term of the asymptotic formula. When the position lies outside of the support, one
can establish an asymptotic formula of large deviation type. The rate function, which expresses
the exponential decay rate, is explicitly given. Around the boundary of the support of the limit
distribution (called the ‘wall’), the asymptotic formula is described in terms of the Airy function.

1. INTRODUCTION

The notion of discrete time quantum random walks, often called quantum walks, was intro-
duced by Aharonov-Davidovich-Zagury [ADZ] in 1993 as a quantum counterpart of the classical
1-dimensional random walks. Since then, quantum walks (and generalizations) have been inves-
tigated in various contexts from both sides of mathematics and physics. See [Ke|, [Ko2] for the
historical backgrounds and the recent developments. In this paper, we shall give various asymptotic
formulae for the transition probability associated with the 1-dimensional quantum walks. Our for-
mulae explain the peculiar phenomena of the probability distribution on the whole interval [—1, 1]
(Figure 1) which is quite a bit different from the case of classical walks.

—1. - -+1

A

FIGURE 1. Probability disctribution and its weak-limit distribution

The quantum walk we consider is concerned with a particle with spin 1/2 whose position is
restricted to Z. To explain the set-up, we consider the Hilbert space

CZ,C?) ={f:Z— C* |IfI7 = D_IIF @) < o0}
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with the inner product defined by
<f7g>€ = Z(f(x)mg(x))? f79662(Z7CZ)7
TEL

where || - || and (-, -) are the standard norm and inner product on C2, respectively. For x € Z and
u € C?, define 6, ® u € (*(Z,C?) by

(6. @ 0)(s) = {g Lo

Then, the set {J, @ e1,d; ® ea}rez, Where {e1,e2} denotes the standard basis in C2, forms an
orthonormal basis of £?(Z,C?). One has

IF@IP = 1) en) P + [ F () e2) P = (£, 0y @ ex)e* + (£, 0, @ e2 )l
Let A € SU(2), and write

A= < “ b> , a,beC, |a*>+p? =1 (1.1)
-b a
Decompose the matrix A as’
a 0 0 b
A=P+Q, P—(_b 0), Q—(O a). (1.2)
A quantum walk is described by a unitary operator U : ¢*(Z,C?) — ¢%(Z,C?) defined by
Uf) (@) =P(fz+1)+Q(f(x-1)), fePZ,C?, zel (1.3)
For a vector ¢ € C? with ||¢|| = 1, the quantity
palpi,y) = IU™(0: © @) ()12, (1.4)

represents the transition probability that the particle with the initial state d, ® ¢ is found at y
after the n-step evolution. The unitarity of the operator U and the assumption that ||¢|| = 1 tell
that the sequence {p,(y;x,y)}yecz is a probability distribution on the lattice Z. As in the case of
classical random walks on Z, the transition probability has the property

pu(pi@,y) = pul(p;0,y — ), 2,y €L (1.5)
Thus it is enough to consider the case where x is the origin. Furthermore one can easily check that
Pn(9;0,y) = 0 when n + y is odd or |y| > n. From now on, we set p,(p;y) := pn(p;0,y). Our
aim is to give asymptotic formulae for p,(p;y) as n tends to infinity. When a = 0 or b = 0, the
distribution p,(¢;x) can be easily computed. In fact,
(1) if a = 0, we have pa,(¢; ) = 6,0 and pant1(0;2) = |@1[*0, -1 + |2|*0z1, and
(2) if b =0, we have pn(@? .Z') = |‘P1|25 —n T ’902|25m,m
where ¢ = *(¢1, p2). Thus we only consider the case where ab # 0.
To state our main theorems, we define the function A4(p) for ¢ € C? (||| = 1) by

1 _ =
Aa(e) = @2 = ler]? + W(ab%wz +abp1P,), @ = "(p1,02) € C*. (1.6)
It is shown in [Kol] that the probability measure,
dmn,tp = an(g); y)éy/na (17)
YyEL

fSome of authors (as in [Ke], [Kol]) use the decomposition of the matrix A by the row vectors instead of the
decomposition (1.2). See below.
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converges weakly to the one-dimensional distribution,

6](1 4+ Aa(9)§)
X(—lalJapP(§) dE,  p(§) = 7
e (1= &)/ |al* — &
where 4, /,, is the Dirac measure at y/n, and X(—|al,Ja) is the characteristic function of the open
interval (—|al, |a]). Roughly speaking, our asymptotic formulae for p,(y;y) heavily depend on the
normalized position y/n according as

(1.8)

(1) y/n is inside the interval (—|al, |al),
(2) y/n stays around the wall; say, y/n ~ +£|al, or
(3) y/n is outside the interval; say, |y/n| > |al.

It is interesting to point out that our formulae described below resemble the Plancherel-Rotach
formula for the Hermite functions (Theorem 8.22.9 in [Sz]), which tells us that the Hermite functions
are

(1) asymptotically oscillating when the position is in the classically allowed region,
(2) approximated by the Airy function around the wall of the potential, and
(3) exponentially decaying in the classically hidden region.

In this view,

(1) the interval (—|al,|a|) is called the ‘allowed’ region,
(2) £|al is called the ‘wall’, and
(3) the outside of (—|al,|a|) is called the ‘hidden’ region.

The precise statement for the ‘allowed’ region is stated as follows.
THEOREM 1.1. Let v be a real number with 0 < « < |a|. Then, for the integers y satisfying

we have

mioin) = " ég)”";i E 1 M)+ 0SC(6) +00/m)] (110

as n — oo uniformly in y satisfying (1.9). Here OSC,(§) is a function of the form
A(€) cos(nb(§)) + B(&) sin(nb(¢)).

It is obvious that, for any £ € (—|al, |a|), one can construct a sequence of integers {yy } satisfying

yn=n&+0(1) (n— o0), (1.11)

and the integers y in Theorem 1.1 can be replaced by such a sequence {y,}. Furthermore, if we
allow {n} to be a sequence of positive integers, then we can construct a sequence {y,} satisfying

Yn = nf + O(l/n) (TL - OO), (1'12)

by using the theory of continued fractions. For such a sequence satisfying (1.12), all of &, in (1.10)
can be replaced by &.

The factor 1+ (—1)""¥» in the right hand side of (1.10) comes from the fact that p,(¢;y) vanishes
when n + y is odd. The functions A(€), B(§) and 6(§) in OSC,,(§) are computable (see Section 2,
in particular (2.16)).

Observe that the distribution function p(§) defined in (1.8) appears also in the asymptotic formula
(1.10) with the factor 1/n. In fact, from Theorem 1.1, one can deduce the following corollary which
is a special case of Theorem 1 in [Kol].
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COROLLARY 1.2. Let a, 8 be real numbers with —|a| < a < 3 < |a|. Then we have

8
lim ) pn(w;y)Z/ p(€) dé, (1.13)

n—oo
Y€Z;aly/n<p

where the function p(§) is defined in (1.8).

The distribution p, (¢; y) mainly concentrates on the interval (—|a|n, |a|n) when n is large enough.
However, p,(p;y) can be positive even when |y| > |a|n. Hence it would be quite natural to consider
its asymptotic behavior for {y,} with y,, ~ £n|a| or |y,| > n|al.

THEOREM 1.3. Suppose that a sequence of integers {y,} satisfies the following:
Yn = tnla| + dpn, d, = O(n'/?). (1.14)
Then we have

2
Pn<w;yn)==<1—r(—ﬂJ"+ﬂ”>a2an/3(Ai(juxn—ﬂ/3dn>

(1=£lalAa(p)) +0O(1/n), (1.15)

where oo = (2/]a|[b]?)'/3 and Ai(z) is the Airy function.

In the formula (1.15), the variable in the Airy function is bounded, and hence its leading term
is of order O(n=2/3).
The asymptotic formula in the ‘hidden’ region takes the following form.

THEOREM 1.4. Let £ € R satisfy |a| < || < 1. Suppose that a sequence of integers {y,} satisfies
(1.11). Then we have

(L+ (~1) ) o

Pn(#5yn) = (1= €2)JE = [a

where &, = yn/n, G(&) is a smooth non-negative function in |a| < |§| < 1, and the function Hg(§),
which is positive and convez in this region, is given by

Hq (€) = 2I¢|Tog (Jbll¢] + /& = [aP?) — 210g (Ib] + /& — [aP)

+ (1 — |¢]) log (1 — &%) —2/¢|log |al-

This asymptotic formula tells that a large deviation property with the rate function Hg(¢) holds
in the ‘hidden’ region. Indeed, we have the following as a direct consequence of Theorem 1.4.

e &) (G(€) + O(1/n)), (1.16)

(1.17)

COROLLARY 1.5. Under the same assumption as in Theorem 1.4, we have

lim ~ logpn(piyn) = ~Ho(©) (1.18)

n—oo

where n runs over positive integers such that n + y, is even.

Here is a remark. As seen above, we have defined the unitary operator U by employing the
decomposition (1.2) in terms of the column vectors of A. Some authors use the decomposition

a b 0 0
A=R+S, R:<0 O)’ Sz(_b a>'

to define the unitary operator
(VI)(z) = R(f(z + 1)) + S(f(x - 1)), [fel(ZC?, z€L,
and the associated transition probability

t(sz) = [V @¥) (@)%, ¥ eC? |9l =1.
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ot

It is easy to see that VA* = A*U on ¢%(Z,C?), and from this we have
an(¥37) = pn(Atsz), w€Z, Y eC gl =1.

Hence the use of different decompositions does not cause any significant differences in conclusion.

We close Introduction by mentioning the strategy to prove Theorems 1.1, 1.3, 1.4 and the orga-
nization of the present paper. First, we express the transition probability p,(y;y) as the sum of
the modulus square of the transition amplitudes; say,

Palp3y) = (U™ (0 @ ¢), 8y @ e ) + (U™ (80 ® ), 6y ® e2 )ol*. (1.19)

Thus it is enough to find asymptotic formula for the transition amplitudes (U"(dp ® ¢), 6y @ €; )¢
(i = 1,2). The starting point is the following integral formula

(U0 9). 6,0 0)e = 3 [ = HAGPgv) d:
a (1.20)
Yy
= 57 |7 A e ) d

where w = a/|a| and ¢ € C? with ||| = 1. The contour C is a simple closed path around the
origin, and the matrix A(z) is defined by

-1 —1
A(z) == Pz ' +Qz = (_“gz_l 22) = (_“b Z) <ZO S) . (1.21)

The integral formula (1.20) was also used in [GJS] to obtain the weak limit of the probability
measure (1.7) by considering the r-th moment of (1.7). Our strategy is to analyze the integral
(1.20) by using a refined method of stationary phase due to Hérmander (Theorem 7.7.5 in [HG)).
Indeed, applying this method to the case where the contour C' is the unit circle, one can prove
Theorem 1.1 (Section 2). The proof of Corollary 1.2 involves a property of certain exponential sum
determined by the asymptotic formula (1.10) (Lemma 2.4). Thus, we give the details of the proof
of Corollary 1.2 in Section 2. When y/n stays around the wall, the phase function for this integral
has degenerate critical points. But the third derivatives at the critical points do not vanish, and we
can use the argument given in the proof of Theorem 7.7.18 in [HG] to prove Theorem 1.3 (Section
3). Finally, we change the contour C' in the integral (1.20) to pick up a suitable critical point of
the phase function and apply again the refined method of stationary phase. A detail of the proof
of Theorem 1.4 is given in Section 4.

