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e X-11 variant of the Census Method II (Shiskin 1967)

o 17> XF-NBER-ASA Conference (1978)

A. Zellner, S. Kallek, J. Tukey, C. Granger, E.B. Dagum,
J. Shiskin, P. Bloomfield, W. Cleaveland, D. Pierce, W. Wei,

R. Engle, G. Tiao, E. Parzen, G. Chow, J. Geweke, G.E.P. Box,
S. Hillmer

e 1tz> 1 XF-ASA Research Project (1980FH#%)

J. Durbin, A. Dempster, S. Hillmer
D. Findley, B. Bell, W. Gersch, G. Kitagawa, A. Rave
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Smoothness Prior Approach
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H. Akaike(1980) “Likelihood and the Bayes Procedure”, Bayesian Statistics, 1-13.
Whittaker (1923), Shiller (1973), Akaike(1980), Kitagawa-Gersch(1996)
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G. Kitagawa (1987): Non-Gaussian state-space modeling of nonstationary time series.
Journal of the American Statistical Association, Vol.82, N0.400,1032-1063 (with discussions)
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A O N R O R N W A
| 1

101 201 301 401

-

4 Trend Model

t,. =t ,+V,
yn — tn +Wn

Noise Distribution

v. ~N(0,7%) or C(0,7?%)
w. ~ N(0,5°)

O N R O B N W

)
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Kalman Smoother

- PO

1 101 201 301 401

Exact Non-Gaussian Smoother

0 100 200 300 400
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Marginal Posterior Density

200

-4 =3 =2 =1 0 1 2 3 4

Gaussian Distribution Cauchy Distribution
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Gaussian—-Sum Filter

[ un

ZERABEETIVICEADRABE B LDOERAILRE

HIAFGEEIER) Ll

K, L
p(vn) = ZO!(D“ (Vn) p(xn |Yn—1) = Zykngpik (Xn |Yn—1)
i=1 k=1

PW) =B, (W) PO 1Y) =D 5, (6, IY,)

Gaussian-Sum Filter: Sorenson & Alspach (1971)
Gaussian-Sum Smoother: Kitagawa (1991,1994)
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EEIEDH

2000 1
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24 36 48

V, : Gaussian

60

72

84

2000

|

1000 {

1000

1000 |

12 24 36 48 60 72 84

V, : Gaussian Mixture

Fx. _,+Gv,
HX, +w,

_\
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4.2

4.0 T
3.8 T

.
V4
36 1,57 77

3.4 -
0.1
-0.1 -
0.2
0.0 -
0.2 1,

24 48 72

96 120 144 168 192 216

Wn : Observation Noise

Distribution AlIC
Gaussian: -701.41
Cauchy: -1293.52
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—RIRRBZFEET NV

RREZERITETILOAREW XS (ZFHTEZ71)
p(Xn ‘ Xn—1’° * XO’ yn—1’° * ) yl) — |:(Xn ‘ Xn—l)
PCY, | Xoseeor Xgs Yose - Vo) = H(Y, | X))

—RSIAREZER TS )L
X, ~ F([x,.1)
yn ~ H (°‘Xn)
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KEZMET N

#RAZ - O XBY
X, =Fx,_,+Gv,

y,=Hx +w,
BE4Y : IEHEHZ

FERRAZ - IEH D REY o IFEHNDREY
« D
X, = f(x _,,V,)
Cove=h(xw,)
— T S Iom

BHAIARR - BERREVANE
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g 1. 3SEHNDORENEB(E

LRIV T~ (BEZE1L)
JEH DR BIZ=E R
WERNARST U ETIL

2. 3'51%‘%}} —/ﬁ'ﬂf;

NSwF> D
Phase-unwrapping

3. I5HHRE
4. ¥ —FDEFT I >
\ 5. BefEMENAREZEEIES )L

Gordon et al. (1993), Kitagawa (1996)
Doucet, de Freitas and Gordon (2001) “Sequential Monte Carlo Methods in Practice”
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HoREIXEZEET NV

Xn ~ f (Xl Xn—l’en)
Y, ~h(y|x,,6,)

6, WE/I\SA-F
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IRRE & \S A =4 DEIRFHETE

“Although this extended Kalman filter
approach appears perfectly
straightforward, experiences has shown
that with the usual state space model, it
does not work well in practice.”

Anderson and Moore (1979) p284

Z - F(Z‘Zn—l)

n

Yy, ~ H(ylz,)
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HO®E 7% -Figil

Xn = Xn—l + Vn =
Yo = Xy + W, o =
J——57 =
p(v,) =— = :g\% o
n (Vr?-l—z-z) l:l_t‘ ST E 7 o

Augmented State Space Model

Xn | Xna Tha (h)
2 = 2 + Vn
logz; | [logz, 0 -

yn = _1 O]|: " :|-|— Wn N j I.-:!I:I

logz?2| " 00 e

Trend
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HO®E 7% -Faik

1

0,,=1log z;-36,,
0,,=1log(b,-1/2)

n

RREZEREIEZ )L X, =X, ,+V_
yn — Xn T Wn
(b)r2°
p(viz®,b) = (0) S
ra/2)r(b-1/2) (v-+r7°)
5 o RSBV RREZE I £ )L
o Y
Xn Xn—l 1
‘9n,1 — ‘9n—11 +10 vV,
_Hn,z_ ‘9n—12_ _O_
~ X _
Yn = [1 0 O] Hn,l + W
6
K | “'n,2 | /
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ERADFH

1977 TIMSAC7/8
1984 Non-Gaussian Filter
1992 Monte Carlo Filter
2010 #RFEA /N>
2011 *R-computer
2017 5GEGH
P
sTEMEED (RE,XATED)
19844 =) IHME 5000/31%
19924 =) IR1E 200715
N
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ERE FELIE
1.5MIPS 1MB
SMIPS 10MB
250MFLOPS 256MB 2GBilsRac|E
34TFLOPS 12TB
10PFLOPS 10PB
435TFLOPS 228TB
10° s O ..S GGGGGG -
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HFICE 3RO

- N
PO pM i~ p(x, [Yoy) TSR
O ™~ p(x, |Y,) J 1 L5
VO v~ (v J A X530
\_ J
paKilEIES

P+, p™ =~ p(x, 1Y, ) N

&= W= i) ST

: i EERTEAEN
// \ 1 i

& Px=ally DEE e 4 B
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Prediction Step

-
Xn =F (Xn—l’ Vn) System Model
1
i | Vil = p(v)
v( ) ( ) ( ) 1:n(—Jl) - p(xn—1|Yn—1)
J) _ J J
n I:(fn—l’vn )
\_

J

p(xn |Yn) — jj p(xn’ Xn—l’vn |Yn—1)d)§1—1dvn—1
= [ PO 20V Yo ) PO 1%, 0, 2) PO 1Y )X, 10,
= {806, = F V)P P0G, 1 Y )b, 40,

P = F(f

-

fn(—jl) - p(xn—l |Yn—1)
v~ p(v,)

n(_j1)1vr(1j)) - p(xn|Yn—l)
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Filtering Step (Resampling)

(1)
(i) a (i)
o'V Importance weight of particle Pn n? PCYal Po)

ay = p(y,| X, = p?)

- _
Pr(X, = pi 1Y) =Pr(X, = 1Y, 0, ¥,)

Pr(anX = p) Pr(X, = pa"Yoss)

oL (J)
n

m
Zirilar(‘j)% ZI =1 r(‘J)

-

ZF’IF(Yn | X, =) Pr(X, = p°[Y,)

Yn
1
m \ .
p,”
=
)] .
"N fn(J)
resampling ‘
f (1)
n
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Sequential Monte Carlo Filter

-

\/MEIJI UNIVERSITY

) )

SAF AR A
vl ~p(v)  j=1,..,m
Big:paKiv
(J) F(fn(Jl)’V(J))
Z2E (/\4’ A %EN)

ai = p(y,Ip{)

JAILIDmpUBS> U

Umh
(1L

/

Gordon et al. (1993), Kitagawa (1996)

Doucet, de Freitas and Gordon (2001) “Sequential Monte Carlo Methods in Practice”
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One Cycle of Monte Carlo Filtering

. new data .
Prediction In Filtering
— >
Ikelihood resampling
y P00 —100y)
< | | @ e > X perish
. ---------------------------- » X perish
) ' —>
&
> @ 2
)
s| @
)
il
© .

[P0 1Y, ) F——1 P(%, 1Y,.) | o{ p(x,1Y,) | of P0G 1Y) |
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Single MCF

Exact Non-Gaussian Smoother \

| | |
ﬂ N = O =N m
O T T T T

100 200 300 400 /

m=100,000 - m=10,000

| | | | | | | | |
/ w N — o — N w w N -t o —_ N w wW N —_ o - N m
T T T T ol T T T T
P

101 201 301 401 /

| | |
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1 101 201 301 401 /
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Self-0rganizing State Space Model

Z, = (Xn ,Z'l ,72,0 )
F(Xn 1° n)
2
| Thon T UG
Zn T 2 J
Tho12 T Uy,
2
i O, +Un3 .

2
Y, = exp {T, jexp {S, fexp {62 }Wn
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Example: 1REBE/INSA—20D[EEE
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MEETIVEREETIVDLLR

y. =t +S +W_  IBEEFIL

y, =1 XS XW_ REETIL

IEREARAE  (log w, D IEFRR 71 D5

AIC' = AIC + 23 lo
1=1

&)

gy,
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TEETN

FERIES)L
h(x,,w,)
=T, xS, XW,

= expi{T, }xexp{S, }xw.

BEETIL

= exp {T, fxexp {S, |+ w,

JERRHZET LA

N e aversir

00000

00000

00000

00000
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ST T — 2 DFHIRE

Xn — (Tn’

Test Data

A, =exp {T, fxexp {S,

Tn—l’ Sn’“' ’ Sn—p+2)T

-

\_

Yn

—RCARREZEEEST )L

= |:(Xn—l’vn)
~ H (’lxn)

~

= il

m!lﬂ“i”“lll””

)
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Bankruptcy Data
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No. of bankrupted Companies over 100M Yen
(Tokyo Shoko Research)
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Monte Carlo Filter

L

AEEE—

o HRIRREZERIETIL

on-Gaussian Filter l

- d

FIERRAARREZE R ET )L

-~
| e e
-
| Houssroe
k=
| ve-water s
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DECOMP: £ 0)iidE

—

® DECOMPDH R
v EEIRDETIL

1 ZEhRDIR

> W9 EDEEIRMTD

v EEARETIL

> ML REDEREICKDRELL

v IEH - B3R

I8

> A—E&DE—bIREDHHETIL (FHFI #H)

v EREIEDTH

il

> Filterc>#I A
> ZEIHIFIIEDE A

v AR ~JLDIP

> ZEIRDETILDOME THEN ?

® JEHNDORBIES)
v F—ASDEREE
v iBEZL (kL
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L
DEEHILIE
>R FEIRRDFDRADZEAL) OEEILE

JE)RGER  ZEEiA%E T 020 > ADECOMP & ZDEDFEE.
aTEEE(1997) 5645%, 25 217-232
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FHIAEZE (RKBZEETIN)

1ZE : #REEHDORE
® DECOMP (TIMSAC-84) Information square root filter

® SEASON (&FEhR) Kalman filter i
1 B8 PR <

o HUAHT1N% -

> A XDREHDRHER -

. BANEROREIE N

o N2 RY©OFHIRDDZv 2T (ZERDZEAL) gt
« Kitagawa, G. (1989). Non-Gaussian seasonal adjustment.
Computers & Mathematics with Applications, 18(6-7), 503-514.

« Kitagawa, G. (1994). The two-filter formula for smoothing and an implementation of the Gaussian-
sum smoother. Annals of the Institute of Statistical Mathematics, 46(4), 605-623.

® RF71NV%Z 100 [
> IEHODRE A XEFIL 1 A—>—DT% . M [
+ Kiagawa, G (1996). Monte Carlo fterand smootherfor = | Wl H’M b ... il mmlmﬂllﬂmuuh.mm
computational and graphical statistics, 5(1), 1-25. 75 1 Trend
> JERETIL  BEETIL, REETIL " TN
> BISEBOSHAE ol e
> Bt IR L/ (S A - DEFHEE ; A A A AVAVAVAVAVAVAVAWAWAWAVA
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DECOMP: £ 0)iidE

2. BEER(2~10EHIZEE)
e VI hDZEE(IBEWREIZNZFEHL <L, BEFU>JICIEZE << DERRE
® LR HBEKNL R - HHIDRE
0 ZLZEARMT. EEIRND DD EDET IV
® Y —)LFHF :

3. BBSEHMR(100ZEE])

® EENILY>TAILYDFA (DEHDEDAERE)
o XN—XREFTVU>T (BEIZEHER)

J7C 433
0 KIEFH

4. )77 R
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SEEFHHAZOMER: MUK

® I NL>REFTIL: HFICRIEIERUN

o N> RODIBETETIL (GDPIEERLREDIFTERER)
T,=¢CT ,+---+cCT,
Tyt MIZALIR (=2,..,K

e ~NL>RotEE (K¥F) EFIL o

k Tnl Cn -

Tn :ZCanJ' -I—Vr(:) T?z — C:21
j=1 . . .

_Tnz_ _Cm

v EFE k OHEE
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ZEEFHAZEOMER: SEEARETN

m
ZEEMRAREDET)L P, => Ap,; +vi”

=1

o JFRICEREIL T/\S X —FH#EZ I DIHaDHlfIFEEDITE

. ATENIEA

B arl<l, m=1,..,M —0 <<
a"=a""'-a"a e’ 1
|2 |2 m m—2 —1< P <1
or=0.,1-(a,)) e"+1

m-1

Pn = i Aim Pooj TV W, =C, _Z Aim_lcm_i

i=1

pn:ZBimpn+j+un Vm:CO_ZAimCiT’ Um:CO_ZBimCi
- i-1 -

v, ~N(0,V.) An =W, U,  Bp=W,V.5
u, ~N@OW,) A" = A" - ATBIT, B" =B~ By Al

v | ANE BMOEEME | <10EE, ZEBARETILZEBNICERCRBH

v’ parametrization®75% ?
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Partially Linear State Space Model 2017/6/13

State Vectors

, = X, Linear state
n - 6. Non-linear state

Partially Linear State Space Model

Xn — |:n (gn—l)xn—l + Gn (en—l)vn Vn - N (0, Qn (Qn—l))

en = ‘]n(Hn—l)+un un - N(O’Sn(gn—l))

yn = Hn(en)xn + Wn Wn - N (O’ Rn (en—l))
Basic ldea

p(xn’gn |Y1:n) — p(Xn |9n’Y1:n) p(Hn |Y1:n—1)

=> a’5(6, - 95N (X, | x{) V)
=1

n|n nin? ¥ njn

N(X| V) Gaussian density with mean z, covariance V.
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Preparation for Rao-Blackwellization

p(zn |Y1:n—1) — p(Xn’Qn |Y1:n—1)

..J. p(xn J Xn—l’
..j p(Hn | Xn ! Xn—l’ gn—l) p(xn | Xn—l’ en—l) p(Xn—1’ gn—l |Y1:n—1)dxn—1d gn—l
.. p(en | gn—l)

en ! en—l | Yl:n—l)dxn—ld Hn—l

j p(xn | Xn—l’ en—l) p(Xn—l | en—l’Yl:n—l)an—l

: p(gn | en—l)q(xn | gn—l’Yl:n—l) p(gn—l |Y1:n—1)d9n—1 \

p(zn |Y1:n) — p(xn’en | yn’Yl:n—l)
oC p(yn’ Xn ! en |Y1:n—1)
— p(yn | Xn ! en ’Yl:n—l) p(Xn ! en |Y1:n—1)

=p(Y, | X,,6,)

p(xn ! en | Yl:n—l)

\/MEIJI UNIVERSITY

N

Kalman Filter given 6,

p(gn—l | Yl:n—l)d gn—l

Kalman Predictor given 6, ,
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Rao-Blackwellized Particle Filter

0. Initialization

(i) P
Goo ~ P (0), 1=1...,m
(i) (i)

Xo0 mean of X |

Vyo covariance of x."

