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Motivation

Let us consider a linear directed graph (or directed network) of
vertices {1,...,n}

On some probability space, based on this graph let us consider
the simple Ornstein-Uhlenbeck system (or a Gaussian cascade)

dXt7z‘ = (Xt’i+1—Xt,¢)dt—|—th7i; t>0, 21=1,...,n—1,
dXin = (Xe1 — Xtp)dt +d Wiy

with initial I.I.D. random variables Xj;, independent of
standard Brownian motions (W.;), 1 <1< n.

We will consider a discrete-time version later.



Motivation

For comparison, on the same probability space, we consider a
typical mean-field interacting system where each particle is
attracted towards the mean, defined by

1 n
de:<;2Xt,j—Xt,i>dt+th,i; >0, i=1,...,n.
j=1

The particle X.; at node 1 is directly attracted towards the
mean (X.;+---+ X. ,)/n of the system.
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Motivation /m ,,,, \

Directed chain/Cascade Mean-field interaction

Two types of interactions

Questions.
Q1. What is the essential difference between these two types of
interacting systems for large n — o0 ?

Q2. Can we detect the type of interaction from the particle
behavior at one node?

Q3. Are the optimization problem (e.g., optimal stopping) and
the answers different between two types?

Motivation.

e Effects of graph (network) structure: mean-field type and
local directed chain dependence.

o Systemic risk problems in financial network: effects of
network structure on default cascades.
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Motivation

Let us introduce an interpolated system of linear equations:

dX,; = <u Xeiy1+ (1 —u) thj Xt,z>dt+dwm,

X = (u- Xen +(1—w)- me—xm)dwdwm

for t>0,2=1,...,n—-1 Wlththeln1t1a1 Xo;, 1<1<n,
and for fixed u € [0,1].

e What is the limit as n — 00 ?




An Infinite-dimensional McKean-Vlasov equation

Given wu € [0, 1], let us consider a pair (Xt(u),sft(u),t > 0) on
(2, F,(Ft),P) with a mixture distribution

(Wry .
Fyo() = u-dzw()+ (1 —u)- Lyw()
of the Dirac measure 635@) and the identical marginal law
t

EX(M) = E%(u) = LaW(X.(u)) and a McKean-Vlasov equation

[ dx™ = bt x\™, F{"Ydt +dB,; t>0, J

where Brownian motion (B, t > 0) is independent of X and

Xo(u) ,and b: Ry x R x M(R) — R is a measurable function.
Here M(R) is a family of probability measures on R.

e two extreme cases u = 0,1.



Weak existence and uniqueness

Proposition. Suppose b :[0,00) x R x M(R) — R is Lipschitz.
in the sense that there exists a measurable function
b:[0,00) x R x R. such that b is represented as

b(t,z, 1) /bt:ny (dy); te[0,00), z€R, pe M(R),
and for every T > 0 there exists a constant C7 > 0 such that

5(¢, 21, 1) — b(t, 21, v2)| < Cr(lzs — 22| + |1 — v2[); ¢>0.

With the same constant C'r, let us also assume that b is of
linear growth, i.e.,

sup |b(s,z,y)| < Cr(lz| +|yl); =,y €R.
0<s< T



Then for each u € [0, 1]
(Q,F,(F),P), (X x X, ) , B.), unique in distribution for

4 N

dXt(u) = b(tl Xt(u)7 Figu)) dt + dBt; t20, with

there exists a weak solution
(u

Lyw = Lygw, :
\_ /
In addition, assume E[|X|] < co. Then, there exists a constant
c(> 0), such that

E[ sup |X{"[] = B[ sup | X)) < (B[|Xo|] + ¢)ec 7.0
0<t<T 0<t<T

e Proof is based on a contraction argument for a Picard
iteration under the Wasserstein metric Wi (-, ")
(cf. SzNiTMAN ('91), GRAHAM (’92)).

e Some extensions. .



e When u = 0, set (X°*, X*) := (X.(O),’)Z(O))
dXt. = b(t, Xt.’ ;CX;)dt + dBt, t 2 0,

and the corresponding copy X dlsappears In particular, if

X0 is independent of X, then X* is independent of X°*
e When u = 1, set (X!, X1) = (X.( ),X.(l))

dx) = b(t, X/, 0gr)dt +dB;; t>0,
t

where X. has the same law as X' , independent of Brownian
motion, i.e., Law(X.T) = LaW(XT) and

o(X], t > 0) 1L o(B;, t>0).