2. ASYMPTOTICS IN THE ALLOWED REGION

This section gives a proof of Theorem 1.1. To analyze the integral (1.20), we use a diagonalization
of the matrix A(wz). The characteristic equation of the matrix A(wz) is given by

A = 2lalp(2)A +1 =0, (2.1)

where, for z € C\ {0}, we set ¢(z) = (z + z~1)/2. Thus the matrix A(wz) is diagonalizable except

when the parameter z satisfies ¢(z) = +1/|al, or equivalently, when
1£[b] 14|
z= — :

9

(2.2)

|al |al

A(2) = lalé(z) +iv1 —[a?d(2)?, (2.3)

which is holomorphic on the domain

D =C\{z € R; [z[ < (1= [b])/[a] or |z] = (1 + [b])/]al}. (2.4)

Define the function A(z) by
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Then, for z € D, the eigenvalues of A(wz) are A(z) and A\(z)~!, where

M) ™! = lalé(2) —iv/1 = lal?¢(2)?. (2.5)
From (2.3), (2.5), we have A\(—z) = —\(2)~! for z € D. Since (1 — |b])/|a|] < 1 < (1 + |b])/|al, the
function A(z) is holomorphic around the unit circle. In the rest of this section, we take the unit
circle St for the contour C' in the integral (1.20). Note that A(z) € S for each z € S1. Define the
unit vector u(z) € C? for z € St by

1 ab,
u(z) = — la >, 2) =/ |b]2 + |\(z) — |a|z|2.
O =25 (o) 76 = VI G — o
For 1 € C? with ||¢| = 1, define a vector Ji € C? by

_ (s _ (¥
(@) - ()
The matrix [¢), J] formed by two column vectors 1, Jv is in SU(2). We may easily check
Awz)u(z) = AM2)u(z), Alwz)Ju(z) = A(z)Ju(z).

z
Thus any ¢ € C? is represented as ¢ = {,u(z) )u(z) + (@, Ju(z))Ju(z), and hence the integral
formula (1.20) becomes

oo sevr=Ss [ T REE L [ G w00
where we set
fu(2) = (p,u(2) )(uw(2), %),  gy(2) = (@, Ju(2) )(Ju(2),9). (2.7)

LEMMA 2.1. For any z € S, we have fy(—2) = gy(2).

Proof. The vector u(—z) is an eigenvector of A(—wz) = —A(wz) with the eigenvalue A(—z). Note
that, for z € S, we have A\(—z) = —\(2)~! = —A(2). Thus we see that A(wz)u(—z) = M\(2)u(—2),
which means that u(—z) is an eigenvector of A(wz) with the eigenvalue A(z). But, Ju(z) is also
an eigenvector with the same eigenvalue \(z). Hence, there exists a constant ¢(z) € S' such that
u(—z) = ¢(z)Ju(z), and we get

fo(=2) = (@, c(2)Ju(z) )(c(2)Ju(2), ¥ ) = c(2)e(2)(p, Julz) )(Ju(2),¥) = gy(2).

On the unit circle, the function A(z) can be written as

A(e™) = al cost +ir/T—al?cos?t = ™), teR, (2.8)

where we set

u(t) = Cos™(|a| cost). (2.9)
Note that 0 < u(t) < 7. Define
1 1 [ A
Jy) =T (n,y) = o | 2N fy(z)dz = o | T f(eydt. (2.10)
27 |z|=1 27 —r

Then, from Lemma 2.1, it follows that

(U™(60 @ ¢),0y @) =w Y1+ (=1)" ) J (¢, n, y). (2.11)

Theorem 1.1 will be deduced easily from the following proposition.
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PROPOSITION 2.2. Define the function t(n) on the open interval (—|al, |a|) by

- [bln
t(n) = Sin™" ( ;o nl <al. (2.12)
lal/1—n?

Let a be a real number with 0 < a < |a|. Then, for the integers y satisfying (1.9), we have
- 0]
(U"(80 @ 9), 8, © )0 = (L+ (-1 \/ v
! 2mn(1 — &)/ lal* — & (2.13)
« {emmu )=t mi/A £ (oiH(ER)) | eminlultEn)—Ent(En)l=mi/dg =ity 4 O(1 /n)}

uniformly in y satisfying (1.9).
Proof. For n with —|a| <n < |a|, we set
m—t n n 2 0 )
n =71 =0
—m—t(n) (n<0).

Note that, for n € (—|al, |a|), one has |t(n)] < m/2. Let € be a small positive number such that
e < min{(r—2t(a))/6, (Ja|—)/2, m/8}. Take a function x(t) € C§°(—n/4,m/4) such that x(t) =1
for |t| < e and x(t) = 0 for |t| > 2e. We set x,(t) =1 — x(t — (&) — x(t — t1(&y)), where, as in
(1.9), we set &, = y/n. Note that t(n) = t1(n) if and only if n = %|a|. The function x(¢) is chosen
so that x,,(t) = 0 near t = ¢(&,) and t = ¢;(&,). The integral (2.10) can be written in the form

T (W, myy) = e=WE) Jo(n) + (=1)" e ) Ty (n) + R(n),
where Jy(n), Ji(n) and R(n) are given by

1 s
Jo(n) = - / in(t-+#(&)) €t £ ((AEHED) (1) d
1 " —in — i(t—
i) = o / e=inls—tE) +ntl g (AU=HEDY (1) i,
t(én)+2m
R(n) = IO £ (08, (1)
T Jt(&n)

Note that, in the above, we have used

pt+t(n) =7 —pu(t —t(n), fu(eCTH) = g, (e =H00),

which is easily shown by using Lemma 2.1 and the definition of (). To use the method of stationary
phase, we need the first and the second derivatives of p(t), which are given by

int la||b]? cost
oo st |
Ko V1 —|a|?cos? t W) (1 — |a|? cos? t)3/2
From (2.14), ¢/(t) = n if and only if ¢ = ¢(n) or t = t1(n). Let ¢g > 0 be the minimum of the
function |u/(t) — n| on the complement of the set

{nt)s t =t <e, Inl <a+etu{nt);t—tin)| <e, n| <a+e}

in the rectangle [—|al, |a|] X [=m, 7]. Then we have |u/(t) — &,| > ¢o near the support of x,(¢). In
the integral R(n), we extend x,(t) as a function on R so as to be zero for ¢t > ¢(,) + 27 and for
t < t(&,). Then it is still smooth depending on the parameter n and y. The support of the function
Xn(t) on R, so obtained, is contained in the bounded interval [—t(a),t(«) + 27]. Note that, each
higher derivative of y,,(t) is bounded uniformly in n and y, and hence we see R(n) = O(n~>°) by

(2.14)
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Theorem 7.7.1 in [H6]. Since p/(—t) = —p/(t), it is clear that the functions u(t £ ¢t(§)) F &t have
critical points only at ¢ = 0 in a neighborhood of the support of x(¢). A direct computation gives

2y STalE =
W) = " (—tf) = T

which shows that the critical point ¢ = 0 of the functions u(t & t(£)) F £t is non-degenerate. The

derivatives of functions fy (e’ &)y (t) and g, (e*"H&)))y(t) are bounded uniformly in n, we
can apply Theorem 7.7.5 in [HG] to obtain

J(W,n,y) = !

vV 2mnp! (¢(6n))

X [em[u(t(én))—Ent(ﬁn)]+7ri/4f¢(eit(ﬁn)) + (_1)n+ye—in[u(t(§n))—ént(ﬁn)]—m'/4g¢(e—it(En)) +0(1/n)|.

Note that, in the above, the term O(1/n) is uniform in y satisfying (1.9). Thus, multiplying
the above by w™¥(1 + (—1)""¥) and simplifying the terms involving (—1)""¥, we get the formula
(2.13). O

Proof of Theorem 1.1.  Put fi(n) = fe.(e™™M), g;(n) = ge, (e (i = 1,2), where {e1,es} is the
standard basis in C2. Define

2y = ein[N(t(gn))*fnt(gn)]+iﬂ'/4’ gn = yn/n (215)
Taking the modulus square of (2.13) for ¢ = e; and 1) = e3 and summing up them, we get
(14 (-1 o))

mley) = )P e

e
mn(l = &)V al* = &
where the function OSC,,(n) is given by
OSCy (1) = 2= I (£, (1) g1 (n) + f2(n)g2(n)
e 2l =D (f () g1 (1) + fa(m)g2(n)).

Now, a simple, but a little bit long computation gives

(120 f1(6n) + 2201 (E)P + 20 a(n) + Zrga(&0)]” + O(1/m)|

[1f1(E) P + [f2(&0) P + 91(&0) P + [92(&0) P + OSCa(&n) + O(1/n)]

(2.16)

1 _ I
AP+ 20+ lgi()* + lg2(m)]* = 141 (!<sz2 — lo1* + W(ab%wz + abmm)) :

which proves the asymptotic formula (1.10). O

Remark: As stated in Introduction, the function OSC,(n) can be represented in the form

A(n) cos(nf(n)) + B(n)sin(nd(n)), 0(n) = 2u(t(n)) — 2nt(n). (2.17)

Proof of Corollary 1.2. Let «, 3 be real numbers such that —|a| < a < # < |a|. For each positive
integer n, we write

{y()vyla"'vysn} = {y € Za y+7’LE 2Z? no S Yy Snﬂ} (yj—l < y])
Then, we have y; —yj—1 =2, j=1,...,s,. Obviously s,, = O(n). For simplicity, we set
0]

(1 —12)y/lal* =1’

R(n) =

(2.18)
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so that p(n) = R(n)(1 + Aa(y)n). By the formula (1.10), the sum in the left hand side of (1.13) is
written as

S paler) = 23 Rlu/n) (14 Aa(@ys/n -+ OSCulys/n) +O(1 /).
y€Z;aly/n<pB Jj=0

The sum of the terms in O(1/n) is bounded because s, = O(n). Hence, because of the term 2/n
in front of the sum, the contribution from these terms vanishes when n tends to infinity. On the
other hand, we find

Sn Sn B
lim % > R(y;/n)(1+ Aa(w)y;/n) = lim % > plyi/n) = / p(n) dn.
j=0 j=0 @

In order to examine the sum %Z;lo R(y;/n)OSCy(y;j/n), we write

R(n)OSCy(n) = K (n)e™"™ + K (n)e 00, (2.19)
where 6(n) is defined in (2.17) and K(7n) is a smooth function on the interval (—|al,|a|). Thus,
Corollary 1.2 is a consequence of the following lemma. O

LEMMA 2.3. Let K(n) be a smooth function on |, 5]. Then we have

Sn,

im 2 )0 /m)
nh~>nolo - jZ::OK(yj/n)e iIM) = 0. (2.20)

To prove Lemma 2.3, we first show the following.