1. Prediction
(1) Kalman filter prediction for x, given 4.,

Xn—1|n—1 ’Vn—1|n—1 — X V

nin-1?* ¥ njn-1

(2) Prediction for 4,

00, = 3,00 ) +ul, U ~NQO.S, (0%, ) i=L..
2. Filter
(1) Kalman filter
AN

Xn|n—1 ’Vn|n—1 Xn|n ’Vn|n

(2) Resampling
(1) m _ oV ™ | ) (m)
enln_l, e ooy 9n|n—1 /7 n|n Jeeooey enln

3. Fixed Interval Smoothing
Ty/-1
Xn|N — Xn|n + An (Xn+1|N B Xn+1|n) An :Vn|n |:n+1Vn+1|n

Vi =V, + -V !
\/MEIJI UNIVERSITY "IN nin A, (V”+1|N n-+1jn )A,
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Partially Linear State Space Model

X =X, +V. Vv ~N(010")
4
6 =6 _,+u. u ~N(010™)
yn — Xn + Wn Vn - N (O’l)
4
3
2
1
0
1
2
3
B 1 51 101 151 201 251 301 351 401 451
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Fixed Parameter Case Hn

Hn -1

[N

51 101 151 201 251 301 351 401 451

« RandomTCTHFHERTELE=ZED
o« ERTDHZE. mFIPRLLTHEIL (BlF2RTDIH

&)
- BT/ SA—HIDE = [CERBED L SRITEN
fEZ B ?
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m=10,000

1 51 101 151 201 251 301 351 401 451
3
m=100
2

1 51 101 151 201 251 301 351 401 451
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Background

Lead-lag relationship

Multi-scale analySIS of lead_lag relatlonShlpS In » Two time series are cross-correlated with each other at certain lags;
high-frequency financial markets ! “leader” and “lagger”

Lead-lag relationships may occur perhaps because new information is

absorbed into each security at different speeds

» Across different assets
» Across different trading venues

Takaki Hayashi

Keio University, Tokyo Metropolitan University, CREST JST

Ex.: Stock index vs index futures (e.g. Kawaller et al., 1987)

August 5, 2017 » A stock index consists of many individual stocks; it may be lagging
behind the index futures

SIRE 2017 FRET T+ 7

Hoffmann, Rosenbaum, and Yoshida (2013) have proposed a model
for lead-lag relationships in high-frequency financial data (“HRY

model™)
! Joint work with Yuta Koike (Tokyo Metropolitan University)
T. Hayashi (Keio U., TMU, CREST JST) | Lead-lag analysis with wavelet methods August 5, 2017 1/ 30 August 5, 2017 2/ 30
Background: HRY model Background: HRY model

Hoffmann, Rosenbaum, and Yoshida (2013)
@ X evolves on the interval [0, T + 4]

0o 0ty <ty <---<ty < T+0: observation times for X” (v = 1,2)
® XV = (X{)te[-s,00): the log-price process of the v-th asset (v = 1,2;
d>0)
o We suppose that X = (X!, X?) is a 2-dimensional continuous It5 izo’{"‘_ﬁﬁvﬂ(t}/ — 1) 2P0 (n— o0),
semimartingale defined on a stochastic basis (2, F, (Ft)te[—s,00); P):

» depend on a parameter n € N and satisfy

where t¥; :=0and t; ., =T+

t t
Xt:X5+/ bsds+/ TV24qw,

5 5 @ The observation data (Y')[y, (Y7)j2, of X' and X? are given by:
» W, : a bivariate standard Wiener process Yil = X5, Y2 = X3 9 if ¥ >0,
> bs: a bivariate cadlag adapted process 1 tl' 12 27 .
> Y. 2 x 2-p.s.d. symmetric matrix-valued cadlag adapted process Yi = Xt}—|19\’ YJ = t2 if 7 <0.

Here, ¥ € (=46, 6) is the unknown lead-lag parameter

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 3 /30 T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 4 /30




Background: HRY model

@ Hoffmann et al. (2013) have introduced the following contrast
function U,(0) to estimate the parameter ¥:

Yijaer AiYA, Y21{(tl.1717tl.1]ﬁ(tj27179,tj276];£(2)}) if 6 >0,
Zi,j:tJ?gT AiY1A; Y21{(t}_1+6,t,1+6]m(tj2_1,tj?];é@}7 if§ <0,
where A; YV =Y/ =YY, forv=1,2

Un(0) =

o Up(0) is the (empirical) cross-covariance function between the returns
of Y1 and Y? at the lag # computed by Hayashi and Yoshida
(2005)'s method

@ Hoffmann et al. (2013) have shown that

9"RY = arg max |U,(0)]
0€Gn

is a consistent estimator for ¥} under some regularity conditions while
one appropriately takes the finite set G, C (—9,0)

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 5/30

Issues of the HRY model

@ In the setting of Hoffmann et al. (2013), there is only one lead-lag
parameter and U,(#) should be like a scaled Dirac measure

» However, in the above figure U,(#) is evidently asymmetric around
OHRY = —1 (sec.)
» There are multiple 6's at which U,(#)’s exceed the confidence bands
@ To explain such a phenomenon, we propose a model which can
“naturally” describe multiple lead-lag relationships

@ Why do multiple lead-lag relationships occur?
» “Heterogenous market hypothesis” (Miiller et al., 1997): Market
participants act with different time scales
> Assets are correlated through various (latent) factors

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 7/30

Motivating example
S&P 500 cash index vs E-mini futures: HRY's U,(6)

We depict Un(0) between the S&P500 index and the E-mini S&P500
futures on April 1, 2016 (black line). The horizontal line is in seconds.
6 > 0 means that the S&P500 index leads the E-mini futures. The blue
dash lines are (pointwise) 99.99% confidence intervals under the null
hypothesis U,(0) = 0 for each 6, and the red points denote the values
outside the confidence intervals (see the function mllag in R package
yuima for details)
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Our approach

@ We propose a model taking account of “heterogeneity” of the market
» Modeling with multiple time scales = Wavelets!! (cf. Gengay et al.,
2002)
@ The existing literature on applications of wavelet to lead-lag analysis

is based on discrete-time modeling (mainly established in Whitcher
et al. (1999, 2000) and Serroukh and Walden (2000a,b))

e Aim of this research
» Providing a modeling framework validating wavelet analysis for
investigating lead-lag relationships with multiple time scales in a
continuos-time setting
» Proposing an estimation procedure for the lead-lag parameters
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Lévy's construction revisited

S _ _ _ Proposition 1 (Dyadic wavelet decomposition of Brownian motion)
® (Gl construction of Brouian motion on 0.1 s (s o o B s, S i P
' ' ' &, € L?(R) satisfy
oo 2-1 t - > ~
BY =&+ > & / Yir(s)ds, v =1,2 (1) (FONP+ D [(FP)RINP =1
j=0 k=0 0 j=0
B¥(j): for any A\ € R, where F denotes the Fourier transform. Then we have
t 0 t
> 50”,(5’-’,()‘?3(:0: i.i.d. standard normal variables B :/ £ % d(s)ds + 2]/ £ % 0:(s)ds in L2(R
> wjk(sj: Jthe Haar functions ‘ 0 §xe(s) jZO 0 & *¥i(s) ’ (®)
1 0<s<3, N T
Vir(s) = 222 s — k), Y(s)={ -1 1 ; s < i for any t € R, where % denotes the convolution, 1); := 2J/?¢(2/-) and
0 otherwise. ~ 0 ~ 0 _
&s) = / Hs— u)dB,,  &(s) :/ Ji(s — u)dB,

The construction turns out too restrictive for out purpose.
We generalize it as follows:
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B S10)

N @ We use the Littlewood-Paley wavelets Q~5 = ¢LP and 7; = 1P whose
N ——

e ] o Fourier transforms are given by
< .——"'-A""'-'A—A.-—.A
R Y VPO YO YO (‘F¢LP)()‘) = 1[—71',7r](>‘)7

o T A At (FYPYN) = Lor myum 2 (V)

°© | Yt ~
R which make &;(s)'s independent between different levels (consequence
o | M of the Parseval identity)

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 11 /30 T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 12 /30




Lévy's construction with dyadic wavelet transform Lévy's construction with dyadic wavelet transform

e Foreach v =1,2, let B = (BY):cr be a two-sided Brownian motion Proposition 2

and set - Suppose that R; € [-1,1] and §; € R for j =0,1,.... Then, there exists
& (s) = / WP (s — u)dBY sER a bivariate Gaussian process B; = (B}, B?) (t € R) with stationary
u’
/ o ! increments such that

e Now we evaluate the cross-covariances between E}(s) and gf(s): (i) both B' and B are two-sided Brownian motions,
(ii) the cross-spectral density of B is given by
pi(0) = Cov [gH(s). (s +0)],  0eR, N
F) =D Re V21, (), AeR
j=0

provided their joint stationarity
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Statistical model Statistical model

e For each v =1, 2, the log price process X” = (X{)t>0 of the v-th

asset is given b . . .
& Y @ Given the finest resolution level NV, we model the cross-spectral

t density of B; = (B}, B?) as
XV = X? +/ oldBY,  t>0,
0

N N+1
— JRVAS TP _ o V16
where (07)¢>0 is a cadlag process adapted to the filtration (F}) such fu(A) = 'Zo Ripe D7 (A) = Zl Rje Ing (A);
j= j=

that the process (BY) is an (F{)-Brownian motion.

where we set (j) =N —j+1

@ X is observed at discrete times over the interval [0, T + §
o ] » We omit components finer than 7y from the model because they are

0 0ty <ty <---<ty <T+J: observation times for X” not identifiable .
; ) > We relabel indices of the parameters R; and 6; so that the finest
» t!’s are random variables independent of X resolution 7y corresponds to j = 1

— ) v _ v P . . .
> N = Maxy—12 MaXi=o1,...n,+1(8] — 7 ;) =P 0 * Convenient for the formulation of asymptotic results when N — oo

. 1\m 2\
@ Observations (Xtil),.:0 and (th_2 2, are generally non-synchronous
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Estimation

@ Our aim: To construct estimators for 6;'s based on discrete
observation data

@ To explain the idea behind the construction of our estimator, we
focus on the case of 0y =1 for v =1,2

o Note that 0; is the unique maximizer of |p(;)(#)| as long as R; # 0

@ Motivated by this,

> we begin by constructing a sensible estimator p(;)(6) for p(;y(¢), and
> we construct the estimator for 6; as a maximizer of [p(;)(0)|

as in Hoffmann et al. (2013)

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods
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Estimation
Proposed Estimator

L—1

@ = > ONO— IV, =1
I=—L;j+1

° UN(B) is the HRY cross-covariance estimator

@ W;(/) is the autocorrelation wavelets (cf. Nason et al., 2000)

Li—1—1/|
Vi) = > hiphipsy,  1=0,£1... (L~ 1) (2)
p=0
where hj o, hj1,..., hj,,_j_l be Daubechies’ wavelet filters with length L at the level j
(Li=(2—-1)(L-1)+1)
The lag parameter 6 is estimated by :
f; = arg max |ﬁ0)(9)‘ , j>1
oegy

where gj!V ={lry: 1 €Z,|ITy| < &6 — LjTn}
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Estimation

o Let UN(0) be the inverse Fourier transform of the cross-spectral
density fy(A):
un(0) = (F 1 w)(0)

» UN(0) is the cross-covariance function

@ Then we have

o0

oy (@) =2 2 WM utF)0) = [ UNo - s)utt@Ds)ds

@ The last form leads to the following cross-covariance estimator at
level j:

T. Hayashi (Keio U., TMU, CREST JST) Lead-lag analysis with wavelet methods August 5, 2017 18 / 30
Asymptotic theory
Theorem 1
Suppose that L — oo and L1y, — 0 as N — oo for any x > 0. Under
certain regularity conditions, the following statements hold true:
i 1
(a) If a sequence vy > 0 satisfies L~ 27y vy — 00 as N — oo, then
max (@) —P0
QEQJN:\0—9j|ZvN| 0 |
(b) Let (On) be a sequence of real numbers such that ¥y € QJN and
v (N — 0;) = b as N — oo for some b € R. Then
N R;
p(j)(ﬁ/\/) —P = F()\) COS(b)\)d)\
2w /\—j
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Asymptotic theory Empirical application

US stock market: quote data

. . . ~ Cross-market, single-asset analysis
@ From Theorem 1, we can derive consistency of the estimator 0;: » SINg y

Time resolution: 1 micro-second (7y = 1us)

Theorem 2 Venues: NASDAQ and BATS

Micro price

o
°
°
Suppose that L — oo and szﬁ, — 0 as N — oo for any k > 0. Under the °
@ Stocks: AAPL, CSCO, INTC, MSFT
°
o
o
o

L. . P
conditions of Theorem 1, if a sequence vy > 0 satisfies L 2’7'N1VN — 00

as N — oo, then Source: Daily TAQ Database

v (65— 6;) = 0

Period: All the trading days in August, 2015
Between 9:45 and 15:45 (the first and the last 15 min are discarded)
Search grid: QJN = {—250us, —249ps, . . ., 249us, 250us} (=: GN)

e Wavelet filter: D(20)

as N — oo, provided R; # 0. In particular, we have é} —P0; as N — oo.

v
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Figure 1: Boxplots of the estimates for AAPL: NASDAQ vs BATS

AAPL
Table 1: The average daily numbers of observations - *
AAPL CSCO  INTC  MSFT 84
NASDAQ (Q) 731,331 331,566 342,239 592,191 g o4 et > .. 3. & . [ SO
BATS (2) 662,161 169,867 199,156 332,787 ® | :
57 . .
T T T T T T T
HRY j=1 j=2 =3 =4 =5 DS

The positive value indicates that the NASDAQ leads the BATS.
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Figure 2: Boxplots of the estimates for CSCO: NASDAQ vs BATS Figure 3: Boxplots of the estimates for INTC: NASDAQ vs BATS

Csco INTC
- 8 N . B —
. . N : ° ] '
sl . ! - | 3
g B J:o e p— = _ e ___. @ s
f o : = 0= i: O el e 4--_-,-_-4*[ ----- T g
| [ ] ° ° H ‘ [ ] | i
1 H ° I —_ ° ° . H
g | - . g | 5
I (] N —_
I —— ! —_—— ° 4
T T T T T T T T T T T T T T
HRY j=1 j=2 j=3 j=4 j=5 DS HRY j=1 j=2 j=3 j=4 j=5 DS
The positive value indicates that the NASDAQ leads the BATS. The positive value indicates that the NASDAQ leads the BATS.
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Figure 4: Boxplots of the estimates for MSFT: NASDAQ vs BATS
Table 2: Median and IQR of the estimates

MSFT HRY j=1 j=2 j=3 j=4 j=5 DS
AAPL -9 —11 -13 -14 -14 -1 -12

H . [ ]
} %) @ @@ QO @ @ ()
84 . e * CSCO —250 18 —13 —12 15 6 —12
g o ----- = . T — +O ,,,,, (1) (101) (2) (29) (31) (29) (1)
S . . . INTC —-250 -16 —-13 —12 13 4 —12
o . (1) (134) (4 (28) (71) (149) (1)
8| - MSFT —-250 -11 —12 15 16 3 —12
T T T T T T T (2) (28) (1) (28) (30) (6) (1)
HRY =1 j=2 j=3 j=4 j=5 DS Note. This table reports the sample medians and the IQRs (in parentheses)

of the estimates over the whole sample period. The reported values are in
micro-seconds.