The corresponding non-linear contribution from the law
LaW(X.T) of X! disappears.



Particle system approximation

Let us consider finite systems (X( v >0,7=1,...,n),

t,e

n € N defined by the system of stochastic dlfferential equations

dXt(,?) = b(t,X(?‘) At(jf))dt‘Fth,z‘; t>0, i=1,...,n—1

t, ) )
where
() = wb i (VHA-u) =Y 6w(), i=1,...,n-1
ti+1 1t

with the boundary particle

X = b(t, X, u Sy +(1—w): de(u))dt—i—thn
j 1

10



Particle system approximation

e Here W.;, 1 € N are standard independent Brownian

motions on a filtered probability space, independent of the
()
i

initial values X
e We assume Xéj? are I.I.D with E[|Xéﬁ)]2] < +00.

,1=1...,n.

e It is natural to write X(ul_l = X,Ef) , because

LaW(X,E?)) = LaW(Xff)), 1 =1,...,n and

Law(x ™, x(¥)

i it

) = Law(x'P, x&); s =1,

11



Particle system approximation

Joint and Marginal empirical distributions

Let us assign the weight 1/n to the Dirac measure at

(Xt(f;), Xt(1;)+1) for ¢ = 1,...,n, and consider the law of the

joint empirical measure process

1 vn 1>
M = — ) 6 (u (uw) Wlth m e — 6
b n :‘1 (Xm y’X:(z 1) ! t,n n ;_1: Xt(,?) ’

0 <t < T in the space M({2;) of probability measures on the
topological space Q; := D([0, T], (M(R?),]-||1)) of cadlag
functions on [0, T'] equipped with the Skorokhod topology,
where (M(R?),]|-||1) is the space of p.m.’s on R? equipped with the metric

llu—vll1 := sups sz f(z)d(p — v)(z) . Here the supremum is taken over the bounded Lipschitz

functions f:R? — R with SUP, cp2 |[f(z)] <1 and SUP,  ep2 [f(z) = fWI/lle —yll < 1.

192



Particle system approximation

Law of Large Numbers

By the construction the sequence of the law of the initial
empirical measure converges to the Dirac measure concentrated
in My (say), i.e.,

Law(Mo,.) ——— du,  weakly in  M((M(R?), |1]11)).

We denote by mo(dy) := Mo(R x dy) = Mp(dy x R) the
marginal of My .

Proposition. Fix u € [0,1]. Under the same assumptions for
the functional b the law of empirical measure process M. ,
converges in M(€2;) to the Dirac measure concentrated in the
deterministic measure-valued process M, 0 <t < T, as

n — 00, ie.,

lim LaW(Mt’n,O S t S T) = 5(M¢,O§2€§T) in M(Ql) .

n—oo

13



Particle system approximation

The marginal laws of M. are the same, i.e.,
My (R x dy) = Mi(dy x R) =: my(dy), 0< ¢t < T, and the
joint M. and its marginal m. satisfy the integral equation

/g Jm;(dz) /g modx—i-/ ds; 0<t< T

for every test function g € C2(R), where

As(M)g = U/Rzg(s,y1,yz)g’(yl)Ms(dy1dyz)

F (=) [ B, v, )0 (o)me(d)m, (A

1
+ 5/Rg"(yl)ms(dy1); 0<s<T.

Moreover, M. is the joint distribution of the solution pair

(X, ’)‘(’) unique in the sense of distribution with the common
marginal m. = Law(X.) = Law(X.). O
e Proof uses the martingale problem (OELSCHLAGER (’84)).