LEMMA 2.4. (1) Suppose that 0 is not contained in [o, 5]. Then there exists a constant C' > 0 such
that

k
S et/ < ¢
j=0

for any k and n satisfying 0 < k < s,.
(2) Suppose that 0 is contained in [a, B]. Then there exists a constant C' > 0 such that

k
Zeinﬁ(yj/n) < C«nl/2+5
=0

for any k and n satisfying 0 < k < s,.

Proof. First, we prove (1). We only consider the case a > 0, because the case 5 < 0 is handled
similarly. The first and the second derivatives of §(n) are given by

0'(n) = —2t(n), 6"(n) = —27wR(n), (2.21)

where t(n) and R(n) are defined in (2.12) and (2.18), respectively. In particular, we have —m <
0'(n) < 0 on [a, B]. The Taylor expansion gives us the equality

¢inB(s1/m) _ ind(y, /m)+2i0 (3 /m)+O(1L/m)

where O(1/n) is uniform with respect to j with 0 < j <'s,, — 1. From this, it follows that

eimb(yji1/n) _ ,inb(y;/n)

nb(y;/n) — . B
€ ’ B e2i0'(y;/n) _q +O(1/n) (] =0,....8 1)7
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where we used the fact that the function f(n) := 1/(e*? () — 1) is bounded from above on [a, 3].
Using this formula and a partial summation, we have

k k—1
ZW%” 3" 0w (f(y;1 /n) — fly;/n) + O(L),
7j=1

J=
where the term O(1) is uniform in k with 1 < k <'s,,. Since f(n) is smooth on [«, 5], we have

|f(yj—1/n) — f(y;/n)| < Clyj—1 —y;l/n < C/n.

Hence
k

Zeine(yj/n) < Ck/n < Csp/n<C,
7=0

which shows (1).
Next, let us prove (2). Note that we have '(0) = 0. The function 6(n) is written as

1
6(n) = 6(0) — 1P A1), M@=—AO—MWQWM.

Since 6”(n) < 0, we have A(n) > 0. We set f(n) = ny/A(n). Then, f(0) = \/A(0) > 0, and

hence one can choose ¢ > 0 such that f’(n) > 0 on ( e,e). Furthermore, since f(0) = 0, € can be
chosen so that |2f(x)f'(z)] < 7/8 on (—¢,&). We assume first that the given interval [a, 5](3 0) is
contained in (—e, ). We write

i em@ yj/n) — zn@(O) Z —i(n2/2f(y;/n))? (M _ yJ) + 0(1)

n n
j=0 j=0

We set x; = f(y;/n). Since zj41 —z; = O(1/n), we have

== £ ) = 17w = gy e — ) + 00/,
We further set t; = \/nz;. Then, tj;1 —t; = O(1/y/n), and
k \/» k—1
>t = Yo OR, (k) + 0(1), Ra(k) = Y Llt/Ve S (G — 1), (2:22)
Jj=0 7=0

where L(z) = 1/f(f~!(x)). Now, we claim that, for arbitrary § with 1/6 < J < 1/2, we have
R, (k) = O(n°) (2.23)

uniformly in £ and n. For simplicity, we only consider the case where o < 0 < 3, so that t;, =
Vnxs, — 400 and tg = \/nxg — —oo. Take a look at the sum

~ i 2
Sn(k) = > L(tj/v/n)e”" (41 — tj).
0<j<k—13t;|>nb

Note that when |t;| < n°, we have |z;| = |f(y;/n)| <n°~1/2. Since f(n) is an odd function, we see
lyj/n| < f~1(n®"1/2) = O(n®~1/2). Let I,, be an integer such that y;, /n = (yo + 2l,)/n = O(1/n)
as n — 0o. Then we have

(27 — 21)/n| — |(yo + 21n) /n| < |y;/n| < Cn®=V/2.
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Therefore, we have |2j—21,,| < Cn?*1/2 which shows that the number of summands in R, (k) —Sn(k)
is of order O(n%+1/2). Since t;41 —t; = O(1/y/n), we obtain R, (k) = O(n?) + S, (k). Thus, it is
enough to show that S, (k) is of order O(n%) uniformly in k. We shall only prove that the sum
—it2
Sn(k) = > L(tj/v/n)e”" (tj1 — t5)
0<j<k—1;t;>n

is of order O(n?), because, for the sum in j with t; < —n9, the proof is carried out in the same
way. We write

et _ Tty _ mit] (e_iaj — 1) ,oaj =2ti(tji —t) + (1 — tj)2 = t§+1 - t?'
Since t; = /nz; = /nf(y;/n), we see
tj(tivr —t;) = naj(wja — 25) = 2f'(y;/n)x; + O(1/n) = 2f(y;/n) f'(y;/n) + O(1/n).
Thus a; = 4f(yj/n)f (yj/n) + O(1/n). Let j, be the smallest number such that ¢, > n’. Since

0 < 2f(x)f'(x) < /8 on (0,e), we have 0 < a; < 7/4 for n large enough, and hence €% # 1 for
any jn, < j < sp. We shall check that

tiv1— 1t _ o
eﬂ_tlez()(n 0 G =lnseees Sn. (2.24)

Indeed, we have
le"% — 1| >sina; = a;A;, A;= /1 cos(ajN) dA.
Since 0 < a; < /4, there exists a constant ¢ > 0 such that z(jlj > ¢. Thus, for j, < j < sy,
1 1
= c(tjq + t5) = ?Cn_(s

i1 —
e~ — 1

which shows (2.24). Substituting now

9

o e it _ it
e =t (2.25)
for S,,(k) and using a partial summation, we get
k—1
Sn(k) = Z (Dj—l — Dj)eiit? + Dk,le_iti + l)jneiit?n7
]:]n+1
where we set
Liv1 —
In view of (2.24), we see
k—1 L
Sa(k) = Y (Dj-1 = Dj)e”™ +0(n""). (2.27)
]:]n+1

Since L(z) is a smooth function and since t;41 —t; = O(1/y/n), we have

Dj_1 — Dj = L(t;/Vn) (jj S 1 ) +O(n10). (2.28)

—iaj_1 _ 1 e—iaj _ 1

To estimate the right hand side of (2.28), we write

ti—tin  ti =ttt — (G — t) 1 1
e"i-1 —1 e —1 e~i-1 — 1 = 1t) e"i-1 —1 e~ —1)° (2.29)
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Since

ti1 = Vf (Y1 /n) = t; + 21 (y;/n)/Vn + O(1/n?),
ti—1 =t —2f'(y;/n)/v/n + O(1/n’/?),
we have 2t; — ;41 — tj—1 = O(1/n*?). (2.30) also shows that ¢;11 —t; > ¢/ /n with a constant

¢ > 0. Thus we have 1/(e7% — 1) = O(n'/?7?), and hence the first term in the right hand side of
(2.29) is of order O(n~'7%). Note

(2.30)

1 1 B _9s
e—iaj_l -1 - e—iaj -1 - O(TL ) (231)
Indeed we write
1 B 1 _ €7iaj71 (ei(a]-_l—aj) o 1)
ei-1 —1 e — 1 (e7"%-1 —1)(e7% — 1) '

Setting h(z) = f(x)?, we have
5 = nh(yjp1/n) = t5 + 20/ (y;/n) + O(1/n), 3 =15 — 20 (y;/n) + O(1/n).

From this we have a; — aj—; = t2 i1 T t] 1 2t]2- = O(1/n). Since 1/(e""% — 1) = O(n'/?7%), we
obtain (2.31). (2.31) also shows that D; — D;_; = O(n~/272%). Therefore, by (2.27), we have
S, (k) = O(n'/272%). But since § > 1/6, we obtain S,,(k) = O(n®) as required.

Next, we shall prove (2) for general [a, 3] containing 0. As before, we may suppose that o < 0 <
B. Take ¢ > 0 such that ¢ < min{|a/|, e, 5}. We write

i ein@(yj/n) _ Z ein@(yj/n) + Z ein@(yj/n) + Z ein@(yj/n)

7=0 0<j<k;y;/n€la,—c] 0<j<k;y;/n€lc,O] 0<j<k; —c<y;/n<c

By (1), the first and the second sums are of order O(1). Since each term of the sum is O(1), we

have
Z ein@(yj/n) _ Z ein@(yj/n) + 0(1)
0<j<k;—c<y;j/n<c 0<j<k;—c<y;j/n<c
By the fact we have just proved, the sum in the right hand side above is of order O(n!/?*9), and

hence we obtain the desired estimate. O

Proof of Lemma 2.3 We set

k
Ty(n) = T(n Zeme viln),
7=0

If 0 ¢ [, B3], then Ty(n) = O(1) uniformly in k. which is, by Lemma 2.4, of order O(n®) for any §
with 1/6 < § < 1/2 uniformly in &k =0,1,...,s,. A partial summation leads us to

snl

25 Ky et/ Z Ty(n) (K (i /n) = K(yg11/m)) + O(n~+)

j=0

Since K (n) is smooth, we have K(y;/n) — K(yj+1/n) = O(1/n). Thus, Lemma 2.4 shows that the
first term in the above is of order O(s,n°"2) = O(n~1*%). Therefore, we conclude (2.20) O
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3. ASYMPTOTICS AROUND THE WALL

In this section we give a proof of Theorem 1.3. As in the previous section, we take the unit circle
S* for a contour C in (1.20). However, the phase functions j(t) F|alt, which appears in the integral
(2.10), have degenerate critical points, and thus we cannot use Theorem 7.7.5 in [H6]. Instead one
could use Theorem 7.7.18 in [H&] directly to obtain the following proposition.