The positive value indicates that the NASDAQ leads the BATS.
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» More general model (e.g., time-varying/ stochastic correlation)
» Asymptotic distribution theory
» Microstructure noise contamination
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Multi-scale analysis of lead-lag relationships in high-frequency

financial markets

Takaki Hayashi** Yuta Koike ™

July 29, 2017

Abstract

We propose a novel estimation procedure for scale-by-scale lead-lag relationships of financial assets
observed at a high-frequency in a non-synchronous manner. The proposed estimation procedure does not
require any interpolation processing of the original data and is applicable to quite fine resolution data.
The validity of the proposed estimators is shown under the continuous-time framework developed in our

previous work [15]. An empirical application shows promising results of the proposed approach.

Keywords: High-frequency data; Lead-lag relationship; Multi-scale analysis; Non-synchronous data;

Stochastic volatility; Wavelet.

1 Introduction

A financial market consists of various participants. They have different perspectives on the markets and
risks with different constraints and different amount of information. In Miiller et al. [25] it is argued that such
various differences are spelled out to a sensitivity to different time scales. Hence they cause a multi-scale
structure of the financial market.

The aim of this paper is to investigate such a multi-scale structure in high-frequency financial markets.
In this paper we especially focus on lead-lag relationships between financial assets, which is known as a
prominent stylized fact of high-frequency financial data (see e.g. [3, 8, 21, 29]). Multi-scale analysis of
high-frequency financial data has been performed in a number of articles such as [2, 10, 14, 24, 30]. These
articles mainly focus on volatilities of assets. There are little work which conducts multi-scale analysis
of lead-lag relationships for high-frequency financial data. One exception is Hafner [11] which has ex-
amined multi-scale structures of the lead-lag relationships between the returns, durations and volumes of
high-frequency transaction data of the IBM stock. In the meantime, these existing studies mainly focus on
empirical applications and are theoretically based on classical discrete time series observed in a long time

horizon. However, analysis of high-frequency financial data typically focuses on a short time horizon such as

*Keio University, Graduate School of Business Administration, 4-1-1 Hiyoshi, Yokohama 223-8526, Japan

TDepartment of Business Administration, Graduate School of Social Sciences, Tokyo Metropolitan University, Marunouchi
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YCREST, Japan Science and Technology Agency

$The Institute of Statistical Mathematics, 10-3 Midori-cho, Tachikawa, Tokyo 190-8562, Japan



one day, so it is unclear whether one may apply such a theory to high-frequency financial data. On the other
hand, it is nowadays well-recognized that continuous-time modeling provides a powerful tool to analyze
high-frequency data observed in a short horizon (cf. Ait-Sahalia and Jacod [1]). Motivated by these reasons,
in [15] the authors have developed a relevant continuous-time framework for multi-scale analysis of lead-lag
relationships in high-frequency data by introducing two Brownian motions B! and B? with a scale-by-scale
correlation structure. More precisely, they have shown that, for any R; € [-1,1]and §; e R (j =0,1,...),

there exists a bivariate Gaussian process B; = (B}, B?) (t € R) with stationary increments such that

(I) both B! and B? are two-sided Brownian motions,

(II) the cross-spectral density of B is given by

FO) =D Rje V0, V), AeR, )
=0
where Aj = [—2/m, -2/ 1) U (2771, 27 7] for every j € Z.

The frequency band A corresponds to the time scale between 277 and 277! in the time domain. Also, note
that, if W, = (W}, W?) (t € R) is a two-sided bivariate Brownian motion with correlation R, for § € R
the process (th, Wtz_e) (t € R) has the cross-spectral density Re—V—16X (A € R). Therefore, we can
consider that B! and B? have a lead-lag relationship with the time-lag ¢; in the time scale between 277 and
277+1 Hence, under this model we can understand the multi-scale structure of the lead-lag relationships by
estimating the parameters ¢; from observation data.

The main contribution of this paper is to develop a novel estimation procedure for the parameters ¢;
based on non-synchronous observations of (volatility-modulated versions of) B! and B2. Although such a
procedure has already been proposed in [15], their procedure contains data interpolation onto the grid with
the finest observable resolution and is computationally challenging if we are interested in data recorded with
sub-second precision. In fact, in a situation where the finest observable resolution is one micro-second we
need to store one million observations per one second. Our novel procedure is free from any interpolation
processing of the original data and is applicable to data with record times of sub-second precision. A numer-
ical experiment also shows that our new estimators have a superior performance to the interpolation-based
estimator when the sampling times exhibit high degree of the non-synchronicity.

The rest of the paper is organized as follows. In Section 2 we present the theoretical setting considered
in this paper in details. Our new estimation procedure is described in Section 3. We develop an asymptotic
theory associated with the proposed estimators in Section 4. In Section 5 we assess the practical performance
of the proposed estimators by a Monte Carlo study, and in Section 6 we apply our procedure to a set of market

data. Section 7 concludes the paper. All the proofs are collected in Section 8.

2 Setting

Any high-frequency financial data have the finest observable resolution. We let it correspond to 7y =
2~N—=1 for some N € N. To derive our theoretical results, we consider the asymptotic theory such that N

tends to infinity. Namely, we focus on situations where the finest observable resolution is very fine.



As presented in the Introduction, our theoretical framework is based on a bivariate Gaussian process B; =
(B}, B?) (t € R) with stationary increments satisfying properties (I)~(II). Since we are mainly interested
in the lead-lag relationships at scales close to the finest observation resolution, it is convenient to “relabel”
indices of the parameters I2; and 6, in (1) so that the finest resolution 7 corresponds to the level j = 1
while we consider the asymptotic theory such that NV tends to infinity. For this reason, as in [15] we replace
property (II) with the following one: The cross-spectral density of B is given by

N+1
In) =30 Rie VT, (), AER, 2)
j=1
where (j) = N — j + 1. We also assume that 6; € (—0, ) for every j with some § > 0.

Now, for each v = 1, 2, we consider the log price process X” = (X/ ):>0 of the v-th asset given by

t
XV =Xy +/ oYdBY,  t>0, 3)
0

where (of):>0 is a cadlag process adapted to the filtration (F}) such that the process (B}) is an (F})-

Brownian motion. We observe the process X” on the interval [0, 7"+ ¢] at the sampling times 0 < tf < ¢} <
-+ <ty < T+ 0. The sampling times (¢})7" and (¢?)}2, are random variables which are independent of
(X', X?) and implicitly depend on N such that

R v v P
rN = max max t; —t, 1) —=P0
V:l,2i=0,1,...,ny+l( t i-1)

as N — oo, where we sett | :=0andt, ,,:=T+dforeachv =1,2.

3 Construction of the estimators

Our aim is to estimate the parameters 6; for each j based on discrete observation data (X t11)?:10 and
(X%)’ZZO. We begin by introducing some notation. For each v = 1,2, we associate the observatzion times
(t¥)i, with the collection of intervals IIX, = {(t/_,t/] : i = 1,...,n,}. We will systematically employ
the notation I (resp. .J) for an element of IT}; (resp. I13,).

For an interval H C [0,00), we set H = sup H, H = inf H, |H| = H — H. In addition, we set
V(H) = Vi — Vp for a a stochastic process (V;)¢>0, and Hy = H + 0 for a real number 6.

Now we explain how to construct our estimators. To explain the idea behind the construction, we focus
on the case of o = 1 for v = 1, 2. The parameter ¢; is the unique maximizer of the scale-by-scale cross-

covariance function py;)(#) between B' and B2, which is defined by

p;)(0) =E K/ Wiy (s — u)dB;> (/ Yy (s —u - 0)dB§>] ., HER,
where w(LjI)D (s) = 20)/2¢pLP(20)s) and o) denotes the Littlewood-Paley wavelet:
VI (5) = (ms)7L(sin(27s) — sin(ns))

(see Sections 2.2-2.3 of [15] for details). Motivated by this fact, we first construct a sensible estimator for

p(;)(0), and then construct the estimator for 6; as a maximizer of |p(;)(0)| as in [19].

3



The idea behind the construction of the estimator for p(;)(0) is as follows. Let U™ (6) be the inverse

Fourier transform of fx(\). Then we have
-9 e .
p0) =2 E O w0 = [ UV - 9t 205)ds

by the convolution theorem. This suggests us to consider the following estimator for p;) (0):

Lj—1

piO) = > TNO—1m))T,(0),
I=—L;+1

where U™ (6) is an estimator for UV (6) and W, (1) is an approximation of 20) - )P (20) 175 )7y (it turns out
that the scaling 2(7) is necessary due to discretization), which are explicitly defined in the following. Since
U™ (6) may be regarded as the “cross-covariance function between dB' and dB?”, we adopt the following

estimator introduced in Hoffmann er al. [19] as U (9):

ij(e) _ ZleH}V,JeH?V:KT XYD)X2())K(I,J_g) if0 >0,
2 renty genz, g<r X (DX ())K (T, J) if 6 <0,

where we set K (I, J) = 1y y-p} for two intervals I and J. This UN () can be regarded as the empirical
cross-covariance estimator between the returns of X' and X2 at the lag § computed by Hayashi and Yoshida
[16]’s method to handle the non-synchronous sampling times. In the meantime, the Fourier inversion formula
yields . _
20) . IP 2Dy = 1y / eV TImAL, (A)dA = / VI, (VdA,
—00 -7
hence the transfer function of (20) . =P (20 Irn ) 7n )1ez is 1 A_;(A). In particular, W () well approximates

20) . pLP (20D 175 )7y if the transfer function of (\Ilj(l))lL:] :;j .1 well approximates 15 (). We construct

such a sequence (V¥ (Z))lL:J :1j  from Daubechies’ wavelet filter as follows (we refer to Chapters 6-8 of [6],

Section 4.8 of [28] and Section 3.4.5 of [32] for details about Daubechies’ wavelet filter). Let (hp)}f;ol be

Daubechies’ wavelet filter of (even) length L whose power transfer function Hy,(\) = | ZZE _01 hpe V1P

is given by
L/2-1

Hy(\) = 2sinl(0/2) 3 (L/2 ! +p) cos(7/2),  AER
p=0 p
The associated scaling filter! (g,,) 5;01 is defined via the quadrature mirror relationship as g, = (—1)P™h_,_1,
p = 0,1,...,L — 1, hence its power transfer function G (\) = |Z£:_01 gpe_‘ﬁkﬂ2 satisfies G (\) =
Hp(\ — 7). Then, for every j we construct the associated level j wavelet filter (hj7p)£i61 recursively
by hip = hy forp =0,1,...,L; —land hj, = ZLj’l_lgp,Qth,Lq forp =0,1,...,L; — 1, where

q=0
Lj=(2-1)(L—1)+1and g, = 0forp ¢ {0,1,..., L—1}. Now we define the sequence (\Ilj(l))lL:j:ij+1

'We use the notation that (h,,) denotes the wavelet filter and (g, ) denotes the scaling filter following [28]. Note that the reverse

notation is often used in the literature.



by
Lj—1—]l

Z Rjphp+ii)» 1=0,£1,...,£(L; — 1).

These quantities are identical to the autocorrelation wavelets from Nason et al. [26] (see Definition 3 from
. Li—1 = Li—1 .
[26]). The transfer function H; 1,(\) = Zl:]—Lj+1 U;(l)e VI of (¥ (l))l:J_Lj+1 is given by
j—2
Hip(N) =H 2"V [[Gu@)),  reR
i=0
(see Eq.(28) from [26]). Therefore, H; 1,(\) well approximates 1ao_;()\) as L — oo by Theorem 1 from Lai
[22] and thus ¥; (1) may be used an approximation of 200) . pLP (2(3 )lTN)TN
Finally, for every 7 € N we define the estimator Gj for 0; as a solution of the following equation:
51(05)] = ma (0
76,0 = max 7 (0)] -

Here, we maximize the function p(;(¢) regarding ¢ over the finite grid
={lry : 1 € Z,|l| <T'n}

with some positive integer 'y as in [19].

L—1
p=0
as the external phase wavelet and the least asymmetric wavelet (cf. Section 4.8 of [28]). However, all of

them have the same power transfer function Hp,(\) by definition, hence (¥ (l))lL: 1,+1 only depends on

Remark 1. Given the length L of Daubechies’ wavelet filter, we still have several options of (k) such

the length L of Daubechies’ wavelet filters.

4 Asymptotic theory

For a function f € L!(R), we denote by F f the Fourier transform of f:
o
= / fyeV=™Ma,  AeR.
—00

We impose the following conditions to derive our asymptotic results.
Assumption 1. For every v = 1, 2, the paths of ¢” are almost surely y-Holder continuous for some v > 0

Assumption 2. (i) ry = O,,(va) as N — oo forany £ € (0,1).
(ii) There are constants o > 1, 5 € (0,1), @ > 1 and an absolutely continuous real-valued function D on
[—7, ] such that

[Trl]1-1

Z / \Dk (\Oy) — (A)\Q} d\ = O(1%)
as N — oo for any sequence (f) of real numbers satisfying 0y € G for every N, where m = [SN],

DY (), 0) = m 2ot gaenn () (F LN TN)(F Ly ) (=A/TN)K (I, J_g) if6 >0,
g St srenn o (FLi) /) (FL) (M) K (I, J) 160 <0
and I,,(k) = [kT T, (k + 1)T'1,). Moreover, D(\) > 0 for almost all A € [—m, 7] and D" € L*®°(—m, 7).