PROPOSITION 3.1. Suppose that a sequence of integers {yn} satisfies (1.14) Then we have
(U"(d0 ® ), by, @)
= w Ve T2 (1)) £ (Ei)an B Al (an T 3d,) + O(n 7).
where a = (2/]a||b|?)V/3, and Ai(z) is the Airy function defined by

1 [ ,
Ai(z) = — / €3k e

(3.1)

o

Proof. For simplicity, we consider only the case where y, = |a|n + d,, with the assumption d,, =
O(n'/3). We need to analyze J(1,n,y,) defined in (2.10). For this sake, take a function p(t) €
C§°(—m/4,m/4) satisfying p(t) = 1 near t = 0. Set p1(t) =1 — p(t), and write

e~imn/2 - r3n/2 ing(t)+idnt it
Jm) = D) o), ) = S [ O g e

where the integral J»(n) is defined by replacing p(t) with p1(¢) in the definition of Jj(n), and the
function ¢ is given by
O(t) = p(—t +7/2) + |alt.
The derivatives of ¢ up to the third order are given by
b|? sint la]|b]? cost(1 + 2|al? sin? t)
(1) = — : ") — ‘CLH : LY —
40 (1 — |a|?sin?t)1/2 Flal, ¢7) (1 — |a|?sin?t)3/2 o) (1 — |a|?sin®t)5/2
Thus, on the interval [—7/2,37/2], ¢'(t) = 0 if and only if ¢ = 0, and we have
$(0) = /2, ¢'(0) = ¢"(0) =0, ¢"(0) =lallp]* > 0.
Since ¢'(t) # 0 on the support of p;(t), a standard argument involving an integration by parts
shows Ja(n) = O(n~°°). One may also write

la| cost

1
o(t) = /2 +1P2A(t), A(t) = 2/ (1 —x)%¢" (xt) da.
0
Note that A(0) = |a||b|?/6 > 0. Set B(t) := (3A(t))"/3t on a small neighborhood of t = 0. Then
we have
#(t) =7/2+ B(t)*/3, B(0)=0, B'(0)=a""={lall|*/2)"/* >0. (32)
Choosing p(t) whose support is small enough, we may suppose that B’(¢) > 0 near the support of
p(t). A change of variable leads us to

im(n—yn)/2 , B B-1 : —iB~1(s)
_ € in(s3/3+dnB1(s)/n _ ,0( (S))ﬂ/’(le )
Ji(n) = o /e (7/ /Mu(s)ds, u(s)= B(B-1(s)) . (3.3)
Taking p(t) whose support is small enough if necessary, we may suppose that u(s) is a compactly
supported smooth function. One can now apply Theorem 7.7.18 in [H6| directly to the integral
J1(n) to finish the proof. For the sake of completeness, we shall give a detail. Define a function

@(s,r) by

o(s,r) =53/3+rB71(s). (3.4)
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Since
90(07 0) = (88@)(0’ 0) = (83@)(0’ 0) =0, (8§¢)(07 0) =2,
we can apply Theorem 7.5.13 in [H6] which tells that there exists smooth real-valued functions
T(s,7), a(r), b(r) defined on a neighborhood of (s,r) = (0,0) satisfying
a(0) = b(0) = T(0,0) =0, (9:T)(0,0) >0,

1 , (3.5)
p(s,r) = T(s,r)" + a(r)T(s,r) + b(r).
By (3.4), the functions T', a, b have the properties
T(s,0)=s, d(0)=a, ¥(0)=0. (3.6)

Indeed, setting r = 0 in the second line of (3.5), we have T'(s,0) = s. Computing the derivative
(0rp)(s,0), we also get
B7(s) = 1/'(0) + d'(0)s + *(0,T)(s,0).
Since B~1(0) = 0, (B~!)'(0) = «, we have (3.6). By the implicit function theorem, one can find
a smooth function s(¢,7), defined on a neighborhood of (¢,7) = (0,0) such that T'(s(¢,r),r) = t.
Since T'(s,0) = s, we have s(0,0) = 0, (9;5)(0,0) = 1, (9?s)(0,0) = 0. A change of variables in the
integral (3.3) gives
eim(n—yn)/2

Tin) = S [y 5 e, o(tr) = u(s(t )@, (3)

where we set 3, = d,,/n which is of order O(n=%/3). Choosing p(t) whose support is small enough,
one can assume that the function v(¢,7) is compactly supported around (t,7) = (0,0). Thus we
can choose a function x(t) € C§°(R) such that 0 < x(¢) < 1 and x(¢) = 1 when v(¢,r) # 0, and
hence v(t,r) = x(t)v(t,r). The Malgrange preparation theorem (Theorem 7.5.6 in [HG]) tells that
there are smooth functions q(¢,7), ¢(r), d(r) satisfying

v(t,r) = q(t,r)(t* + a(r)) + c(r)t + d(r). (3.8)
Note that v(0,0) = u(0), (0v)(0,0) = u'(0) where the function u(s) is defined in (3.3). Thus we
have
d(0) = u(0), ¢(0) =/(0). (3.9)
Inserting (3.8) into (3.7) and integrating by parts, we obtain

eiﬁ(nfyn)/2

Jl(n) _ o einb(ﬁn) <d(ﬂn)/ein(t3/3+a(ﬁn)t)x(t) dt
(3.10)

+ c(Bn) / (/34D (1) df — - / 6in(t3/3+a(ﬂ")t)at(X(t)Q(t»Bn))dt)~
m

The last term in (3.10) is of order O(1/n). For the first and the second integrals, a change of
variables shows

/ ¢in(t /3080, (1) dt

— 2 V3 Ai(n2/3a(B,)) — n /3 / (3020800 (1 _ 3 (0 1/34)) a,
| (3.11)

/em(ts/g"'a(ﬁn)t)tx(t) dt
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By the assumption 3, = d,/n = O(n~2?/3) and the properties (3.5), (3.6), we have
Ai(n*3a(8,)) = Ai(n*PafB,) + 0(n?33%) = Ai(an™'3d,) + O(n™2/3). (3.12)

By the same reason, the term n~2/3Ai'(n?/3a(f,)) in the second line of (3.11) is of order O(n=2/3).
To estimate each integral in the right hand side of (3.11), we need the following lemma.

LEMMA 3.2. Let a, be a sequence of real numbers such that a, — 0 asn — oo. Let 0 < § < ¢,
e > 0 be constants satisfying 6 < 1, 6 +€ < ¢ — ¢, and x(s) be a smooth function on R such that
X(s) =1 for|s| <d+¢e and x(s) =0 for |s| > ¢ —e. Then the integrals

J e xeyds, [ () ds (3.13)

are of order O(n™°) as n — 0.

Assuming Lemma 3.2, one sees that the integrals in the right hand side of (3.11) is of order
O(n=>°). Using d(8,) = u(0) + O(n=%/3) and nb(3,) = O(nf?) = O(n~'/3), we get

eiﬂ'(n_yn)/z

i) = g e (2 () Aoy + 0
T
= ()20 =13(0) Ai(an 1 Pdy) + O (=),
By the definition (3.3) of u(s), we have u(0) = afy (i), and hence we conclude the proof. O

Proof of Lemma 3.2 For the integrals (3.13), the integrals on the negative real line have the same
form as the integrals on the positive real line except the sign of n. Thus it is enough to prove that
the integrals

Ri(n) = /000 emn(9)(1 — x(s))ds, Ra(n):= /000 () g(1 — y(s)) ds

are of order O(n~°°), where we set ¥, (s) = s3/3+a,s. We give a detail only for the integral Ry (n)
since the arguments for R;(n) is the same. We may assume |a,| < §2/2 for every n. Take R > ¢
and write Ra(n) = S(n, R) + T'(n, R), where

R 00
S(n,R) = / g1 - x(s))ds, T(n,R)= / em¥n(s)g ds.
5 R

Since 1'(s) = 52 4+ a, # 0 for § < s, we can use the differential operator '(s)~!(d/ds) to perform
an integration by parts, and get

S(n, R) = M _ i /R inwn(s) $9s[(1 = X(5))] ds — i /R eimin(s) (1 — X(S))ﬂ ds,

in(R?+ay,) in Js s2 + ap in Js (s2 +ap)?
where we have used that x(R) = 0 and x(§) = 1. By the assumptions of x(t¢), the function
9s(1 — x(s)) = —x/(s) has a compact support on the interval (4, R), and hence the integral in the
second term is of order O(n~>°). Repeating this procedure, we have, for any N > 0, an expression
of the form

R) Nzl Gt R L o)1 2 ()08 o)
(n, (in)F+1 R2+a 2R T (i) f € X2 1 an )2 @ no)

where ¢ (s) is a polynomial of degree at most k independent of R. Note that the estimate O(n~=>°)
does not depend on R (but depends on N). From this expression, it is easy to show that

S(n,nN ") =0mN).
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Next, let us consider the integral T'(n, R). We set f({) = Cei”(<3/3+a”4), ¢ € C. We take L > 0 and
n > 0 such that R < L and 0 < n < ¢/2. Integrating f(¢) on the rectangle determined by R, L,
L +1in, R+ in and letting L — oo, we have

0 n
T(n, R) = / F(s+in)ds+i / F(R+it) dt. (3.14)
R 0
It is clear that
f(R+it)| < CRe ™F=8/34ant) < CRe— 2 <t <,

where C' > 0 is a constant independent of n, R, and R > 0 is chosen so that R?> — 62 > 2n?. Thus
the integral in the second term in (3.14) is of order O(1/R). The first term in (3.14) is estimated
as - -
/ ’f(s + 277)‘ ds S C/ Se—n’l](s2_n2/3+an) dS S Cn—le—nn(RQ_n2/3+an).
R R
Thus, if we take R = n* with k > 1, then the first term in (3.14) is of order O(n_le_””2k+l/2), and
hence T'(n,nN=1) = O(n=N*1). Therefore, we get

Ro(n) = S(n,n™) + T(n,n™¥) = O(n™")
for any N > 0, which gives the assertion. U

Proof of Theorem 1.3. Using (2.7), we can easily check

b|? ab ) ab 1+|a
| ‘ >901 + 7 192 feg(iz) = iigpl + J9027

fer(£0) = 5 2dl 20dl 2

1+ |al

and hence we have

, . 1 Ja abp, g2 + abp1p 1
s P+ feai) = 5 2 5] (1 = fon P PR EOP) L1k o),

Taking the modulus square of (3.1) for ¢ = e1, e and summing up them, we conclude (1.15). O

4. ASYMPTOTIS IN THE HIDDEN REGION

The purpose of this section is to prove Theorem 1.4. As in the previous sections, we first handle
the transition amplitude.

PROPOSITION 4.1. Let & satisfy |a| < || < 1, and suppose that a sequence of integers {y,} satisfies
(1.11). Then we have

—nHq (6n)/
(U™(00 ® @), by, @ )e=(1+ (_1)n+yn)wfyn£
2mn
o] . (4.1)
) \/u —ayEr O+ 0/,

where £, = yn/n and Fy (&) is a smooth function in |a| < [£| < 1 which is given in (4.36), (4.37),
and Hg(&) is a convex positive-valued function defined in (1.17).

In the previous sections, we have taken the unit circle for a contour C' in the formula (1.20).
The phase function, however, has no critical points when the parameter £ is outside the interval
(—lal, |a|). Therefore, it would be reasonable to change the contour C' to pick up a suitable critical
point. Here a ‘phase function’ means essentially the logarithm of the eigenvalues of the matrix
A(wz).
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Before proceeding to the details, let us give a rough description of the phase function and its
critical points. Recall that, when z € C\ 0 does not coincide with the values in (2.2), the matrix
A(wz) is diagonalizable. Hence, by diagonalizing A(wz), (1.20) is expressed as a linear combination
of integrals of the form

| e
C

where f(z) is holomorphic on a domain containing C, and A(z) is an eigenvalue of A(wz) (we
assume here that \(z) is also holomorphic). By expressing the path C' by a function z = z(t) with
2'(t) # 0, the integral above is written as

/
t
[0 b 60 = ogA(:(0)  nlog(0)
where we set 7 = y/n. The critical point ¢ of the ‘phase function’ ®(¢) satisfies the equation,
)\/
P A((,:)) —n=0 (z=2(c)). (4.2)

Our strategy is to change the path C' so that it passes through a point satisfying the equation (4.2)
and is to use Theorem 7.7.5 in [H6]. To make it possible, we need to cut the complex plane so as
to be able to take the eigenvalue A\(z) depending holomorphically on z.

In what follows, we divide the discussion into the following three cases:

(A) 1 1 1

— < €] < 1, B) ol < |§] < —/—, C) [ =—.
<l B) ol < el < T (O lel= s
In the rest of this section, the following two functions play important roles:
D . [+ V? —al? _ bln+/n* —a?
(n) := = r(n):= — (lal <Inl <1). (4.4)
1—n lalv1—=n

Y R U VA il ~1 _ [bln = v/m? —al?
()~ = ;o) = :
V1I=n? la[/1—n?
The function Hg(n) defined in (1.17) can be expressed as
Hq(n)/2 = nlog|r(n)| —log D(n) = |nllogr(|n|) — log D(n). (4.5)

4.1. Proof of Proposition 4.1 for the region (A). In this subsection, we assume that the
parameter ¢ in the statement of Proposition 4.1 is in the region (A).

(4.3)

Note that one has

4.1.1. Some lemmas. Let 1 4(¢) be a function in ¢ € C\ [—1, 1] defined by

¢+l
(-1
where the branch of the square root is chosen so that it is positive on the positive real axis. The

function ¢(2) = (2 +27!)/2 maps the domain {|z| > 1} conformally and injectively onto C\ [~1, 1],
and the function ¥ 4(() is its inverse. Thus, if we set

Aa(2) == a(lalg(2)), 2 € Da,
then the eigenvalues of A(wz) are given by A4 (z) and Aa(z)~!, where the domain D 4 is defined by

Da:=C\ (8" U{0}U [ +[b])/lal, —(1 = [o])/lal] U [(1 = [b])/lal, (1 + [b])/lal]) -

Pa(Q) =¢+(C—1)
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The function A4(z) is obviously holomorphic on the domain D 4. Define the vectors u(z),va(z) €

C* by b b
2= (o) 210 = (08 ) o

One can easily check that the vector us(z) (resp. wva(z)) is an eigenvector of A(wz) with the
eigenvalue Aa(2) (resp. Aa(z)71). For any ¢ = (1, p2) € C2, we set

_ lal(alz™" = Aa(z) ™)1 + abzs _ _lal(lalz™! = Aa(2))1 + abzes

P1a2) = = o a0 ) T T a ) — D) (47)
so that
v =p14(2)ua(z) + p2a(2)va(z), z€ Da. (4.8)
For 1) € C?, we set
fay(2) = pra(2)(ua(z),¥),  gay(z) = paal{va(z),v). (4.9)
Then the integral formula (1.20) is written as
(U™(00 @ ), 0y @4 )¢ = w™¥(Lar(n) + Laz(n)),
(4.10)

L(n) = —— /C ) fan(2) dzy Taa(n) = —— /C I (2) " gau(2) d.

27 27

LEMMA 4.2. Let n € R with |a] < |n| < 1. Then the solutions of the equation (4.2) with \(z) =
Ma(z), z € Da, are given by z = Lir(n), where r(n) is defined in (4.4).

Proof. Since 9, (¢) = Y44 /((—1)/(C + 1), we have

¢—1
Ny(z)  lalp(z)  [lalg(z) —1 g
Aj(Z) alg(z) = 1\ lalo(z) + 17 wle) = —5— (4.11)

z
From this and ¢(2)? — u(z)? = 1, we see that the solution z € D4 of the equation (4.2) must satisfy
#(2)? = —(n? — |a|?)/|a*(1 — n?). Hence z is of the form z = iy with a real number y. Since

¢(iy) = ip(y), we see p(y) = £+/n? — [a]?/la|/1 — 2. Since

fir—1 _ %rjrl (r >0),
ir+1 — 7%’_1 (r<0),
we have ¢(y) = |bln/|al\/1 — n?. Our claim is a consequence of the relation y = u(y) + ¢(y). O

The following lemma is used to find a suitable contour C' in (4.10).

LEMMA 4.3. Let r > (14 |b])/|a|l or 0 <r < (1 —1b|)/|a|. Then we have
Ma(Er)] < Palre™)] < Aa(ir)| (-7 <t <m).

The equality in the first inequality holds if and only if t = 0,+7, and the equality in the second
holds if and only if t = £7/2.

Proof. Let r > (1 + |b])/|al, and let C; be the circle of radius r centered at the origin. The image
of C; under the map ¢(z) = (2 + 271)/2 is the following ellipse

d(Cr) : p(re') = ¢(r) cost +iu(r)sint (-7 <t <),

and thus the curve |a|¢(C,) is also an ellipse, where, as before, we set p(z) = (z — 271)/2. Take
two positive numbers z, y such that

¢(x) = lale(r), p(y) =lalp(r), z,y>1.
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The numbers z, y satisfying the above are uniquely determined. The ellipse |a|¢(C;) lies outside
¢(Cy) and inside ¢(Cy). Furthermore |a|¢(C;) is tangent to ¢(Cy,) at the points %|a|p(r) = £¢(x),
and tangent to ¢(Cy) at the points +i|a|u(r) = Lip(y). Hence the curve As(Cy) = va(|alé(Cr))
lies between the two circles Cy, C,. Since the map 14 is conformal, the curve A4(C;) is tangent
to C at £z from the outside of U, and is tangent to C at +iy from the inside of Cy. Thus we
have = < |Aa(re')| < y. Since ¢(iy) = iu(y), we see

+iy = Ya(o(Fiy)) = Ya(Fin(y)) = Ya(Filalu(r)) = Yalalg(£ir)) = Aa(£ir),
and similarly +x = A4(=£7r). This proves the desired inequalities. The conditions for the equalities
are a consequence of the fact that the curve A4 (C,) is tangent to C, only at +x and to Cy only at
+iy. Next, let us consider the case where 0 < r < (1—b|)/|a|. Since |a|/(1—|b]) = (14 1b|)/|al, we
have (1 + |b])/|a| < r~!. Thus, from what we have just proved for the case where r > (1 + |b|)/|al,
we see
Aa(Er < Palr™te")] < Pa(Fir ).

Noting ¢(271) = ¢(z), we see Aa(2~!) = Aa(2), and hence replacing ¢ by —t in the above inequality,
we obtain the desired inequalities together with the conditions for the equalities. O

4.1.2. Proof of (4.1) for the case & > 0 in the region (A). The condition 1/4/1+ [b|? < & < 1 is
equivalent to the inequality (1 4+ [b])/|a| < r(&). Set &, = yn/n as in the statement of Proposition
4.1 and take the circle C}, = C,.¢,) of radius r(&,) for the contour C' in (4.10). Since &, — § as
n — oo, we have r(&,) > (1+|b|)/|a| for every sufficiently large n. The integral 141(n) with y = y,
defined in (4.10) can be written in the form

—n[én log7(én)—log D(£n)] 7r ) by iy" .
_ e —iynt A(T(én)e ) it
Tar(n) o /ﬁe [D(fn) fay(r(&n)e”) di
eanQ(gn)/z Q . )\A(T<£ )eit) " .
— —iYnt n it
g [ et MO e
where D(€) is defined in (4.4) and we have used (4.5). A direct computation shows
Aa(ir(n) = +iD(n), al < o] < 1. (4.12)

By Lemma 4.3, for each n with m < n < 1, we have the inequality [Aa(r(n)e®*)/D(n)| < 1,

and the equality holds if and only if t = £+7/2 on the interval [—m,7]. Take a function x(t) €
C3(—m/4,m/4) with x(t) = 1 near t = 0. Setting x1(t) =1 — x(t — 7/2) — x(t + 7/2), the integral
I41(n) can be written as

Lai(n) = e "MRED2 (AL (n) + A_(n) + R(n)),

where we set

e im ”/2 . . ir ne“ n
Asto) = S [ ety teireety o) [PAETEIDT g,
R = 5= [ aptrg)epat | 2EE ] ar

We can choose a positive constant 0 < ¢ < 1 such that

>\A (T(gn)eit)
D(&n)

for every n and every ¢ near the support of x1(t). Setting R = —logc > 0, we see |R(n)| = O(e™"F).
Next, take a look at the integrals A4 (n). By (4.12), one can take x(¢) having a support so small that

<c
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a branch of the logarithm log(\4(£ir(&,)e')) exists near the support of x(¢). Then the integrals

Ay (n) are written as
e¥i7"yn/2 . i
Au(m) = S [t Chin(g)e (o)

where, for 1 close to the fixed parameter £, the function ®4(n,t) is defined by

®1(1,t) = log(Aa(Fir(n)e")) — log D(y) — int.
We have @ (,0) = &im/2. The real part of ®(7,?) is non-positive, and is zero if and only if t = 0
near the support of x(t). If we put z(t) = 4ir(n)e”, then the first and the second derivatives are
given by

s (1) =i (032 .