(
)



The simplest situation where Assumption 2 is satisfied is the equidistant and synchronous sampling case

such that tz1 = t? = 47y for every ¢. In this case one can easily see that

2
1

e_\/jv‘ -1
A

for any 6 € GV, hence Assumption 2 is satisfied with D()) being the quantity in the right side of the above
equation. Another example is Lo and MacKinlay [23]’s sampling scheme as described by the following
proposition:

Proposition 1. Suppose that, for each v = 1,2, the observation times (t);", are randomly chosen from
{itn i =0,1,...,[(T+0)75" |} using Bernoulli trials with success probability 1 —,,. Then, Assumption
2 is satisfied with

1 (1—m)(1—m)(l—e V1Y)
A2 | (1 — meV-IA) (1 — me=V-1})

D)) =

1—cosA (1 —m)(1—m)(1+m +m—mma(2cos A+ 1))
TA2 |1_W167ﬁ,\|2|1_77267ﬁ>\’2 ’

Now we state our asymptotic results. The first result concerns the asymptotic behavior of the estimators

p(;)(0) and can be considered as a counterpart of Propositions 3—4 from [19]:

Theorem 1. Suppose that L — oo and Ly, — 0 as N — oo for any k > 0. Suppose also that (I'y +
L;)tn < 6 for every N. Under Assumptions 1-2, the following statements hold true:

(a) If a sequence vy > 0 satisfies If%T]\_,lvN — o0 as N — oo, then
piin(@) =P 0
BEQN:I\IelﬁngEUN }P(])( )’
as N — oo.
(b) Let (V) be a sequence of real numbers such that 9 € GV and 7&1(191\/ —0;) = bas N — oo for
some b € R. Then
ﬁ(J)(ﬁN) —P ZT(gj)Rj//\ D()\) COS(b)\)d/\
—j
as N — oo, where
T 1 92 .
() = fOT 0s05,9ds if60 >0,
Jo 0s_go2ds otherwise.

s

The next theorem concerns the consistency of the estimators ¢; and can be considered as a counterpart
of Theorem 1 from [19]:

Theorem 2. Suppose that L — oo and Lty — 0 as N — oo for any k > 0. Suppose also that (I'n +
Lj)tn < 6 forevery N and 'ty — 6 as N — oo. Under Assumptions 1-2, if a sequence vy > 0 satisfies
L_%T;]LUN — o0 as N — oo, then

oy (0 = 05) =" 0

as N — oo, provided that R; # 0 and X7(0;) # 0 a.s. In particular, we have 79\] —P 0 as N — oo.
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Remark 2. Theorem 2 shows that our new estimator §J enjoys a similar asymptotic property to that of
the estimator proposed in our previous work [15]. As stated in the Introduction, our new estimator has a
computational advantage in applications to high-frequency data with sub-second time stamps. In the next

section we see that the new one has another advantage in terms of finite sample performance.

5 Simulation study

In this section we assess the finite sample accuracy of our novel estimators §J by a Monte Carlo study.
We set N = 14, T' = nty with n = 30, 000.

We simulate model (3) with the following two scenarios of the volatility processes:

Scenario 1 Constant volatilities. ¥ =1 forv =1, 2.
Scenario 2 Stochastic volatilities with a leverage effect. The Heston model is adopted to generate the volatil-
ity process o¥ for each v = 1,2: The process v¥ = (o¥)? is the solution of the following stochastic

differential equation:

dv = k(0 —vf)dt + Ey/v] (pd By + /1 = p2dWy'),
where W is a standard Wiener process and the initial value v is randomly drawn from the stationary
distribution of the process vY in each iteration, i.e. v ~ Gamma(2kn/£?,2k/£?). We assume that
the processes B, W' and W? are mutually independent. The parameters x, 7, £ and p are chosen as
in[4]: k =5,n=20.04,£ =0.5and p = —0.5.

The parameters for the spectral density (2) are chosen as in Table 1. Simulation of the paths of the process

B is performed in the same way as in [15].

Table 1: Parameters for the spectral density (2)

R, |03 05 07 05 05 05 05 05 0
0;/tv | -1 -1 -2 -2 -3 —5 —7 —10 O

. . . . . . 1
We use the Lo-MacKinlay sampling scheme presented in Section 4 to generate the sampling times (¢; );"%,

i)i=
and (t2)"2,. We fix 71 as m; = 1/4 and vary 7 as my € {1/4,1/2,3/4}. Recall that , is the occurrence
probability of missing observations for the v-th asset X”. Therefore, X" is observed less frequently as the
value of my increases, hence the degree of the non-synchronicity becomes higher.

We use L = 20 as the length of Daubechies’ wavelet filter and set GV = {I7y : | € Z, |I| < 100}. For
comparison we also compute the estimator for §; proposed in [15], which is defined as a maximizer of the
so-called wavelet cross-covariance estimators based on data synchronized by interpolation (we refer to it as
WCCEF). Here, computation of the wavelet cross-covariance estimators requires specification of Daubechies’
wavelet and we use the least asymmetric wavelet with length 20.

We run 1,000 Monte Carlo iterations for each experiment. Table 2 reports the sample median and the

median absolute deviation (MAD) of the estimates for each experiment in Scenario 1. We see from Table 2



that both the estimators exhibit good accuracy in the case of o = 1/4 for the levels 7 < 7. It is theoretically
natural that the accuracy of the estimators declines as j increases because the contrast function |p;(6)],
0 € Gy gets flatter as L; = (29 — 1)(L — 1) + 1 increases. In the cases of T2 = 1/2 and my = 3/4,
the WCCEF estimators are strongly biased for the levels j > 3, while the estimators 5] still keep the good
precision. Hence our new estimators can handle high-frequency data with rather high degree of the non-
synchronicity.

Table 3 shows the simulation results in Scenario 2. As the table reveals, the presence of a time variation
and a leverage effect in the volatilities does not affect the performance of our estimators, which is in line

with our asymptotic theory.

Table 2: Simulation results in Scenario 1

j 1 2 3 4 5 6 7 8

True -1 -1 -2 —2 -3 -5 -7 —10
my =1/4

; —1(0) —1(0) -2(0) -2(0) —=3(0) —5(1) -7(3) —9(9)

WCCF | -1(0) —-1(0) —-2(0) -2(0) —=-3(0) —=5(1) —=7(3) —9(9)
T =1/2

6, —1(0) —1(0) —2(0) -2(0) —=3(0) —5(1) —7(3) —9(9)

WCCF | —=1(0) —-1(0) —-1(0) —-1(0) —-2(0) —-4(1) -6(3) —8(9)
T = 3/4

6, —1(0) —1(0) =2(0) =2(0) —=3(0) —=5(1) =7(3) —9(9)

WCCF | —1(0) —-1(0) —-1(0) 0(0) 0(0) —=2(1) —-4@3) =7(9)

This table reports the median and the median absolute deviation (in parentheses) of the esti-

mates in Scenario 1 (divided by 7).

6 Empirical application

In this section we apply our new method to a set of market data consisting of high-frequency transac-
tions of 4 assets. The 4 assets we will focus on are Apple (AAPL), Cisco Systems (CSCO), Intel INTC) and
Microsoft (MSFT). They are chosen from the stocks which are listed on the NASDAQ exchange and com-
ponents of the 30 Dow Jones Industrial Average (DJIA) stocks in August 2016. We use intraday transaction
data recorded between 9:30 am and 16:00, which are taken from the Daily TAQ database with the accuracy
of the timestamp values being one micro-second. The sample period is the whole of August 2016, containing
21 trading days. We investigate the lead-lag relationships between transactions of a single asset executed on
different exchanges.? The exchanges we will focus on are the NASDAQ, NYSE Arca and BATS exchanges.

We report in Table 4 the average daily numbers of transactions of each asset on each exchange.

This subject addresses the issue of determining in which exchange price discovery of the asset occurs. Such an issue is one of

the fundamental problems in financial econometrics and has been widely studied in the literature; see e.g. [12, 13, 27, 31].



Table 3: Simulation results in Scenario 2

] 1 2 3 4 5 6 7 8

True -1 -1 —2 —2 -3 -5 -7 —10
my =1/4

; —-1(0) —1(0) =2(0) -2(0) =3(0) —5(1) -7(3) -9(9)

WCCF | -1(0) —-1(0) —-2(0) -2(0) =3(0) —=5(1) —=7(3) —9(9)
T =1/2

; -1(0) —1(0) —2(0) -2(0) —=3(0) —5(1) —7(3) —9(9)

WCCF | —1(0) —1(0) —1(0) —1(0) —2(0) —4(1) —6(3) —8(9)
Ty = 3/4

2 —1(0) —1(0) =2(0) =2(0) —=3(0) —=5(1) =7(3) —9(9)

WCCF | —1(0) —1(0) —1(0) 0(0) 0(0) —2(1) —4(3) —6(9)

This table reports the median and the median absolute deviation (in parentheses) of the esti-
mates in Scenario 2 (divided by 7).

We use L = 20 as the length of Daubechies’ wavelet filter and set
GV = {—2ms, —1.999ms, . .., 1.999ms, 2ms}

as the search grid.

For comparison we also compute the following two estimators for lead-lag relationships.

e Hoffmann-Rosenbaum-Yoshida (HRY) estimator [19]: This estimator is defined as a maximizer of
UN (6) over the grid 6 € G

oY — arg max UV (0)].

oegN
e Dobrev-Schaumburg (DS) estimator [9]: This estimator is constructed as follows. For each v = 1,2
andeacht > 0,weset [} =1ift € {t/:i=0,1,...,n,} and I} = 0 otherwise. Then we define

1 e¢]

A) = ——— Il 12
( ) min{nl,ng} ; kTn Tt kTn+0

for each § € R. Now, the DS estimator #75 is defined as a maximizer of A(0) over the grid GV:

6P5 = arg max A(6).
g max A(0)
Figures 1-3 show the time series of the estimates o1 RY §j 1 <35 <10)and DS evaluated every
trading day when we focus on the multi-market trading of INTC. We find that the estimates of 5] are fairly
stable for the level 7 = 10 which corresponds to the time scale between 1.024ms and 2.048ms. On the other

hand, the estimates of #7RY are scattered and seem to exhibit no regular pattern, while the estimates of gps



are quite stable and suggest the presence of consistent lead-lag relationships between the trading activity in
the three markets.

Tables 5—7 report the sample medians and the sample median absolute deviations (in parentheses) of the
estimates 97 RY é\j (1<j3<10)and S over the whole sample period for three pairs of the exchanges. We
find that in most cases the estimators 51 give more stable estimates than gHRY 1n particular, the estimates
of the §J with the levels j = 9, 10 are fairly stable for many cases. We also find that the estimates of the
gj with the levels j = 9, 10 for the different assets are close together. These findings perhaps suggest that
there are consistent market participants who are common for these four assets and act with the time scale
between 0.512ms and 2.048ms and they cause these systematic lead-lag relationships. Interestingly, we
further find that for the pairs NASDAQ-NYSE Arca and NYSE Arca-BATS the estimates of the §J with the
levels 5 = 9,10 are comparatively close to those of PS . Note that the estimators 5] measure the lead-lag
relationships between the asset returns, while the estimator PS5 measure the lead-lag relationships between
the transaction times of the assets, so they measure the essentially different lead-lag relationships. However,
if the above consistent market participants cause lead-lag relationships between the three exchanges, it likely
occurs that these two kinds of lead-lag relationship are linked each other. In contrast, the estimates of gDs
for the pair NASDAQ-BATS seem to capture a “deterministic” lead-lag relationship. In order to focus on
“stochastic” lead-lag relationships captured by the DS estimator, we re-compute DS for this pair using
the grid gN = {—2ms, —1.999ms, ..., —0.101ms, 0.101ms, . .., 1.999ms, 2ms} (i.e. we remove the lags
between —0.1ms and 0.1ms from the original search grid). The results are reported in Table 8. We find that
the DS estimates in this case are rather close to those of @ with j = 10, hence the above remark is indeed
applicable to the pair NASDAQ-BATS as well. Finally, the estimates of our estimators é\] as well as the
DS estimator 5 imply the following lead-lag relationships between the three exchanges: The NASDAQ
exchange is the fastest one, the BATS exchange is the second fastest one, and the NYSE Arca exchange
is the slowest one. It is not surprising that the NASDAQ exchange is the fastest one because all the four
assets considered in this study are listed on the NASDAQ exchange; the primary listing exchange typically

dominates the price discovery (cf. [12, 13, 27, 31]).

Table 4: The average daily numbers of transactions

AAPL CSCO INTC MSFT
NASDAQ 84476 23710 27224 45072
NYSE Arca 58730 13722 18386 24984
BATS 50988 14959 18485 25150
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In this figure we depict the time series of the estimates ot RY QAJ (1 <45 <10)and 073 for the INTC
transaction prices between the NASDAQ and the NYSE Arca exchanges. The upper-left figure corresponds

to gHRY

, while the lower-right figure corresponds 9PS. The remaining figures correspond to é\j for j =

1,...,10. The horizontal line is labeled by dates. The vertical line is in mili-seconds. The red dash line
denotes Oms. The positive value imply that the NASDAQ leads the NYSE Arca and vice versa.
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Figure 2: The time series of the estimates 075, §; (1 < j < 10) and P for INTC: NASDAQ vs BATS
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1,...,10. The horizontal line is labeled by dates. The vertical line is in mili-seconds. The red dash line
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Figure 3: The time series of the estimates oH RY é\] (1 <5 <10)and 6PS for INTC: Arca vs BATS
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Table 5: The medians and MADs of the estimates: NASDAQ vs Arca

AAPL CSCO INTC MSFT
HRY 0.041(0.200) -0.745(0.933) -0.986 (0.950) -0.628 (0.636)
i=1  0.536(1.029) 0.539(1.082) 0.605(0.557)  0.940 (0.691)
=2  0.872(0.469) 0.900 (0.683) 0.607 (0.549)  0.992 (0.710)
=3 0.906(0.337) 0.880(0.572) 0.748 (0.669)  0.929 (0.239)
j=4  0.862(0.603) 0.910(0.412) 0.786 (0.575)  0.847 (0.565)
i=5  0.926(0.291) 0.842(0.476) 0.868 (0.246)  0.793 (0.498)
i=6  0.899 (0.394) 0.894 (0.461) 0.960 (0.286)  0.980 (0.222)
i=7  0.960 (0.405) 0.903 (0.715) 0.871(0.344)  0.878 (0.297)
j=8  0.855(0.409) 0.725(0.614) 0.936(0.351)  1.080 (0.302)
=9  0.874(0.381) 1.043(0.307) 0.797 (0.219)  0.987 (0.199)
=10 0.799 (0.654) 0.924 (0.215) 0.940 (0.170)  0.944 (0.154)
DS  0.839(0.007) 0.885(0.053) 0.875(0.053) 0.839 (0.053)

This table reports the sample medians and the sample median absolute deviations (in
parentheses) of the estimates 875Y (HRY), é\j (G = 1,...,10) and #P5 (DS) over

the whole sample period when X! is the transaction price process executed on the

NASDAQ exchange and X2 is the one executed on the NYSE Arca exchange.