P 1" (s - N (5(0)2
83<I>i<n,t>——z<>[ ) | MOe) 22 (t))}

This shows that, near the support of x(t), 9;®+(n,t) =0 if and only if t = 0. A direct computation
using (4.11) yields

d ( Aa > lallb]?$ (=) lalp(z) +1
dz\"xa)  2(alg(z) - D(Jalé(z) + 1)\ Jal(z) -
Substituting z = +ir(n) for this identity, we get
1—pn? 2 _ ql2
030 (1,0) = - VI
and hence the critical point ¢ = 0 is non-degenerate. Note that each higher derivative of ®4(n,t)

is bounded and |02®4 (n,t)| is bounded from below when (n,t) is close to (£,0). This allows us to
use Theorem 7.7.5 in [HO] to obtain

etim(n—yn)/2 |b|
Vemn (1= &)VE — laf?

The leading term in the above is a function in &,. Recall our assumption &, = £ + O(1/n). Hence
the functions in &, in the leading term, except the exponential term, can be replaced by the values
at & of the same functions plus terms of order O(1/n). A simple computation shows

Ax(n) = (fay(£ir(&n)) + O(1/n)) .

fay(=ir) = fay(ir), (r € R\{0,£1}). (4.13)
Since e~ (=yn)/2 = (_1)n=YneiT(nYn)/2 e get
—nHq(6n)/2 4
IAl (77,) = ¢ |b| em(n*yn)/Q

V2mn (1—-¢&2)\/&> — |a|? (4.14)
X ((1+ (=1)"¥) fay(ir(€)) + O(1/n)) .
Next, let us consider the integral I42(n) in (4.10). Lemma 4.3 shows

ity — Z1y_ b= /(@ +[pP)n* -1
M) < B = () = =Y N (4.15)
for 1/4/1 4 |b|> < n < 1. From this, we have

|IA2(TL)’ < efn(ﬁn log r(&n)—log E(&r)) ‘ng(}g : ’gAw(ZN,
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and hence, by (4.5),
e"Ha&n)/2|1 4o (n)| < Celog D(En)—log E(n))

It is easy to see that D(n)/E(n) > 1 for 1/4/1+ |b]? < n < 1. Since &, = £+ O(1/n), one can find
a positive constant ¢ such that D(&,)/E(&,) > 1+ ¢ uniformly in n. This leads us to

_nHQ(gn)/2
Lao(n) = S " O(n}/2e~n1o8(14)), (4.16)
2mn
Recalling that (U™ (6o ® ¢),dy ® ) = 0 when n +y is odd, and in view of (4.14) and (4.16), we
get the formula (4.1) with

Fy(&) = fay(ir(§)). (4.17)

4.1.3. Proof of (4.1) for the case & < 0 in the region (A). In this case, we have —1 < &, <
—1//1+ b2, —(1 = |b])/]a|] < (&) < O for every sufficiently large n. We take the circle of radius

—r(&,) = |r(§n)| for the contour C' in (4.10) and discuss in a way similar as in the case where
¢ > 0. Note that, when —1 < 1 < —1/4/1+ |2, we have |r(n)| = —r(n) = r(|n|)~!. Since

Ma(z71) = Aa(2), the integral I41(n) with y =y, in (4.10) is expressed as

a2 pm _ityn |
IA1(n):7€ ;r /_e—zynt [)‘A(gf‘gl)‘j )} fap(—r(&n)e™) dt

By Lemma 4.3, we have [Aa(r(|€,:])e™)| < D(|€,]). Since D(n) = D(|n]), the same discussion as in
the case where £ > 0 leads us to the formula (4.14) by replacing e/™(»~¥2)/2 with " ("=—lv=)/2 For
the integral T42(n), remark that Aa(r(n)) = —Aa(r(|n|)) for =1 < n < —1/4/1 4+ |b|?, and hence,
by Lemma 4.3,

Aa(=rme™) " = Aalr(nhe™™) 7 < alr(n) ™ = E(lnl).-
From this, it is straightforward to obtain

e"HQ(&n)/2| T 1o (n)] < Ce~™log DIl —log E(&l))

which yields the same estimate as (4.16). Therefore the formula (4.1) with the function Fy; () given
by (4.17) is proved.

4.2. Proof of Proposition 4.1 for the region (B). In this subsection, we assume that the
parameter ¢ is in the region (B).

4.2.1. Some lemmas. Define the function ¥5(¢) by
Yp(¢) =C+iv1—¢2, (eC\{reR;|z|>1},

where the branch of the square root is chosen to be positive for positive reals. Then g is holo-
morphic in the domain indicated as above, and ¥5(¢)~! = ( —i\/1 — (2. The function ¥ maps
the above domain injectively and conformally onto the upper half plane, and it is the inverse of the
map ¢(z) = (z + 271)/2 restricted to the upper half plane. We set, as in (2.3),

Ap(2) = v¥p(lalé(2)),
which is holomorphic on the domain Dp = D given in (2.4). Then the eigenvalues of A(wz) for
z € Dp are Ag(2), Ap(2)~L. Since ¥p(—() = —p(¢)~t, we have Ag(—z) = —Ap(z)~!. Note that,
in this case, Imn Ap > 0. For z € Dp, define the vectors uB( ),vp(2) € C? by the formula (4.6) with
replacing A4 with Ap. Similarly, define the functions p15(z), ¢25(2) on Dp by the formula (4.7).

Then up(z) (resp. vp(z)) is an eigenvector of A(wz) with the eigenvalue Ag(2) (resp. Ap(z)~1),
and, for any ¢ € C?, the formula (4.8) holds by replacing the letter ‘A’ with ‘B’. Define, for ¢ € C?,
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the functions fpy, gy by (4.9) by replacing ‘A" with ‘B’. The integral formula corresponding to
(4.10) which is obtained by replacing ‘A’ with ‘B’ takes the form

(U™(60 @ ), 6y @Y )¢ = w Y (Ip1(n) + Ip2(n)),
I (n) = QLM /C IR ()" o (2) dz, Ipa(n) = 2% /C IR () g (2) de.

It is easy to see that up(—z) = —vB(2), p1ir(—2) = —p2B(2), fBy(—2) = gBy(2), and hence we
have

(4.18)

Ipa(n) = (=1)"Ipi(n), (U™ @ ¢),dy @1 )¢ =w (14 (=1)"¥)Ipi(n).
Therefore, to prove Proposition 4.1, it is enough to consider the asymptotic behavior of the integral
Ipi(n). The following lemma is used to specify the solutions of the equation (4.2) for A = Ap.

LEMMA 4.4. Let n € R with |a| < |n| < 1. Then the solutions of the equation (4.2) with A\(z) =
Ag(2), z € Dp, are given by z = ir(n) and z = ir(n)~!, where 7(n) is defined in (4.4).
Proof. We have ¢/5(¢) = —iyp(¢)/+/1 — ¢?, and hence
)\/
z B(z) — —Z ‘a’|lu’(z) , (419)
M) T T (o

where, as before, 1(2) = (2 — 271)/2. Then a similar computation as in the proof of Lemma 4.2
shows the claim. D

The following is used to find a suitable path C' in the integral formula (4.18).

LEMMA 4.5. Let 0 < c <1 and p> 0. Let ( = ((t) (—m <t < 7) be an ellipse given by
((t) = ccost + ipsint.

Then we have

[p(—ip)| < [¥p(C(1)] < [vB(in)l.
The equality in the first inequality holds if and only if t = —m /2, and the equality in the second
holds if and only if t = 7/2.

Proof. For each ¢ € C\ {z € R; |z| > 1}, set
a=a(() =Re(v1-¢?), B=p(¢)=Im(v1-¢). (4.20)
If¢ = x—Hy, one has a? — 3% = 1—22+y2, a8 = —zy. Since a > 0, we see ¥p(¢) = (a+y)(v/a+i)

and ¥5({)~! = (o — y)(z/a — i). From this, we have (a? — 32)(1 + 2%/a?) = 1 which shows that
a> |yl and Imyp(() =a+y > 0. It is straightforward to check

20°(Q) = (1 =2 + ) + V(1 —a? +¢?)2 + day?, ( =z +iy. (4.21)
Now, put a(t) = a({(t)). From the facts mentioned above, it follows that [ (¢(¢))|> = (a(t) +
psint)/(a(t) — psint). Setting
a(t)

At = W (o) wsin?)” e,

7

we see A(t) = 2a(t)? cost — 2a(t)a/(t)sint. A direct computation using (4.21) shows
t
At) = C(Z))S(t) [(1 —A)VD() + (1= A)(1 = 2 cos®t) + p?(1 4 ) sin? |,

where we set
D(t)=(1— 2 cos?t + u2 sin? t)2 + 422 sin?t cos® t.
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By the assumption ¢ < 1, A(t) = 0 if and only if cost = 0. Note that A(t) = 0 is equivalent to say
that (d/dt)|15(¢(t))]*> = 0. On the other hand, we have

[WB(C(=m/2)) = [¥p(—ip)| = —p + Vp? + 1 <|¥p({(7/2))| = [Y(ip)| = p+ Vp? + 1.

From this, our claim follows. [l

4.2.2. Proof of (4.1) for the case & > 0 in the region (B). In this case, we have |a] < & < 1/4/1+ |b|?
and 1 <7(§) < (14 |b])/|al. We take the circle
C=0Cy:2(t) = 2(t) = (&) (= <t <)

of radius r(&,) for the contour C' in the integrals (4.18). Then the curve |a|¢p(z(t)) is an ellipse
since

lalg(2(t) = lald(r(&n)) cost +ilalu(r(§n)) sint.

Since 1 < 7(§) < (14 1b])/]al, we have |a| < |a|p(r(&,)) < 1 and 0 < |a|u(r(&,)). By Lemma 4.5,
we see

(¥ (=ilalp(r(&)))] < [As(z(0)] = Y5 (lald(zn(t)] < [¢5(ilalu(r(én)))]-
Note that g (£ila|lu(r(&n))) = Ap(Lir(&,)). For |a| < n < 1, it is easy to check that

Ap(ir(n)) = iD(n), AB(—ir(n))Z—AB(Mn))‘l:iD(n)_1:i|b|_ 177_277_2|a|2- (4.22)

The integral Ipi(n) in (4.18) is written as

e—nH (&n)/2 T ) Zn n
T ot [A%((&S”} Fo(en(t)) dt.