Table 6: The medians and MADs of the estimates: NASDAQ vs BATS

AAPL

CSCO

INTC

MSFT

)
o n =
=

Il
— O 00 N N L B~ W N =

1]
(@)

)
»

0.388 (0.645)
0.123 (0.519)
0.080 (0.322)
0.034 (0.391)
0.108 (0.203)
0.173 (0.224)
0.061 (0.222)
0.075 (0.328)
0.088 (0.295)
0.167 (0.083)
0.139 (0.085)
0.015 (0.000)

-0.615 (2.033)
0.134 (0.519)
0.256 (0.789)
0.244 (0.338)
0.139 (0.470)
0.150 (0.289)
0.166 (0.279)
0.085 (0.388)
0.340 (0.403)
0.239 (0.248)
0.235 (0.142)
0.015 (0.000)

0.806 (1.760)
0.210 (0.443)
0.071 (0.639)
0.131 (0.353)
0.139 (0.188)
0.166 (0.350)
0.035 (0.234)
0.274 (0.409)
0.227 (0.385)
0.256 (0.494)
0.230 (0.130)
0.015 (0.000)

-0.381 (2.159)
0.016 (0.329)
0.236 (0.331)
0.059 (0.342)
0.050 (0.270)
0.088 (0.308)
0.102 (0.294)
0.066 (0.230)
0.154 (0.322)
0.249 (0.136)
0.190 (0.188)
0.015 (0.000)

This table reports the sample medians and the sample median absolute deviations (in
parentheses) of the estimates gHRY (HRY), @\j (4 =1,...,10) and gD (DS) over
the whole sample period when X! is the transaction price process executed on the
NASDAQ exchange and X2 is the one executed on the BATS exchange.
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Table 7: The medians and MADs of the estimates: Arca vs BATS

AAPL CSCO INTC MSFT
HRY -0.104 (0.307) 0.771(0.930) 0.657 (0.566)  1.109 (0.491)
= -0.747 (0.224) -0.736 (0.771) -0.602 (0.406) -0.673 (0.715)
= -0.744 (0.154)  -0.740 (0.403) -0.602 (0.329) -0.620 (0.704)

e ettt feme Cme e e
1l
— O 0 N O N B~ W N =

w)
»
o

-0.746 (0.206)
-0.753 (0.212)
-0.788 (0.077)
-0.848 (0.252)
-0.733 (0.203)
-0.752 (0.289)
-0.740 (0.132)
-0.713 (0.173)
-0.710 (0.022)

-0.719 (0.350)
-0.718 (0.455)
-0.713 (0.363)
-0.638 (0.283)
-0.658 (0.400)
-0.678 (0.208)
-0.645 (0.199)
-0.753 (0.297)
-0.700 (0.099)

-0.627 (0.286)
10726 (0.151)
-0.640 (0.265)
-0.609 (0.283)
-0.641 (0.160)
-0.709 (0.270)
-0.679 (0.568)
-0.714 (0.105)
-0.715 (0.076)

-0.685 (0.715)
0778 (0.221)
-0.676 (0.383)
-0.697 (0.277)
-0.721 (0.292)
0.711 (0.423)
-0.699 (0.165)
-0.787 (0.193)
-0.669 (0.053)

This table reports the sample medians and the sample median absolute deviations (in
parentheses) of the estimates gHEY (HRY), 5] (g=1,...,10)and prs (DS) over the
whole sample period when X is the transaction price process executed on the NYSE

Arca exchange and X2 is the one executed on the BATS exchange.

Table 8: The medians and MADs of the DS estimates (different grid): NASDAQ vs BATS

AAPL CSCO INTC MSFT
DS 0.139(0.046) 0.247 (0.039) 0.247 (0.053) 0.170 (0.061)

This table reports the sample medians and the sample median absolute de-
viations (in parentheses) of the estimates oDS (DS) with the search grid
GYN = {-2ms, —1.999ms, ..., —0.101ms, 0.101ms, . .., 1.999ms, 2ms} over
the whole sample period when X! is the transaction price process executed on
the NASDAQ exchange and X ? is the one executed on the BATS exchange.
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7 Conclusion

In this paper we have proposed a new estimation method for multi-scale analysis of lead-lag relationships
between two assets based on their high-frequency observation data. The new method is based on the novel
estimator for the scale-by-scale cross-covariance functions p(;)(#) which is constructed as a kind of wavelet
transform of the empirical cross-covariance function used in [19]. We have also developed an associated
asymptotic theory to ensure the validity of the proposed estimators in the framework established in our
previous work [15]. Compared with the estimation method proposed in [15] which is essentially the same
as the traditional method used in the wavelet literature, our new estimation method is more appropriate in
applications to high-frequency financial data from the computational point of view. Our simulation study has
shown that our estimators are also much more suitable to non-synchronously observed data than the previous
one. The empirical results have demonstrated that our new method has the ability to provide a deep insight

into lead-lag relationships in high-frequency financial markets.

8 Proofs

Throughout the discussions, for sequences (zy) and (yn), n < yny means that there exists a constant
C € [0,00) such that xy < Cyy for large N. Also, for 7 > 0 || - ||, denotes the L"-norm of random

variables, i.e. | Z||, = (E[|Z|"])"/" for a random variable Z.
8.1  Proof of Proposition 1

We begin by proving some lemmas. Let us set IT§, = TI¥, U {(0, t4], (th,, T +0d]}forv =1,2and 7y =
(sup [eiy, |I])V (sup Jeii2, |.J]). We denote by P™' (resp. E™'") the conditional probability (resp. conditional
expectation) given (t})1",.

Lemma 1. P(TK,LFN > 1) < CT](,le_x/C

This lemma can be shown in a similar manner to the proof of Lemma 4 from [5], so we omit the proof.

Lemma 2. Let w € (0,1) and set ¢ = [wN|. Suppose that On > 0 for all N. For any M > 0, there is a
constant Cyy > 0 such that

LS (RO ) (FL L, ) (A TOK (L gy)

2T TN “—
Jelld

™ R [(1 _ efﬁ,\n;lm) 1—m ] < CMT%

TTm A2 1 — moe—V—1X

uniformly for A € Rand I € ﬁ}v such that Tty < I <1 <T(1—7,) for every M > 0.

Proof. Set



Then we have

s 3 (FLYI)(FL )N K (L oy

Jell?,
— 5 FLOO7) {(FLig)(-3/1) + (FLN 7) + (Flg ) (=3}
=1+ 1II+IIL

First we consider I. We can rewrite it as

_ _N (e_mxﬁglm _ 1) (1 _ e_ﬁm];l(g_ﬁ)> '
2T T A2
Conditionally on (£})™,, Tg,l([ — Jp) follows the geometric distribution with success probability 1 — 7

truncated from above by Tg,l I. More precisely, we have

(1 —m) if0<k <ty

P (ML= 1) = k) { oy

W;N = ifk = Tj;lL
Therefore, we obtain
Jous [1 _ e—ﬁ,\q;l(g—ﬁ)}
TN I-1 B
=1—(1—m) Wge—ﬁ,\k . W;N le_ﬁ,\qglg
k=0
Cavey o -1
1 7751;1* B (1 —m)(1—myN "e V=Tary 1) n W;ﬁll(l _ efﬁ,\q;l;)
1-— Wge_\/jp‘
-1
_m—eVT) o eV L (- eV e TR v
1 — moe—V-1A 2 1 — mye—V—IA 2

Consequently, we have

ma(l — e V1Y)
1— Fge_\/?l)‘

ST

BT - D (VTR 1)
TTm

uniformly in A € R and I € II} such that 77, < I < I < T(1 — 7,). Here, we use the inequality
|1 — e~ V~1%| < |z| holding for all z € R and Lemma

Next we consider ITI. We can rewrite it as

I — 27T::71>\2 (1 _ eﬁwlm) (eﬁwluﬁm _ 1) _

Now, an analogous argument to the above yields

Wg(e\/jl)‘ — 1)

< M
1 — moeV—1A N

~

TTm,
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uniformly in A\ € Rand I € T}, such that T'r, < I < T < T(1 — 7,). Hence we have

B — BT [1]‘ < M

~

uniformly for A € Rand I € 1:[}\, such that T'r, < I < I1<T(1- Tq)-

Finally, we have

ENI =11= N (1 N [efﬁwlm})

TT A2

Therefore, a simple computation yields the desired result.

Proof of Proposition 1. Assumption 2(i) follows from Lemma 1.

Take a constant § € (0, 1) arbitrarily. We prove with this /3 that there are constants a, ) > 1 such that

Assumption 2(ii) holds true. For the simplicity of exposition, we assume 6 > 0 for all IV (this assumption

can be easily removed).
Set

PO =—— S (FLW)FL) (N E L T ).

20T TN -
Ielll,,Jelld : Ielm (k)

It is obvious that

[Trat]-1

T /7r E HD,@V(A,GN) - b,@V(A,eN)‘p} X\ = O(r% 701
k=0 -

as N — oo for any p > 1. Therefore, it suffices to show that there are constants «, () > 1 such that

[Trm]—1

n kz_o /:TE[’DQ(A,QN)—D;V(A,QN)]Q]dA:O(Tﬁ)

4

as N — oo. For the proof we adopt a similar strategy to the proof of Proposition 6 from [5]. Let @ be a

number such that § < w < 1 and set ¢ = [ Nw|. Let £ be the event on which the interval I,(u) contains

at least one point from {t} : i € Z} and one point from {t? : i € Z, } for every u = kZTmquSQ, oo (kB

1)7',717';_&2 — 1. We have
-1 -1
P(E%) < Ty (™ " gt ).

In the following we denote by £ the conditional expectation given an event A.
Foruw € Z and A € R, we set

N =—— S (FLO ) FL )N E L ).

- 20T TN —
Ielly,Jell%;: 11, (u)

Then, we decompose D2 (), 0) — D()\) as

(k1) Ty '—1
DY (X, 0y) = D(\) = { B Y. m | -DW

-1
U=kTmTq
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(k+1)Tmry -1 (k1) Tmry -1

+ > YN =ERY o+ > ) = ES Y ()))

—1 -1
u=kTmTq u=kTmTq

w is odd u is even

= IV () + IIY (X) 4 I (N).
First we consider IV (). Using the inequality leV=1% — 1| < |z| holding for z € R, we have
1 N S 7o v (e ) #{T € T < L € o (u)}

uniformly in A € R and u € Z. Therefore, noting that t} — ¢t} | > 7y foreveryi = 1,...,n; — 1, we
obtain

I W] S 7o oy rn)? STyt rw)? (©6)

uniformly in A € R and u € Z_.. Now, similarly to the proof of Eq.(36) form [5], we can prove

Elry] = O(ry|log 7n[") (7)
for any p > 0. Hence we have
(k—l—l)TmT{l—l (k?-‘rl)TmT(;l—l
Bl Y MmN -E] Y m W
u=kTm7y ! u=kTyn 7y !

S Tty H{ Bl 1yt ) PIP(ES) + Elry o (ry ) 1ee] }
S 7 {Brtre) + BV PE

-1 -1
2 1 TN Tq+2 TN Tq+2
< |log x| Tm T2 \/7r1N B

uniformly in A € R and k£ € Z_. Moreover, Lemma 2 and (6)—(7) imply that

(k:-l—l)TmTq_l -1

E > el

-1
U=kTmTq

__™ - —\/?uflm) 1 —m w—f 2

= WTm)\Q% E ) Z (1 e N p——— +O(7y "[log7n][7)
TETT I (k)

uniformly in X and k. Since (¢} — t}_{)M, is a sequence of i.i.d. variables whose distributions are the

geometric distribution with success probability 1 — 71, the Wald identity yields

(k+1)Tmry =1
E oo™
u:k‘TmTt;l
(1—m)(1—e V"IN
(1 — e V=N (1 — mpe= V-1

- N 5

w— L8 1 2
TTmA2 +O(1y "[log 7n|)

E [#{I clly:Ie Im(k)}}
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=D(\) + O(Tﬁ_ﬁ\ log 7v|?)
uniformly in A and k. Consequently, we obtain
B (I 0] = I 0P = 07 log v )

uniformly in A and & for any p > 1.
Next we consider II7'()\). By construction (1Y (A))y: oad i independent conditionally to €. Therefore,
the BDG inequality and (6)—(7) yield

EBE (Y )] < (o V2 (| rartrn)?[7] S (7 )2 log 7 2
uniformly in A and k for any p > 1. Moreover, (5)—(7) imply that
B I )] = O(r 77 hog )
uniformly in A\ and k for any p > 1. Consequently, we obtain
B [ )] = O((r: )"/ log v )
uniformly in A and k for any p > 1. An analogous argument yields
B[ ) [] = 0((r 1) log )

uniformly in A and & for any p > 1.

After all, we have

[Tr'1-1 .
- E|[[D¥ O\ 0y) - Tax = o0& PP2 1o 7
o> [ E[|BY0ow) - D[] ir = 06T log )
k=0 -

for any p > 1. Now we take ) > 1 so that (w — )@ > 4 and set « = (w — [)@Q/4. Then (4) holds
true. O

8.2 Proof of Theorem 1

First we remark that a standard localization procedure presented e.g. at the beginning of Section 7.3 of

[15] allows us to assume that there is a constant & > 0 such that
o + 1ot | < K, op —og| +|of — o2 < Kt —s|?

for any ¢, s > 0 throughout the proof.

Next we introduce some notation. For each k£ € Z, and 0 € (—6,0), we set

Srgaenn X (DX ()KL, Jg) if6 >0,

0’ (0) —{ .
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and

M) = { U%Tmf’(?kfm+arg)+ liz >0,
O krm——rn)s Thr 0 <0
and
0N (6) = { S rraet, ) BHI)BA(J)K (I, J-p) ?f9 >0,
I gdeln (k) BYI)B*(J)K(Iy,J) if0<0
and

S rren. BN [BHI)B*(J)] K(I,J-4) if6 >0,
UNOE [ B1 , !
Sorrgern i BT [BYI)B* ()] K(Ig, J) if6 <O0.

In the following we denote by E™! the conditional expectation given (¢}), and (t?)?io.
Lemma 3. For any p > 1, there is a constant Cy, > 0 such that
. P
BN ([0 (0) - X OTF 0)] ] < Cprlatr

forany N € N, k € Zy and 0 € (=6, 0).

Proof. By symmetry it is enough to consider the case of § > 0.

First we apply the so-called reduction procedures used in [17, 18] to every realization of (1) rer, and

(J-o) Jem, (see also the proof of Lemma 2 from [5]). We define a new partition IT} as follows: I € TI}

if and only if either I € HJIV and it has non-empty intersection with two distinct intervals from H?V or there

isJ € H?V such that I is the union of all intervals from H}V included in J. We also define a new partition

ﬁ?\, as follows: J € ﬁ?\, if and only if either J € H%V and J_p has non-empty intersection with two distinct

intervals from IT}; or there is I € II}, such that J is the union of all intervals from .J' € II%; such that J’ ,

is included in /. Due to bilinearity both (7,?7 (f) and ﬁ,ﬁv (@) are invariant under this procedure. 7y is also

unchanged by this application because of its definition. Moreover, by construction we have

maxz (I,J_9) <3, maxz (I,J_g) < 3.

Jeli? It}
NI Hl NJ H2

Consequently, for the proof we may replace (ITh, T1%;) by (II%;, IT%,). This allows us to assume that

max K(I,J_9) <3, max K(I,J_p) <3.
Jelly, IGHl Telly, J€H2

throughout the proof without loss of generality.

We turn to the main body of the proof. We decompose the target quantity as

T (9) — e ()T (9)

— Z {/I(gl o). )dB) X?(J)JraiTmBl(I)/J(oE—a(Q,WWTN)+)dB§}K(I, J_g)

1,J: 1€ (k)
=: Ay + Byn.
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Let us consider A . The Minkovski, Schwarz and BDG inequalities yield

Plax=d > (8] p]>l/pf<u, T0)

/ (o} — ok, )ABIX?(J)
I

I,J:I€l (k)
2p 1/2p 1/2p p
< ¥ (EH / (o} — o}, )dB! ) (B (|2 []) " K@)
1,J:IE Ly (k) I
P
< sup |og — oy, ||| VKL, J-g) ¢
[ J:1€ L (k) ||5€Tm (k) 2
hence by assumption and (8) we obtain
P
EU[|ANP] S T8 Yo (+INKT ) p SR,
IJ:I€l (k)
By symmetry we also have E™ [|By|?] < PO This completes the proof. O

Let us take a number £ € (%, 1) and set uy = (T](\?E_ZHB)/Q\ log 7nv]) L

Lemma 4. There is a constant C' such that
~ —N
EU [exp (guN {U,ﬁv(e) - Uy (9)})} <C
forany N € N, k € Zy and 0 € (=96, 0).

Proof. Again, by symmetry it suffices to consider the case of # > 0. Moreover, as in the proof of Lemma 3,
we may assume (8) without loss of generality.

Let ¥ be the covariance matrix of (Blu))z‘en}\,:;elm(k)aB2(J))
I,(k)+ 60 —ry,and set Cy = 2%214]\/2%2, where

JEH?\,:Jefm(k))Ta where fm(k) =

0 Ky
Ay = < KT 0 > : KN = (K(1,J-0)/2) (1 5yttt <112, L€ L (k) LE T (k)
N

We first prove the following equations:
[Cxllsp = O(ry™ ¥ Jlog v ), lICx|[F = O(ry" P llog v [?), ©)

where || - ||sp denotes the spectral norm of matrices. By Theorem 5.6.9 from [20] and (8), we have || Ay ||lsp <
%. Therefore, Appendix II(ii)—(ii) from [7] yield

9 9 2 9 2
IOnllF < 3InlE =5 > EN[B@T ;Y EN[BAY
Iel 1€, (k) Jen :Jel (k)
9 2
+5 > E" [BY1)B*())]”,

(1,J) N xT13: L€ I (), J €I (k)
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< T + 3 E" [B\(1)B*(J))*
(1,J) N}, x13 1€ I (k),J €L pn (k)

while Corollary 4.5.11 and Theorem 5.6.9 from [20] imply that

3 3
ICNlsp < §||EN||Sp < Qmax{ max E" [BI(I)Q] ) max, E" [BQ(J)ﬂ}

Iel} 1€, (k) Jel,:Jeln (k)
II[pl 2
2 zenlmfae)jrm(k) Z [ER (BB
JenZ:Jelm (k)
<ry 4+ max > |E" [BY(1)B*(J)]|.-

1.
Telly LeIm (k) JEN2:JE T (k)

It holds that

B [BNI1)B*(J)]

1 o -
-5 | FUENFL N D
TTN
N+1 e )
-1 —V/ =17y " Nb;
27rm > / [ F L) e VT

N+1

1] _ [J] _ _
DR / ( e_mw%ds) ( eﬁ%l%sds) eV ~Trv ' AI-1-0) g
27TTN — 0

Since we have
I J
i { (/ | |€‘ﬁmsd~9> </ ’ eﬁmsd’s) }
dA 0 0

‘Il —1 |J| —1
=— —17'&1 se” V1IN Asgg eV I s g
0 0

we obtain

-1
.
< D (12217 + 111 ).

J 1) . V.
« efx/jl‘rN )\st / e\/leN )\sds
d\ 0 0

Therefore, integration by parts implies that

1 J
/ ( | Ie_\/leNl)\Sd3> (/' |e\/_—lTN1)\Sds> e\/leﬁl/\(l—l—ei)d)\
i 0 0

T 2 v 17T
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as long as J — I # 6;. Hence we obtain

N+1
_ _ 1
Z ‘EH [Bl(I)B2(J)” §7N17’]2V+TN2T§’V Z Z —771|J—I—04|
JENZ, :J€lmn (k) i=1 jen?:Jjeln(k) N = = 7'

J—1—-0;#0
—243
= O(ry" " |log v ?)

by Assumption 2(i). Consequently, we obtain the first equation of (9). Moreover, it holds that

3 |E" [B(1)B2())]|?
(1,J):LE€Im (k),J EIm (k)
N+1 N+1
N 2TTN Z Z _
=1 ([ J):I€lm k), JEIm (k)
N+1 2
§NTN2T?va+NTKz22 > {\IHJH (IPT]+ ] )} (

1 (1,9): le ( )Jelm(k)

1
L — I —6;))2

— - —4
S N7 Tm + N2y 3 = O(1y +5£+ﬁ] log 7v %),

hence we obtain the second equation of (9).
Now, noting that —2 + 3§ — (5§ — 4+ 5)/2 = (£ — B)/2 > 2(1 — B)/5 > 0, from the discussion in
Section 3.2.1 of [5], we have

log B [exp (guN {ﬁé\[(ﬁ) — Ug(ﬁ)})] = —% log det(E — 2cunCp) — tr[sunCn]

for sufficiently large NV due to the first equation of (9). Therefore, by Appendix II-(v) from [7] we obtain

lun P ICN [lsp | Cn [|F
3 (1—[ICnllsp)?

for sufficiently large NV due to the first equation of (9). Consequently, (9) yields the desires result. O

log B [exp (sux {07 10) - T 0)})] < "oy +

Lemma 5. We have )U]kv(ﬁ)‘ < 6(Tm +rn)forany N €N, k € Zy and § € (—96,9).

Proof. Similarly to the above proofs, we may assume 6 > 0 and that (8) holds true without loss of generality.

Then we have

T3 )] = S E"[B)B*(J)] K(I.J-)
I,J:1€ly(k),JELn (k)
< > {E" [BYD)?] + E [B*(J)%]} K(I, J_g)

1,J:I€Im (k),J€Im (k)
<3¢ > M+ Y I <3-2(mm + 7).
This completes the proof. 0
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Lemma 6. We have

Mpy—1 - B
max |7y (6) = 7m 3 e (6) [ DNH; (e "N fy (3 )dA| 5P 0
k=0 -

as N € N.

Proof. We decompose the target quantity as

Mpy—1

Piy(®) =7 D N (0) [ DOVH; L(N)eY M (A )dA
k=0 -
L My—1
= ST Y e (0 UY (0 — lry)
I=—L;,—1 k=0
Lj—1 Mpy—1
YR 2O (e—zTN){Uk O —lry) — Un (0 zm)}
l=—L;j+1 k=0
Lj—1 MN 1
+ Z ( Z {ef (0 — i) — e ( )}Ué\/(g—lﬂv)
l=—Lj+1
Mpy—1 L;j—1 -
+ O Y QU6 trn) —m [ DOVH;L(\)eV "N (3 /7v)dA
k=0 I=—L;+1 -

=: IN(Q) + IIN(H) + IIIN(Q) + IVN(H)

First, since we have Li_l hZ = 1, it holds that |¥;(l)| < 1 for every [ by the Schwarz inequality.
p=0 "%j,p J y ¢ by q y

Therefore, we have

Li—1 My-1
Iy (0)] < Z 3 ’Uk ) — Y0 — 1) TN (0 — 1) |
I=—L;j—1 k=0

for any € > 0 and p > 1 we obtain

P (max Iy (0)] > 5>

begN
Ljfl MN—I

< <(2L> Y % EHﬁ,ﬁv(e—zm)—cg(e—zm)ﬁ,f(e—lm)\p}

OGN I=—L;j—1 k=0

S 7 LMy - (LMy)Pri P = O(ry ' L et

by the Markov inequality and Lemma 3. Since we can take the number p large enough such that T]\?lLl—i_p -t
0 as N — oo by assumption, we obtain maxycgn [In(6)] =7 0.

Next, for any € > 0 we have
P { max |II > e
(o)) > ¢)
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Lj—1 Mpy-1
< Y ¥ <‘ zTN)—UiV(e—zTN)]>KLin>

9cGN I=—L;j+1 k=0

with some constant K > 0. Therefore, the Markov inequality and Lemma 4 yield

. cun
P <9n€12>]§ IIn(0)| > 5> STy LMy exp <_KLMN) :

Since Tun /My — 0o as N — oo for some ¢ > 0, by assumption we conclude maxy gn [IIn(6)| =P 0.

Now we prove maxycgn [IIIx(0)] =P 0. Since Zl L 41 195(D)] < 2Lj — 1, we have

max [TIIxN(6)]

0eg
My—1 N
<((2L; -1 N —lry) — e (0 T o).
- <( ) S X, e T [ O ) — i )‘> z:: o Ui (6)
By the Holder continuity of o', 02 and the assumption on L, we have
(2L; — 1) max max ma ‘cﬁ(@ —lrn) — cﬁ(ﬁ)! —P0

0eGN IeZ:|l|<L; k=0,1,.. ,MN—l

as N — oo, while Lemma 5 yields ZQ/I:%_I maxgegn ‘Uﬁ(@)‘ = O,(1). Hence we obtain the desired
result.
Finally we prove maxy.gn [IVy(6)| =P 0. Noting that
s

DONH; (N)eY ™ (A /7i)d Z U5 ( <A>em<94ﬂv>f&lfN<A/TN>dA
-n l=—L;—1

for any € > 0 we have

P <max IV N (6)] > 6)
gegN

=i I (% o)

T&lﬁg(g)_ D(Ne V=INO—ITN)TN fN()\/TN)d)\’ K€L>
0egN I=—L;+1 k=0 -

with some constant X > 0. Since we have
Ty (@ —lry)=71m | DNNO—lry)eV O 00y )dA

it holds that

My—1 x Q
E {m IRERNOE D(A)eﬁw—“mfzvu/m)w'}

k=0

Mpy—1

(2m)9 17, Z / ‘Dk A0 — lTN)—D()\)‘Q] d\
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by the Jensen inequality. Therefore, by the Markov inequality we obtain
My—1 .. o
—1714Q N _
P <9H€12)J\(] IV (6)] > 5) STy LT, max E /_ﬂE [‘Dk (A, 0) — D(N)| ] dA.

N
0eg =0

Consequently, Assumption 2 and the assumption on L imply the desired result. This completes the proof. [

Proof of Theorem 1. (a) From Lemma 6 it is enough to prove

My—1 -
N ) V=10t P
segn B A kzzo () _WD()\)HJ,L(A)e N fn(A/TN)dA| =P 0

as N — oo. The above equation follows once we show the following statements: If 9y € GV (N =
1,2,...) satisfy |9 — 6, > vy for every N, then
Mpy—1

T Y (On) [ DOVH; (W)Y (A7) dA =P 0
k=0

-
as N — oo. This can be shown in an analogous manner to the proof of Lemma 6 from [15].
(b) From Lemma 6 it suffices to prove

My—1 x -
Tm Y ch (0) (N H;L(V)eY "% fy (A7 )dA =P R; / D(X) cos(bA)dA
k=0 d A

as N — oo, which can be shown in an analogous manner to the proof of Lemma 7 from [15]. O
8.3 Proof of Theorem 2

Noting that | A D(X) cos(bA)dA > 0 for any b € [—3, ] by assumption, the theorem can be shown in
an analogous manner to the proof of Theorem 2 from [15] (using Theorem 1 instead of Lemmas 7-8 from
[15D). O
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Let yj; be the i—th observation of the j—th time series at t/
fori=1,---,mj=1,--,p0=t <t/ <---<t]=T.

We ususally set n=T, t" —t" ; =1, y; = (y1i,- - ,yp,-)/ be

a p x 1vector and Y, = (y:) (= (y;)) be an n x p matrix of ~ Mecresmt
observations and yq is the initial observation vector. We

consider the situation when the underlying non-stationary

trends x; (= (x;j)) at t7 (i =1,---, n) are not necessarily
the same as the observed time series and let

! I
s; = (s1i,- -+ ,Spi) and v; = (vqj,- - - , vpi) be the vectors of

the seasonal components and the noise components at t/,
respectively, which are independent of x;.
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Then
Yi = X;+S;+V;

where x; are a sequence of non-stationary trend components,
s; are a sequence of seasonal components, v; are a sequence
of independent noise components with £(v;) = 0 and Mahod
E(viv;) = £,. (We assume that X, are positive definite and
finite.)

To estimate the structural relationships among the hidden
random variables; the trend components and seaonal
components when we have stationary and non-stationary
errors-in-variables models.
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Let 3 be a p x 1 vector and we want to estimate
IBYI: OP(]') (I:]'a 7n)7
more generally, let B be a ¢ X p (g < p) matrix and we want
to estimate Macro-SIML

Method

By, = Op(1) (i=1,---,n)

Similarly, some structural relations among seasonal
components can be written as

Bosi = Op(1) (i=1,---,n).
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Consider the situation when Ax; and v; (i =1,--- ,n) are
mutually independent and each of the component vectors
are independently, identically,0 and normally distributed as
Np(0,X) and l/\lp(O, Y ,), respectively. We use an n x p .
matrix Y, = (y;) and consider the distribution of np x 1 Method
random vector (yy,--- ,Y,) . Given the initial condition yp,
we have

vec(Yp) ~ Noxp (1n Yol @ E, + CoCl @ ):X) ,



where
1 0 --- 0 O
1 1 0 0
C,= 1 1 1 - 0
1 .- 1 1 0
1 - 1 1 1

nxn
Given the initial condition yg the conditional maximum
likelihood (ML) estimator can be defined as the solution of
maximizing the conditional log-likelihood function except a
constant as

L5 = logllh,® X, + C,C, @ E,| /2

vO:]-n‘%)-
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Macro-SIML
Method

1 - 147 ’ — /
E[vec(Yn ~Yo) 1, ®E, +C,C, ® X,] vec(Y,—Yo)] ,



We use the K,—transformation that from Y, to Z, (= (z,))
by B
Z,=K, (Yn - YO) Kn = PnC;I )

where
1 o --- 0 0
-1 1 0 0
cl=| o -1 1 o0 ,
0 o -1 1 0
0 0 0 -1 1 e
and
2 27 1 1
P, = (o). pl") — Lot
n (PJ ),pj n+%°°5 2n+1( 2)( 2)
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By using the spectral decomposition C,*C,* = P,D,P,,
and D, is a diagonal matrix with the k-th element
Macro-SIML

Method

2k =1y — 4sin?(r/2)[(2k—1)/(2n+1)]

2n+1

dy = aj, = 2[1—cos(m(



The conditional likelihood function given the initial condition
is proportional to

u 1
Ln = Z |og \ak,,ZV =+ ZX|71/2 — 5 Z zk[aknzv + ZX]ilzk y

k=1 k=1
where
—d) —asin? [T (2K o,
akn (= dx) = 4sin [2 (2n+1>} (k=1,---,n).

We have used two transformations on the nonstationary time
series into the sequence of independent random variables
zi (k=1,---,n) which follows N,(0, X, + ax,X,), and the
coefficients a is a dense sample of 4sin?(x) in (0,7/2).
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It is natural to use zkz/k to estimate ax,Xx, + X since it is
the variance-covariance matrix of z,. We notice that

akn — 0 as n — oo for a fixed k. When k is small, ay, is
small and we can expect that kK = k, depending n is still
small when n is large. However, (1/my) > /" ak, is not
small if m, is near to n, which suggests the condition

mp/n — 0 as n — co. The separating information maximum
likelihood (SIML) estimator of ¥, can be defined by

mp
~ 1 '
2, smL=— 5 %
mp
k=1

This estimator of the variance-covariance of non-stationary
trends is trying to use the information on trends in the
frequency domain, which corresponds to only the trend parts
without measurement errors from the time series
observations. For )A:X, the number of terms m,, should be
dependent on n. Then we need the order requirement that
mp, = O(n®) and 0 < e < 1, which is the first property of
the macro-SIML estimation.
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A Nonstationary Common Trend Case i
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Lety; =x; +v;,0Y, = (y;) and the vectors x; satisfy

Xj = Xj_1+ T ,

A Nonstationary

where 7 is a p x 1 vector, p; are i.i.d. (one-dimensional) o o]
random variables following N(0,07) and v; are i.i.d. cose
(p-dimensional) random variables following N,(0, X,) with

the variance-covariance matrix X, which is a non-singular

matrix.
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We take b = o, m, A = a5,X, and apply the matrix formulae
such that for a positive definite A we have
IA+bb'| = |A[[l +b A 1b]
and A Nonstationary

Common Trend
Case

[A+bb] '=A1—A1b[1+bA b A

for £, = bb'.