By Lemma 4.5, when |a| < n < 1/4/1 + |b|2, the equality |Ag(r(n)e)| = D(n) (-7 < t < ) holds
if and only if ¢ = w/2. Therefore, for a compact neighborhood K C (Jal,1/+/1 + |b]?) of &, there
exists a constant ¢ > 0 such that

ot
|/\B(£((77))e)| <eC, nekK, —m/2<t<m/2 |t—m/2 >e,
0

where we fix ¢ with 0 < & < 7/8. Take x(t) € C§°(R) such that x(¢) = 1 for |t| < e and x(t) =0
for [t| > 2e. By using the above estimate, the integral Ip;(n) can be written as

e—nHo(én)/2

IBl (n) =

—T

I(n) = () + O(e™),
I AB(r(€n)e™) " g r ot
sy = e |20 }w‘ /2) s (Eu)e)
=i [t [0S 0 i )e)

By (4.22), one can choose ¢ > 0 so that a branch of the logarithm log Ag(ir(n)e®) is well-defined
when [t| < 2e¢ and 7 stays in a compact neighborhood K of £. Define

®(n,t) = log Ap(ir(n)e’) —int —log D(n), nekK, |t <2e

so that the integral J(n) can be written as

Ty = e [ (0 iy ir(€)e™)
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Note that ®(n,0) = im/2. By Lemma 4.5, we have Re ®(n,t) < 0. We can also check

8 D(, 1) = i (ziigz; - 77) ,

> _ Np(2) | Np(2)AB(2) = Np(2)? it
07 ®P(n,t) = —=z <)\B(Z) z IBE ) (z =ir(n)e"™).
Thus, by Lemma 4.4, 0,®(n,t) = 0 if and only if ¢ = 0. Furthermore, since, by (4.19),
4 () ) | M) N, bl
dz \"Ag(2)/)  As(2) Ap(2)? 2(1 — |af?¢(2)?)3/2’
we have
2 2 2 2
920(n,0) = — lallbPpCrm)) A =n")yn’—la*
PO = = P ()27 g

Therefore, the critical point t = 0 of ®(n,t) is non-degenerate, and hence Theorem 7.7,5 in [HO]
gives

27 ‘b‘ im(n—yn)/2 .
Jn)=,/— e ir(&€,)) +0(1/n)).
(n) \/n NG (/B (ir(&n)) +O(1/n))

Since &, = £+ O(1/n), one can replace &, with £ in the above expression to obtain

e~ Ho(En)/2

Ton(n) = 0 s \/ _— \b\£2 —— Unu(ir(©) + O(1/m).

2mn

This shows the formula (4.1) with
Fy(8) = fpy(ir(£)). (4.23)

4.2.3. Proof of (4.1) for the case & < 0 in the region (B). In this case, we have —1 < r(§,) <
—(1 — |b])/|a| for every sufficiently large n. We take the circle of radius |r(&,)| = r(|€,]) ™! for the
contour C in the integral Ip;(n) in (4.18). Then the argument can be carried out in the same way
as in the case where £ > 0. Note that Ag(|r(&,)|e) = Ag(r(|¢,])e™). By Lemma 4.5, the integral
Ipi(n) is written as

e~ "Hag (én)/2

Ipi(n) = o (J(n) +O0(e™™)),

_ [ pmivat AB(r(l&al)e)]" - , ~1,it
sy = e 22U DED] o w2 ) e

= ¢imin/? / PO (1) fpy(—ir(€al) ") dt,

where x(t) € C5°(R) is chosen in a similar way as in the proof for the case where £ > 0, and the
function ®(n,t) is defined by

®(n,t) = log Ap(ir(|nl)e™") — log D(|n|) — int.

Note that ®(n,t) is defined on a neighborhood of (§,0), and ®(n,0) = iw/2. By Lemma 4.5, we see
Re ®(n,t) <0. A direct computation leads us to

O (n,t) = —i <ZA39(Z) n n> :

AB(2)
' (2 " 2) — N\ 22
AR, t) = —2 (iiézi +Z)\B( )AJ;;()Z)Z Ap(2)

) G=irae™),
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From this, it follows that 0;®(n, t) = 0 if and only if ¢ = 0. This critical point ¢ = 0 is non-degenerate

since
63@(’)7 0) _ _(1 — 772) V 7]2 — ’a|2
’ 0] '
Thus an application of Theorem 7.7.5 in [HO] gives
2 b i(n T . —
A \/n<1 - gz)vme( T2 (fy(=ir(€) 1) + O(1/n)).

Noting —r(|¢])™! = r(£), we see that the asymptotic formula (4.1) holds with Fy(£) in (4.23)
whenever —1/4/1 4+ [b]2 < £ < —|al.

4.3. Proof of Proposition 4.1 for the case (C). In this case, we have

E=¢&L = il/\/1+’b|2, T’(fi):ﬂzri, ry = (li\b])/]a\
We use the function Ap(z) as in the case of the region (B). But, since z = (1+1b[)/|a| are branched
points of the function Ag(z), we need to choose a contour C' in (4.18) so that it does not pass
through these points. This is done by using Lemma 4.6 below. Let € > 0 be a small constant

satisfying
0<e< min{l, ri, v, <—3—|— \/5"'47"3) /2, (3 - \/5—1—41"2) /2} (4.24)

Consider the following function:
2e(t) = 21 (r, 8, 1) = (12 + 8)Y2 cost +i(r2 + )% sint,
where the parameters, r, s, t, satisfy

—e<s<0 forzy(t),

4.25
0<s<e forz_(t). (425)

Ir| <e, Jt| <, {

Note that if € > 0 satisfies (4.24), we have

O0<exl, 5<7":2t, \/T%+6<1—6<1+€<\/T_2i_—6,

and the curve z4 (t) is an ellipse in the domain Dp.

LEMMA 4.6. Let K C R be a bounded closed interval. Then there exists ¢ > 0 satisfying (4.24)
such that
(1) for every § € K, s € (—¢,0) and |r| < € satisfying |r — s| < 2|s|, the function
lOg |)‘B(Z+(T’ S, t))| - élog |Z+(Ta S, t)|
has critical points only at t = +7/2, and
(2) for every & € K, s € (0,¢) and |r| < e satisfying |r — s| < 2|s|, the function
log |Ap(z-(r; s,1))| — Elog[z—(r, 5, )]
has critical points only at t = +m /2.

The proof will be given later.

End of the proof of the formula (4.1). Assuming Lemma 4.6, let us prove the asymptotic formula
(4.1) for the case £ = £4. First we consider the case where { = ;. Let {y,} be a sequence of
integers satisfying &, := y,/n = £+ +0(1/n). Let K C (]a|,1) be a small closed interval centered at
&4 such that &, € K for every sufficiently large n. Take ¢ > 0 as in Lemma 4.6 and fix s € (—¢,0).
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Set 1y, 1= 7(£,)% — 1"3_. Then 7, — 0 as n — oco. Thus, for every sufficiently large n, the sequence r,
satisfies |r, — s| < 2|s|. For any n € K, let r,, := r(n)? — r%. Taking K small enough if necessary,
we may assume that |r, — s| < 2|s| and |r,| < e for every n € K. We set

2(n,t) = 2y (ry, s,t) = (/12 + scost +ir(n)sint, —m<t<T.

By Lemma 4.6, the function

¢y(t) = log [Ap(z(n, )| — nlog |z(n, t)]

has critical points only at t = £7/2. Since

¢y(m/2) =log D(n) —nlogr(n) = —Hgq(n)/2 > ¢y(—7/2) = —log D(n) — nlogr(n),

the function ¢, (t) attains its maximum at ¢t = 7/2 and its minimum at t = —7/2. As a contour C
in (4.18), we take the ellipse

C=Cn:z(t) = 2(&n, t) = (/72 + scost +ir(&,)sint (—m <t < ).

Then we can write the integral Ip1(n) as

Ipn(n) = aE” / 7; (Z”(t) >_n€n (AB(Z"“))y T (o) 2 1.

2mi _\r(&) D(&,) 2 (t)
By Lemma 4.6 and the discussion above, we have
Z(nat) - )‘B(Z(n7t>) ‘ <1 (426)
r(n) D(m) [~

where the equality holds if and only if ¢ = 7/2. Thus one can choose a function x(t) € C5°(R)
having a small support such that x(¢) = 1 near t = 7/2 and

Z(n7t) )\B(Z(n7t))
r(n) D(n)

with a constant ¢ > 0. Since Ap(z2(n,7/2)) = iD(n) and z(n,nw/2) = ir(n), taking K and the
support of x(¢) small enough, we may assume that a branch of the logarithms log Ap(z(n,1)),
log z(n, t) exist when t stays in a neighborhood of the support of x(¢) and n € K. Then the integral
Ip1(n) can be written as

e HQ(En)/2 /

i) = g ([ OO fen ) 25 -+ 0.

where the smooth function ®(n,t), which is defined on a neighborhood of (n,t) = (£, 7/2), is given
by

-n

‘ <e  (nek, tesupp (1—x(1))

®(n,t) =log Ap(z(n,t)) — nlog z(n, t) — log D(n) + nlogr(n).
Note that ®(n,7/2) = wi(1 —n)/2. By (4.26), we have Re ®(n,t) < 0, and the equality holds if and
only if t = 7/2. The first and the second derivatives of ®(n,t) are given by

o) = = (55 ).

~ 2 U0s(2)

' (2 "y 2) — Mo (2)2 o 2
ok (n,1) :—zjigzi + ()22 )Aﬁé(LPAB( Loy <1+ <z> )
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where we set z = z(n,t) and 2’ = d;z(n,t). By Lemma 4.4, 9;®(n,t) = 0 if and only if t = 7/2. By
a direct computation, we find

> rit+s  lallblPu(r(n) rt+s (1 —n*)yn? —lal?
atcb(nvﬂ/2):_ 2 2 23/2:_ 2
r(m)? (1+ lalu(r(n))?) r(n) 0]
Note that each higher derivative of ®(n,t) is bounded from above uniformly in n € K and ¢ in the
support of x(t), and |92®(n, 7 /2)| is bounded from below when n € K. Since d;z(n, 7/2)/2(n,7/2) =
iy/72 + s/r(n), Theorem 7.7.5 in [Ho] gives

< 0.

e MEn)/2 or p(g,)2 4 min—yn)/2 [V rits ,
Ipi(n) = “— ¢nﬁﬁsu—aw@_mf gy I linen)) +O0/n)
e_nHQ(én)/z |b| i (n—yn)/2 .
= eI (fpy(ir(§+)) + O(1/n)) .
2mn J (1—€3),/€2 — a2

This proves the asymptotic formula (4.1) with Fy(§) = fpy(ir(&4)) in the case £ = &¢. When
=&, take e > 0 and s € (0,¢) as in Lemma 4.6, and take the ellipse

2n(t) = /72 + scost +i|r(&,)|sint

for the contour C' in (4.18). Then, a similar argument as in the case £ = £, will show the formula
(4.1) with Fy(€) = fpu(ir(€ ). 0

4.3.1. Proof of Lemma 4.6. Let r,s,t be the parameters as in (4.25). For simplicity, we write
z(t) = z4(r,s,t). It is enough to show that the derivative of the function

f() = fr,s,t) :=log|Ap(z(t))|” — Elog|2(t)]?, € € K,

with respect to t does not vanish when —7 <t < 7, |t| # 7/2. By a simple computation, we have

= 152 480

We use the following notations to examine 9, f(t).