Then the likelihood function L, is proportional to (—1/2)

times

Lln =

where

n

Z[|og|a,m J| +log(1+ a;.'b' X b) + a1z, X!
k=

akn (Zk 1b)2
akn +b' X, Ip

1

> oglawE, |+ ) s

_l’_

n

k=1

log(1 + a,'c) —

3, (2, Z,'b)?

akn + C

_ 2 /s-1
c=o,mE, m.

] ,
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We need a normalization for the vector 7. If we take a
simple normalization, the maximum likelihood estimator of
7 could be a quite complicated solution of the likelihood
equation even when p = 2. One possible normalization is to
take B' = (1,—3,) and then the maximization is not a
trivial task.
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As an alternative way to solve the present problem is to use
the conditions that

Elzkzy]) = Ex + o(1) fork =1,--- ,m,

and

A Nonstationary
Common Trend
Case

/ 1
g[a;nlzﬂk] =2, + ZZX +o(1) fork=n+1—m,,---,n.

The rank of matrix X is one while the matrix X, has a full
rank.



2, siML— /\ZV.SIML} Bsm =0,

A

Y, simL

mp
~ 1 ,
2 smL = — § zizy
mp
k=1

11~ o+ &
(1) = 5[; Z zkz — Lxsimi]
k=1
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1
Y, sme(2) = T E A, ZkZy — ZZX.SIML ;
" k=n+1—I,
where
/ _ -/ A Nonstati
Zy = (24) = PaC;t (Yo — 1a%0) oy
Case

N

2, sime is a SIML estimator of X, and A is the (scalar)
eigen value.
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Because the rank of X, is degenerated and it is one, we EAEA
need to take the smallest eigenvalue A\;. We have the ﬁS,ML,

which is called the SIML estimator of 3. A simplified

(consistent) estimation may be given by

2, s X Bsy =0,

that is, :
1 A Nonstationary
FaS Common Trend
ZX.S//\/’L X [ 2 ] — 0 . Case
—Basi

We can solve as

N A1 ~
Ba.sit = Loox simLE21x.SIML 5

which can be the least squares estimator for the transformed
variables and it is called the SILS estimator.
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Figure 1 : Likelihood Function of0 3, (n = 1,000)
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Figure 4 : Wrong Likelihood Function of p (n = 1,000)
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« remove the effect from the noise of Y, 1,

f :Yt /Yt—12 -1

~ |Og(Yt)—

We assume the following

decomposition.

log(Y,_,)

log(Y,)=T,+S,+C, + N,
(T: Trend, S: Seasonal, C: Cycle, N: Noise)

definition of “robust year on year change”
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-xample

e Data: Monthly sales of department
stores in Japan (1987-1998)
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High-frequency Financial Data and G-Causality

Analysis
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0 Review

e Frequency-wise causality using HF data
Q Test for a change in frequency-wise causality using HF data
Q Empirical study using high frequency financial data

e Empirical study: return predictability of VRP
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1. Review: strength of causality

Time domain: Granger (1963): strength of causality { Xi; } = { Xj; |,

1 — var[ Q ]/ var[ Q(k) |
@ Q: set of g stochastic processes { X }, (i=1,...,9)
@ Q(k): set Q excluding { Xy }

@ var;[ Q |: var. of one step prediction error of the process { Xj; } with Q

Frequency domain: spectral decomposition of Granger’s measure

@ Geweke (1982): for VAR model under specific conditions
@ Hosoya (1991) for general stationary process

@ Yao and Hosoya (2000): for nonstationary process

Related studies: Relative power contribution (RPC)
@ Akaike (1968): under mutulally uncorrelated noise assumption

@ Tanokura and Kitagawa (2016): allow possible correlated noises ?

Oya (Graduate School of Economics, Osaka Univ., Tok

Causality measures for two series { X(t), Y(¢t) }

Geweke (1982)’s measure

var(one step prediction error of X(t) given{X(s)}/-} )
Fyox = log

var(one step prediction error of X(t) given{X(s), Y(s)}*=} )

Hosoya (1991)’s measure

var(one step prediction error of X(t) given{X(s)}/-} )
My_x = log )

var(one step prediction error of X(t) given{X(s), Yo _1(s)}"".}

[se]

@ Y, ((1): residuals of linear projection of Y(t) onto {X(s)}' .., {Y(s)}"L

the specific shock of Y(t) which is uncorrelated with X(t)

@ My_x: transform. of Granger’s strength of causality for Y, 1(t) — X(t)

Oya (Graduate School of Economics, Osaka Univ., Tok



Spectral decomposition: Hosoya (1991)

" fi1(A)
My_x = My_x(A)dA, My_x(A) =1 = — - — , = A<
Y—X In Y X( ) Y X( ) Og(fn(A) _f12(A)f2;1(A)f1*2(/\) J < T
@ f(A): spectral density matrix of { X(t), Yo_1(t) },
@ My_x(A) = Fy_x(A) when { X(t), Y(t) } has the stationary AR representation.
o MY—)X(A) = - 108 { 1- RPCY—)X(A) }

Assumption
@ { X(#), Y(t) } is the second-order stationary and has a spectral density matrix f(A),

o f ' logdet f(A) dA > —oo ( = f(A) has a factorization f(1) = %A(e‘m)A(e_M)* )

@ X = A(0)A(0) is the cov. matrix of one step prediction error of { X(t), Y(¢) }.

T
the resids. of projection { X(t), Y(t)} onto {X(s)}'-} & {Y(s)}*7}

¢

Oya (Graduate School of Economics, Osaka Univ., Tok

Spectral density function for stationary VARMA model

VARMA model for Z(t) = (X(t), Y(t))
AL)Z(H) = BL)e(t), e(t) ~N(0,%) and T = (oy)
) = 5 AEIAE™), AE™) = A ) BE ) 2
FA) = (Ji),
Fa) =fa(A), fo(A) = (02 — omoyfon), f(d) = (M),

fu(A)

. T 4 LiAy=1 A (pmil
Fa) = -ZaZiy 1] B A )[le(m

@ Let 6 and M(6, A1) be the model parameter vector and the causality measure at
frequency A, then the estimator of M(0, A) is obtained as M(6, 1)

@

Oya (Graduate School of Economics, Osaka Univ., Tok




Frequency-wise causality using HF data |

@ We provide an alternative approach to obtain the asymp. variance estimate of
M(8, 7). This approach does not require numerical differentiation.

Variance estimation via Subsampling
@ Let {Z(t)} follow a stationary VARMA process.

@ Entire sample {Z(1),...,Z(T)} is divided into non-overlapping subsamples,
{Z(l), .- /Z(Tb)}/ {Z(Tb + 1)/ .- /Z(ZTb)}/ sy {Z(T - Tb + 1)/ .- /Z(T)}/

where T and T, are the size of the entire sample and the block size of the
subsample under the assumption of T = nT,.

@ 6 and éTb,z- are the estimators using the entire sample and the i-th subsample.

@ VT (61 - 0) and VT,(0r,; — 6) have the same limiting distribution N(0, W(6)) under
standard regularity conditions with additional assumptions T,/T — 0 and T, — oo
as T — oo.

@

Oya (Graduate School of Economics, Osaka Univ., Tok

Frequency-wise causality using HF data |l

@ Suppose that g(0, A) is a differentiable positive scalar-valued function of 6 and A.
VT(g(0r, 1) - §(6, 1)) and \Ty(g(0r,, A) - (6, 1)) > N(O, V(6, 1))

@ Subsampling estimator of V(6, A)
. 1 v . . } N A
V) = 5 L Tle0ne ) =3P, 30 =n7 ) g(6n )
@ Under the conditions that {( \/T(g(éT, A) — g(6, A)))*} are uniformly integrable,

1 v R
= Y EINTW(g(Or, A) =80, AP — V(6,1) as n — oo
i=1

and the proper mixing condition for {Z(t)},
V(A) - V(0,A)inL?as T — .

See Carlstein (1986) and Fukuchi (1999) for details. @

Oya (Graduate School of Economics, Osaka Univ., Tok




Test for a change in frequency-wise causality using HF data |

@ Two subsample periods divided before and after a structural break.
@ Period k consists of n; days, k =1 and 2 stands for before and after a break.
@ Assume that a sample size of intra-daily data for the i-th day in period k is

T](f) = Ti + o(n ).

@ O, and M(6,, A) are the parameter and the measure at freqg. A for period k.
@ For i-th day in period k, we have 6 and M(6\”, 1) using intra-daily data.

Change in measures: CM(A) = M(60,,A) — M(6,,A)

_— _ _ _ 1 & »
Estimates of CM(A): CM(A) = My(A) — Ma(A), Mi(A) = — ZM(GI(;)’/\)
A=

Oya (Graduate School of Economics, Osaka Univ., Tok

Test for a change in frequency-wise causality using HF data |l

@ Because \/T_k(M(é,(f),/\) — M(6;, 1)) = normal with mean 0 and some variance,

CM(A) - CM(A) o NO.1)

VT (Mi(A) = M(6x, 1)) > N(0, Hi(1)) and
Hy(A) Hj(A)
1’11 Tl 1’12T2

@ Replacing Ty, 1, VTug(0r,:, A) and VT,3(A) in V(A) with

Te, ni, NTM(OP, A) TM(A)
provides V(1) = Hi(A).

Test of no change in measures at frequency A: Hy : CM(A) =0 and Hy : CM(A) #0

CM(A

() LN N(0, 1) under Hy.
0\ |, H®)
l’llTl 1’lzT2

Oya (Graduate School of Economics, Osaka Univ., Tok




a causal relationship between the Nikkei 225 and the Nikkei 225 mini |

How does Quantitative and Qualitative Monetary Easing (QQE) affect Japanese stock

and future market?

@ 15 sec. intraday data: index and (future) mini

@ sample period: 2013/02/25 - 2013/05/16

@ 2013/04/04: break point ( BOJ announced the Introduction of “QQE”)

@ estimate the causalities for each day.

@ take averages of the causalities for each pre-event and post-event period.
@ iest the difference of the two averages of causalities.

pre-event period event period post-event period

| Ll | Ll |
2/25 3/25 3/26 4/4 4/15 4/16 5/16

Oya (Graduate School of Economics, Osaka Univ., Tok

a causal relationship between the Nikkei 225 and the Nikkei 225 mini Il

@ correspondence between frequencies and cycles when we use the 15-second
interval data is shown as follow.

long 6min 3min 1min 45sec 36sec 30sec
run cycle cycle cycle cycle cycle cycle
| | | | | | |
0 /6 27 /6 37 /6 47 /6 5m/6 ™

@ To compute the log returns, we use mid-quote

@ We separately analyze the intra-daily series for the morning session (9:00 to
11:30) and the afternoon session (12:30 to 15:00).

@ The intra-daily series of a typical date, March 21, 2013, is shown in next slide.

Oya (Graduate School of Economics, Osaka Univ., Tok
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a causal relationship between the Nikkei 225 and the Nikkei 225 mini IlI

Nikkei 225 Index Nikkei 225 mini
12660 12600
12640 . 12580 | -
()]
o
c:)_ 12620 12560
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g Mh ‘
= 0 | ‘ ‘ 0
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a causal relationship between the Nikkei 225 and the Nikkei 225 mini IV

G-causality in the morning session: futures to index (left) and index to f. (right)

0.14 T T T 0.14 T T T

B pre-event = | L pre-event = |
012 post-eveent ------- 0.12 post-eveent -------
0.1 01t i
0.08 0.08 | 1
0.06 0.06 - .
0.04 0.04 i
0.02 |- . 0.02

0 1 1 1 O
0 1 2 3

@ Causality (futures — index) peaks at a frequency of approximately 1.8 for the pre-event
period, and that the peak shifts to near the frequency 1.2 for the post-event period.

@ This implies that the component with a 40-second cycle is mainly reflected in the futures in
advance of the index for the pre-event period, and the 1.8-minute cycle is a main
component for the post-event period.

@ We also find that the causality increase for all frequencies after the announcement of QQE.

@ In contrast, the causality from the stock index to the futures are small for all frequencies.

Oya (Graduate School of Economics, Osaka Univ., Tok



a causal relationship between the Nikkei 225 and the Nikkei 225 mini V
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a causal relationship between the Nikkei 225 and the Nikkei 225 mini VI

@ Causalities are relatively small for the pre-event period and become volatile in the
event period at frequency /3.

@ For the post-event period, the causalities tend to be large compared with those for
the pre-event period and the increase is statistically significant.

@ In contrast, the small increase at frequency 27t/3 is not significant.

@ The changes are significant at frequencies from approximately 0.6 to 1.5, which
correspond to one-minute to 2.5-minute cycles.

@ The overall causality from the futures to the stock index are 0.051 and 0.081 for
the pre- and post-event periods, and this causality change is not significant.

Summarize

@ there are some predictabilities from the Nikkei 225 mini to the Nikkei 225 in both
morning and afternoon sessions.

@ These predictabilities strengthened in most frequencies after the announcement
of the QQE.

For details, see chapter 5 in Hosoya et al. (2017). @
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Return predicatiblity of variance risk premium

@ the diff. between the risk-neutral and the physical expectations of the
future market variation ( In S );,1

VRP; = E[(InS)s1] — E[{(InS)u] = VXJ? = E[RVp ],

(model free vol. index)? conditional expectation

t+1

n
where RV, = Z( InS;, —In Sti_l)2 LN (InS Y1 = f a?ds
i=1 t

@ 1 month unit time interval is used in previous studies

@ S, :i-thtransaction price att;, t <ty <---<t, <t+1

@ In S, follows the continuous semi-martingale process

@ (InS ); : quadratic variation

@ RV, and model based 15‘7”1 are used as the proxy for E;[ RV;,1 |
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Causality from VRP to ER

VAR(p) model for z(t) = [ VRP;, ER;]

Zt =®1zt_1+---+®pzt_p+et

® VRP, = VXJ? — RV,,1 where RV,,; is from HAR model by Corsi (2009)

@ Daily data is from March 19, 1998 to August 15, 2014 (4035 obs.),
weekly data is from July 10, 1998 to April 18, 2014 (824 obs.),
monthly data is from December 1999 to September 2012 ( 154 obs.).

@ Lag order of VAR models for monthly, weekly and daily data are selected by
Hannan-Quinn information criteria (2, 3 and 11).

o BOOtStrap test for H() MVRpﬁER(A) =0and HO MER—>VRP(/\) =
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(d) Causality from VRP to ER Bootstrap test: Mygp_er(2)=0
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Summary for empirical analysis

Causality from ER to VRP

@ (d) significant peaks are found at 2 days, 5 days and 21 days cycles.
@ (w) unimodal, causality at 5—6 weeks cycle is strongest.

@ (m) causality at low frequency is strongest and then declines as A T,
but insignificant for almost whole freq.

Causality from VRP to ER

@ (d) two significant peaks at 4 days and 2.2 days cycles, but insignificant at 5-10
days and 3 days cycles.

@ (w) unimodal, peak at mid freq (2.9—3.1 weeks cycles)

@ (m) causality at high freq.(2 months) is smallest, then increases towards low freq,
but insignificant for whole frequency (2 months or longer cycles).

Q
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Introduction

@ In economic and financial time series, we sometimes observe abrupt
and large movements which often have significant influence not only
on a single financial market but also several different markets. (e.g.
the financial crisis of 2007-08).

@ Such events are observed nearly at the same time if trading hours of
some market overlap with others.

@ We model these “simultaneous events” as co-jumps of a multivariate
marked point process (simultaneous multivariate point process,
SMPP).

A& - A - R 2017 42 8 H 5 H 3/31



Introduction

In our paper,

@ New marked Hawkes processes which allows co-jumps (simulteneous
Hawkes point process, SHPP) are proposed.

@ A Granger non-causality test for SHPP is developed.
@ A causality measure in the frequency domain is developed.

@ We applied proposed methods to empirical studies.

A& - A - R 2017 4 8 H 5 H 4 /31



SMPP models

@ We use the idea of Solo('07) for the construction of SMPP.

o Consider d-dimensional point process N = (Ny(t),. .., Ny(t))tepo, 7
which may have co-jumps. Since dNV;(t) € {0,1}, 0 <Vj < d and
Yt € [0, T], there are can be 29 — 1 outcomes of N.

o We consider a (29 — 1)-dimensional auxiliary point process N* which
counts these events.

N*(t) = (N1 (t),..., N3y, (1))

@ N* do not have co-jumps.
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SMPP models

@ We consider the case when d = 3. In this case N* is a 7-dimensional
point process N* = (Nj, ..., NF).
@ For example,

I\IJ’-*, j =1,2,3 counts the events that only j-th component jumps.

I\/J?", Jj = 4,5,6 counts the events that two components simultaneously
jump.

N7 counts the events that every components jump.
Ny = N + Ny + N5 + N7,
No = Ny + Ny + Ng + N7,
N3 = N3 + N5 + Ng + N7.
@ There is a one-to-one map between N and N*.

@ We use this relationships for the construction of SMPP.
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SHPP models

We generalize Hawkes process by using this idea. (simultaneous Hawkes
point process (SHPP)).

@ Devide the observation period [0, T] into n intervals: l; = (tj_1, ti],
O=t<ti< - <th1<t,=T.

e Y(s)=(Yi(s),..., Yq(s)): d-dimensional stochastic process (ex.
log-return).

@ Set threshold values u = (uy, ..., uy) for each component.

@ We count events that at least one component of Y = (Y1,..., Yy)

exceeds threshold at t;. We define these events as jumps of a point
process N and model N by an auxiliary point process N*.

o Jump sizes X;(t;) = Yj(t;) — uj, (Yj(ti) > u;) are marks of N*.
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SHPP models

Let {t;;}, {t3,;} and b{t3;} be jump times of Ny, N3 and Nj respectively.
We consider the following intensity functions (rate of exceedance, d = 2):

N () = Mo+ D ch(Xa(s))gh(t — 1))

i:tiigt
+ ) al%e(3)gh(t - 1))
i:té"‘l.gt
+ ) Xty Xe(8))gs(t — 13,), j=1,2,3
ity <t

3,i—

)\J’-‘O: positive constant,

H*: history of N*,

ci(-) : R — Ry: impact function,
g;i(-) : R — Ry decay function.
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SHPP models

Nikkei225
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SHPP models

Point process models have been used in the literature of financial time
series analysis as models of “regular” time series.

@ Grothe et al.('14, JoE)
Gi(x) =1+ Gj (Fie(x)), &i(t) =e " Xj(t) ~ GPD(§, (1)),

G : inverse dist. func. of the exp. dist. with mean d;;, v; > 0.

e Kunitomo, Ehara and Kurisu('17, JJSS(in Japanese))
Gi(x) = Aix” + B, git) = e ", Xj(t) ~ GPD(, ),

Aji, Bji,vi > 0,0 < §; < 1.
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SHPP models

In our study we consider the SHPP with the following intensity function:

M) = Xo+ Y (Xt )e )

i:t{‘yigt
+ Y chXe(ty))e HEED
i:t;}l.gt
+ 30 axalt) Xe(ts))e T8, j=1,2,3,
i:t;igt

Ild

Xi(s) "% GPD(0/, &), Vs € R, X; L X;, i # j.

Stationarity of SHPP model

SHPP model is stationary <:> spr(C*(F*)_ ) < 1,
where C* = (Ci)i<ij<3, Ci = E[c;(X1)],
™ = diag(73,. .., 73).
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Causality analysis of SHPP models

Florens and Fougére('96, Ecta) generalized the concept of Granger
causality (Granger('69, Ecta)) to continuous time stochastic processes.
The IGNC can be seen as a completion of their analysis. We consider the
case when d = 2.
e Granger-non-causality(GNC) (N = N*, no co-jumps)
N is G-non-causal to Ny < ci2(x) =0 < a2 =0.
@ Instantaneous GNC(IGNC) (N # N*, co-jumps)
N, is instantaneously G-non-causal to N;
N> is IGNC to N
& () # 0, cf3(x) = 0.

N, is IGNC to N
& cfp(x) = ¢3(x) = 0.
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Causality analysis of SHPP models

Hawkes('71, Biometrika) introduced the spectral density matrix of a
multivariate Hawkes process with the following intensity function:

t

A(t) :)\o—i-/ r(t—s)N(ds),

where T'(t) = (v;i(t)) is a d x d matrix and 7;(t) =0 for t < 0. Let ['* be
the Fourier transformation of I'. Then the spectral density matrix is given
by
1 . _ . B
flw) = ol = T (@) 2ls = (@) 7

where ¥ = diag(oj;) is the variance matrix of N.
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Causality analysis of SHPP models

When there can be co-jumps, the spectral density matrix of N* is given by
1 * — * * —
f(w) = 5-lla, OID — DI*(w)] "X [D" — (M (w)) ' D] [1a, O],

where X* = diag(c}) is the variance matrix of N, D is a transformation
matrix of N into N*. Since the (7, /)-component of f(w) can be
represented as
291
fi(w) = lan(w)Pof, i j=1,...,27 -1
k=1

where aji are functions of complex variables, we define RPC(relative power
contribution) and IRPC(instantaneous RPC) by

i 2
RPCk_,,-(w):W(, i=1,...,29 1 k=1,...,d,

. 2
IRPCk_H-(w):M, i=1,...29 1, k=d+1,...,29 — 1.
fii(w)
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Asymptotic theory

We give theoretical results on GNC and IGNC test.

o N = (Ni)i<i<q: d-dimensional (F;)¢cr, adapted simple point
process on R,.

o A= (Aj)i<i<qg: continuous compensator of N.

o g7(t) = (g7 () (£)): p x d predictable process.

e Y = (0ij)i<ij<p: Fo-measurable non negative definite random
matrix.

2017 £ 8 H 5 H




Asymptotic theory

Assume the following conditions: When T — oo,

ma mox (|7 / €080 I0A0)| ) <

1<ij<pl<k<d

1

P

/Zg(/k t)gjk) )dAk(t)iai,j7 1<i<d, (3)

(k) 2 P
x| / e OIR1184 (1)1 > )dA(0)Fo| B 0,ve > 0. ()

g () = @H(e)..... g ()T
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Asymptotic theory

Suppose conditions (1), (2), (3) and (4) are satisfied. Then, we have that

X7 = TlT /0 ZgT (£)[dNK(t) — dA(£)] 7P =5 N, (0, X).

@ For MLEs of multivariate point processes, X7 = \%nge(e)

@ The asymptotic variance can be random.
@ In this case, the Wilks' property (the asymptotic properties of LR
test) holds.

2017 £ 8 H 5 H 17 / 31

[k - 5 - SR



Asymptotic theory

L1(0): log-likelihood of N

L%(8): log-likelihood of N*

@ 0o: true parameters of N*, 6y € ©(C RP): compact.
o O MLE of N
o 05y (p—r)x 1 MLE of N*, 0 < r < p. 8%, C ©1(C ©).

2017 £ 8 H 5 H




Asymptotic theory

We assume the following conditions for the asymptotic properties of LR
test:

1(0o) : Fo-measurable p.d. matrix, When T — oo,

/O > 1<8Iog)\k (t, 0)>(8Ioggg(t,9)> E\k(tﬁ)dt P, 160),  (5)

/ Z )\k 1t 0) 83)\9%(‘;%9) [dNK(t) — Ak(t, 0)dt] Fso. (6)

1 J 0log Ak(t,0) Fo—stabl
L[ D S ) — M 0] "5 0100

(7)

2017 £ 8 H 5 H 19 / 31
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Asymptotic theory

Theorem 2

(i) When there exist co-jumps, A is not consistent under the likelihood
function L(0).

(ii) Suppose conditions (5), (6), (7) are satisfied. Then we have that

2(L%(80) — Ly (Bia)) 2 x(r),

where r is the number of restrictions of  and x(r) is the x? random
variable with r degree of freedoms.

o We apply this result for the Granger non-causality test.
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DGP: N* = (Nj, N3, N3),

NEHD) = No+ D ajXa(s)e ()

i:t*.<t
- Z 72X1( tQ,GW(t )
It2 <t
+ 3 angmax(Xa(t5,), Xa(8,))e " TE, j=1,2,3,
It37 <t

s\ Q.d.d.
Xj(tg ) ~ GPD(0;,§)), j=1,2,

We used Gaussian copula for the dependence of (Xi(t3 ), Xa(t3))-
(01,&1) = (0.007,0.22),
(02,&) = (0.008,0.15).
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o aip aj3 Q54 Q5o Q53
True 0.57000 0.00000 0.19000 0.00010 0.71000 0.09500
Mean 0.63641 0.00259 0.12387 0.03994 0.76318 0.07905
RMSE 0.01045 0.00426 0.00913 0.00568 0.01004 0.00557

a3 a3y a3z 7 1.0 Ao A3o
True 0.05900 0.12000 0.20000 0.02700 0.00930 0.00530 0.00084
Mean 0.06748 0.13922 0.11315 0.02859 0.00853 0.00427 0.00107

RMSE 0.00272 0.00380 0.00963 0.00033 0.00019 0.00017 0.00007

Table: Summary of numerical experiments. Simulation size N = 100. For
GPD(oj, &), we set (01,&1) = (0.007,0.22), (02, &) = (0.008,0.15).
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Empirical study

@ We test GNC and IGNC among financial markets, Tokyo, New York,
London and Hong Kong by using SHPP model.

e Kunitomo et al.('17, JJSS) investigates the Granger causality between
Tokyo and New York or London by using multivariate marked Hawkes
process (special case of SHPP).

@ In that case, since the trading hours of Tokyo do not overlap with
those of other markets, there exist no co-jumps.

@ Example : Tokyo, Hong Kong

—Trading hours overlap with each other.

— We cannot use the model used in Kunitomo et al.('17, JJSS) since
there can be co-jumps (the simultaneous jumps )

— We need to use SHPP models which allows co-jumps.

A& - A - R 2017 £ 8 H 5 H 23 / 31



Empirical study

Market index: Nikkei225, S&P500, FTSE100, HSI.

Period: 1990/1/2 ~ 2015/8,25.

Model: Bivariate SHPP model.

Threshold: u = —2% (about 5% of the data).

o Method: MLE — LR test.
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Empirical study (Jump Size)

Markets oj &

Tokyo 0.00806(0.00065) 0.16874(0.06431)
New York | 0.00765(0.00076) 0.21538(0.08082)

London | 0.00850(0.00084) 0.10799(0.07717)
Hong Kong | 0.00861(0.00055) 0.15773(0.05076)

Table: Estimated GPD parameters.

[k - 5 - SR

2017 £ 8 H 5 H



Empirical study (Model Selection)

As a first step, we choose a model which used in the causality analysis
based on the minimum AIC principle.

e Model 1: CJ*;(X) =1,

o Model 2: c;i(x) = aj; max(x(;)),

@ Model 3: cj}(X) =a; maX(X(j))é*
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Empirical study (Causality Test)

Null T-NY T-L
c21(x) =0 | accept accept
c12(x) =0 | reject  reject

Table: GNC test at the 5% significant level. T: Tokyo (Np), NY: New York (Nb),
L: London (Ny).

Null T-HK

Type 1 cHh(x)=0 accept
c1(x)=0 accept

Type 2 ci3(x) =0 reject
c3(x) =0 accept

Type 3 cf5(x) =0, ¢5(x) =0 | reject
c31(x) =0, c33(x) =0 | accept

Table: IGNC test at the 5% significant level, T: Tokyo(N;), HK: Hong Kong(/N>).
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Empirical study (Spectral analysis)

solid: Japan to Japan, dashed: HK to Japan,

solid: Japan to Japan, dashed: US to Japan solid: Japan to Japan, dashed: UK to Japan dotted: co-ump o Japan
® / o | / o
° / ° ° e
T o e I e —
0 148 24 [ 4 w24 0 V48 w24
x

Figure: RPC and IRPC from New York, London and Hong Kong to Tokyo.

@ For the relationships between Tokyo-NY, and Tokyo-London, the self
contribution play major contribution while there are some
contribution from NY or London to Tokyo.

@ For the relationship between Tokyo-HK, the instantaneous
contribution plays a major contribution in all frequencies as well as
the self contribution.
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Conclusion

@ Point process models with co-jumps are introduced.
@ We proposed SHPP models.

Asymptotic properties of MLE and LR test of SMPP models are
investigated.

@ We checked finite sample properties of MLEs of SHPP by simulation.

GNC, IGNC, RPC and IRPC are defined and applied to the Granger
causality analysis among financial markets.

A& - A - R 2017 £ 8 H 5 H 29 / 31



Reference

@ Florens, J.P. and Fougére, D. (1996), Noncausality in continuous
time. Econometrica, 64, 1195-1212.

e Granger, C.W. (1969), Investigating Causal Relations by Econometric
Models and Cross-Spectral Methods. Econometrica, 37, 161-194.

e Grothe, O., Korniichuk, V. and Manner, H. (2014), Modeling
multivariate extreme events using self-exciting point processes. J.
Econometrics 182, 269-289.

e Hawkes, A. G. (1971), Spectra of Some Self-Exciting and Mutually
Exciting Point Processes. Biometrika, 58-1, 83-90.

A& - A - R 2017 £ 8 H 5 H N



Reference (conti.)

e Kunitomo, N., Ehara, A. and Kurisu, D. (2017), Causality analysis of
financial markets by using the multivariate Hawkes type models. J.
Japan Statist. Society 46, 137-171.

@ Solo, V. (2007), Likelihood function for multivariate point processes
with coincidences. Proceedings of the 46th IEEE Conference on
Decision and Control New Orleans, LA, USA, Dec. 12-14, 2007

2017 £ 8 H 5 H 31/31

[k - 5 - SR



	MIMS-RBP-SDS-2_insidecover
	スライド番号 1

	報告書2017-3
	釧路
	マクロ消費の状態推定問題
	日次データの成分分解
	月次マクロ指標の状態推定
	Macro-SIML Method
	A Nonstationary Common Trend Case
	Gaussian Likelihood, ML, and SIML

	GDP(Sato).pdf
	ＧＤＰ統計の見方について
	スライド番号 2
	スライド番号 3
	スライド番号 4
	スライド番号 5
	スライド番号 6
	スライド番号 7
	スライド番号 8
	スライド番号 9
	Robust Year on Year Change（前年同月比平均伸び率）
	Example
	Comparing 2 types of �    “ Year on Year Change”
	状態空間モデルとは
	状態空間モデル
	状態空間モデルの目的
	状態空間モデルの歴史
	スライド番号 17
	スライド番号 18
	スライド番号 19
	スライド番号 20
	スライド番号 21
	スライド番号 22
	スライド番号 23
	スライド番号 24
	スライド番号 25
	スライド番号 26
	スライド番号 27
	スライド番号 28
	スライド番号 29
	スライド番号 30
	スライド番号 31