D =D(t) = |z(t)| = \/ri +scos2t +rsin?t, x(t) +iy(t) := |alo(2(t)),
k=02 +9)Y2 1=02+m)Y2 a@t)+iB(t) = /1 |a]2e(z(1))2, (4.27)
Ft)=1—z)?*+yt)*)?* + 4a(t)*y(t)*

We have

ko(D lu(D
szcost, y:WD()sint, P—k?=r—s, (4.28)

20 = (1 -2 +y*) +VF, o*+p*=VF.
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Then,
é _d — . .
z)\B =DV [(adp(D)sint — Bku(D) cost) — i(aku(D) cost + Blp(D)sint)],
2 r—s tcost l
; 7sm Ccos —|—ZD2
<z A ) |a| smt cost(algp(D)sint — Bku(D) cost)
z )\B
+ |a|k:l (akp(D) cost + Blo(D) sint)
D3vE '
From this we have
3
Dzl;/‘ﬁatf(t) = R(t)(r — s)sintcost + klS(t), (4.29)
where we set
R(t) = —£D|;|/F + alp(D)sint — Sku(D)cost, S(t) = aku(D)cost + Blo(D)sint.  (4.30)

We need to examine the function S(t). Substituting

xy lal?kl

5:_2: D2 d(D)u(D)sintcost
for S(t), we have
k(D) cost 212
S(t) = H(Q)COSA(t), A(t) = 202 — |a| O 6(D)?sin’t. (4.31)
a
Substituting the concrete forms of x(t), y(t) for the second line of (4.28), we have
NGa 2 o |aPr?
A(t)=VF +1—lal*¢p(D)* — o t. (4.32)

LEMMA 4.7. There exists € > 0 satisfying (4.24) such that, for any r,s,t in (4.25), one has
la|?i?sin?t  |a|?1?p(D)?sin®t
VF > 5+ 53 +
Proof. Using the definition of F' in (4.27), we have

a?22 ., \?  |a|?u(D)? |
F= <1 — |a*¢(D)?* + ‘1’)2 sin? t> +4H1§L2() sin? ¢,

1 - [al*¢(D)*.

from which one has vF > 1 — |a|>¢(D)? + |a|?1?sin® t/D?. To improve this estimate, write

22 272,,(D)2 2
F= <1 — lal*¢(D)* + |aD2 sin? ¢ + Ml;g() sin? t) +G.

Then, the function G is computed as

212,,(D)2 2Nal12u(D)2
G = WGl(t) sin? ¢ + o Dg( ) Ga(t)sin“t
where G, G2 are given by
al?i?u(D)? . 2
Gi(t)=2—- Hl;g() sin?t,  Ga(t) = ¢(D)* — 2 sin?t.
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We would like to show that € > 0 can be chosen so that G > 0 for any r,s,¢ in (4.25). For this
sake, first note that, since D? = k2 cos? t + ?sin” ¢, we have

.2
sin“t 1 1 1
< = = < —r<t<m. 4.33
D2 — 12 ri4r—ri-¢ Tet=T (4.33)
For r, s, t satisfying (4.25), the following holds.
l<(l+e)?<r2—e<D*<r? +¢ for 2 (t),
0<ri—e<D?<r2+e<(l—¢e)?<1 forz_(t).

By this and (4.33), G1 and G are estimated as

Gi(t) > 2 — |a*p <\/ri + e>2, Ga(t) > ¢(D)?> —1>0.

2
Since |a|u(re) = %[b|, we can take ¢ > 0 so that 2 — |a]?u <w/7“:2t j:zs) > 0, and then G > 0 as
required. [l
From (4.32) and Lemma 4.7, we see that the function A(¢) has the estimate
la]?12p(D)? sin? ¢
LEMMA 4.8. One can choose € > 0 satisfying (4.24) with the property that, there exist positive
constants A, B such that, for any r,s,t in (4.25), we have

Aq(t) > Als| cos’t + Bsin®t.

A(t) = As(t) - +2(1 = la*¢(D)?).

Proof. Set f(t) = f(r,s,t) := scos®t + rsin®t so that D? = r% + f(t). Since r, s,t satisfy (4.25),
we have |f(t)| < e < rl. The Taylor expansion gives

1 1 t 1 1 2f(t
m:&_%)w(m)%, 5= fg([)w(f@)?),

where the constants in the terms O(f(¢)?) can be chosen uniformly in r, s,t. Noting |a|?¢(r+)? =1,
we see

Ay(t) = —Wéf(t) (1 — 1) + miﬂsinzt (1 — 12>2 ML (O (1 -~ 12> +O(f(t)?).

ri ry 2rd ry
To rewrite this, note that r_ = rjrl and hence
1 2|b 1 4lb
=== L’ l—7F == ’2’2-
i |alrs r+ |a>ry
Substituting this for the above expression of A;(t), we can write
b : allf(t) .
A0 = g+ 000) . g =720 + s+ IO G2 sy
+ +
We need to estimate g+ (t) from below. First we consider g4 (f). Write
12 12
g+(t) = <2 - |a|3 sin? t) |s| cos® t + (!b|l2 —2r+ |a|3 " sin? t> sin?¢.
7"+ T+
Then we easily find
|a]?? lal(r} +¢) |al??

2 —

Fosin?¢ > 2 — CETE g2 —op 4 D D Gin? e > o2 — (2 — [b] + |al /ry e
Ty T Ty



30 TOSHIKAZU SUNADA AND TATSUYA TATE

From this, one can choose € > 0 small enough so that there exist positive constants A, B with
9. (t) =gy (r,s,t) > Als|cos’t + Bsin’t (4.35)

for any r, s, t satisfying the first line of (4.25). The function g_(t) can also be estimated in a similar
way. Indeed, g_(t) is written as

12 12
g-(t) = (2 - % sin? t) scos? t + <|b\l2 +2r — % sin? t> sin?t.
r rs

In this turn, the parameters r, s, t satisfy the second line of (4.25). One has

12 12
%sithZQ—M—@a, \b\12+2r—|a‘§ sint > |bjr? — 2—1—]6[—1—@—1—@ €
T r r r— T

2 —

Since 2 — 7'%' > 0, this shows that there exist positive constants A, B such that (4.35) holds by
replacing g, (t) with g_(t) for any r, s, t satisfying the second line of (4.25). Since f(t)? = O(g?),
the assertion follows from the inequalities (4.34) and (4.35) by replacing g4 (t) with g+ (¢). O

End of the proof of Lemma 4.6. We set
E(t) = 2aR(t)(r — s)sint + E*lu(D)A(t),
so that
D;\/; £ (1) = E(t2)acost.
Since the function a(t)R(t) is bounded for r, s, ¢ satisfying (4.25), we take C' > 0 such that
2a(t)R(t)| < C.

We divide the discussion into two cases.

(1) Consider the case where s satisfies the first line of (4.25). Then we have D > 1 and hence
(D) > 0. Thus there exist positive constants A, B such that

k2Lu(D)A(t) > Als| cos®t + Bsin?t
for any r,s,t in (4.25). Hence, for r, s with |r — s| < 2|s|, we have
E(t) > (B — Als|)sin®t — 2C|s|| sint| + Als|.
If 0 < e < min{B/A, AB/(A? 4+ C?)}, then the polynomial
p(T) = (B — Als|)T? — 2C|s|T + Als|
is positive for every T, and hence E(t) > 0 for every r, s,t in the first line of (4.25).

(2) Next, let us consider the case where s satisfies the second line of (4.25). In this case, 0 < D < 1
and (D) < 0. Thus there exist positive constants A, B such that

k2lu(D)A(t) < —Als|cos®t — Bsin® t
for any r, s,t. Then, for r, s with |r — s| < 2|s|, we see
E(t) < —(B — Als|)sin®t + 2C|s|| sint| — Als].
If 0 < ¢ < min{B/A, AB/(A? + C?)}, then the polynomial
p(T) = —(B — Als|)T?* 4 2C|s|T — Als|

is negative for every T', and hence E(t) < 0 for every r, s, in the second line of (4.25).
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Therefore, for both cases, taking € > 0 small enough, we see that

d
aD3\/F

can vanish if and only if cost = 0. This shows Lemma 4.6. ]

7 = E(t) cost

4.4. Functions F, and Hg(§). We have proved the formula (4.1) with Fy,(§) given by (4.17) and
(4.23) for the case (A), (B) and (C), respectively. Since

. . . A€ — P + o
Aa(ir(©) =Ap(ir(€)) =iD() =i=—a=0 =, lal <lél <1,

we have ua(ir(€)) = up(ir(€)), va(ir(§)) = vp(ir(§)), and fay(ir(§)) = fpy(ir(§)). Therefore, we

can write

Fy (&) = () (u(§), ), (4.36)
where the function ¢(§) and the vector u(&) are given by

ilal(lalr(§)~! = DE) g1 —ir(Qabgr .\ _ ir(gab
r(€)ab(D(€) + D(€)~1) ,u(§) = (D( ) 4 dlalr(e)-! > (4.37)

Finally, let us prove the positivity and the convexity of the function Hg(&).

o(§) =

LEMMA 4.9. The function Hg(§) defined by (1.17) is positive and convez on |a| < |§] < 1. Moreover
Hqg(&) has no critical points.

Proof. Since Hg(¢) = Hg(—¢€), it is enough to prove the lemma by assuming |a| < £ < 1. For
simplicity, we set §(€) := Hg(£)/2 so that §(§) = logr(§) —log D(£), and hence §'(§) = logr(§) +

57;«/((55)) — %. A direct computation shows
SO DO e
r€) D) (1-€)/e—[a?

Since 1 < r(§) for € > |a|, we see §'(§) =logr(§) > 0. It is easy to show

lim ¢ 0, lim 5 = —loglal > 0,

im 56 =0, lim 3(6) = ~logll
and which implies §(£) = Hg(§)/2 > 0. We also have
/ b|
6// é— — r (5) — | > 0’
o Ta-eve e

which shows the convexity of Hg(&). O

4.5. Proof of Theorem 1.4. Taking the modulus square of (4.1) with ) = e; and ¥ = e, and
summing up these formulae, we have the asymptotic formula (1.16) with

G(&) = |Fe, (OF + [Fey () = (€)1 (I{u(€), e1)]* + [{u(€), e2)P) = [o(©)P[lu(§)],  (4.38)

which is a non-negative function, where the function ¢(§) and the vector u(§) are given in (4.37).
This completes the proof of Theorem 1.4.
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