14



Particle system approximation - fluctuation

Fluctuation

e Let us also consider X;;, t>0, 7 =1,...,n+1, n>1,
defined recursively from the pair

(X oy Xopt1) i= (x\*), X ™) of the solution to the
infinite-dimensional McKean-Vlasov stochastic equation

dyt,n = b(t,yt,n, U-0 —I—(l—u)ﬁy )dt—l—d Wt,n; t Z O,

Xtn+1 t,n
and then for j = n—1,n—2,...,1, given X.,;;1, we solve

dX,; = b(t, Xuj,u-bg  +(1-u)-Ly, )dt+dWi,; t>0

Xtj+1 t,j

with the distributional restrictions for each pair (X.;, X.;i1).
We set the common law m* = Law(X.;) for 1 = 1,...,n+1,
and we also assume the initial values are the same as

Xo(;) = Xo4, ¢ = 1,...,n almost surely.

15



Particle system approximation - fluctuation

Proposition. In addition, let us assume that the marginal
distribution m:(dy) = mj(dy) of (X; u),t > 0) has the density
m(-) (i.e., mi(dy) = mi(y)dy, y € R ) with

Jrly|?mo(dy) < co and assume there exists a constant C'r
such that

mt(:cl)

-5 t, T, .
mt(yl) ( 2 y2)

~ m\ T
‘b(t,Ihyl)' t(yz; ‘ < Cr(|m — z| + |y1 — v2])

mt(

for every (z;,y;) €R?, 4 = 1,2, 0<t< T and

B(t,2,9) | < Crllel + 1y

for every (z,y) €R?, 0<¢t< T.
Then for the difference between two systems



Detection problem

A detection problem of mean-field

Suppose that we observe only one sample path X with

dx{™ = b(t, XY, u- 650 + (1 — ) Loyw)dt +dBy; £>0
t t

but we do not observe the other particle X ()

()

Here 1 — u 1s the size of effect from the distribution of X.

Q2. Can we detect u € [0, 1] only from the one sample path?

A. In general, it seems difficult, however, we can resolve it when
b is linear.

17



Connection to the infinite-dimensional OU process

Let us take a linear functional
for t >0, z € R, u € M(R) of mean-reverting type.

(}@”=~4wxﬁ4ﬂwwuﬂmxﬁ—m@“mm+ﬁi

for ¢ > 0 and each u € [0,1].
Setting a fixed initial value Xo(u) = 0 for simplicity, we see
E[X{"] = E(X;"] = E[X] = E[x]] = 0, t>0, ue[o,1],

with an explicitly solvable Gaussian pair (X (¥)(t), X(#)(t)) for
t>0, uelo1].

1R



Connection to the infinite-dimensional OU process

The iteration scheme, when » = 1.
For simplicity let us set X;(O) =0 and v = 1. Given XZJr ),
we define

t
xf(t):/O e () x] (s ds+/ (=904 B (s),

and also, given Xg (), we define

X} (s) :/0 (=) ] () du—l—/ (s=)d By (v)

for ¢ > 0, and hence substituting X2Jr (*) into the first one,

t t ps
XlT(t) :/o e_(t_s)dBl(s)—i—/o /o e~ (t=)dB,(v)ds
t s
+ [ et [Tetemil (0w
0 0

10

for t > 0.



Connection to the infinite-dimensional OU process

By the product rule for semimartingales, we observe

/ / W) 1dB(u)ds = /Ot e“(t_ku)kdB(u),

for k € N, £ > 0, and hence

/Ot /0 e“dB(u)ds = /ot et (t — w)dB(u),
/Ot/Ok/ol e*dB(u)ds; - --dsy, = /Ote ngB( u)

for k € N, t > 0. Thus for the above example we have

Z/ (=) ) ——+—dBg1(v)
for t > 0.

20



Connection to the infinite-dimensional OU process

Xl = 3 [t Eo W g )

is a centered, Gaussian process with covariances
E XT XT )] = —(s+t) = s 6721} Nk t— kd
[(Xi(s)X1(2)] = e > na (s —v)*(t —v)dv
i=o’o (K1)

= e_(t_s)/ e 2V Ip(24/(t — s + v)v)dv
0

for 0 < s < t, where Iy(-) is the modified Bessel function of
the first kind with parameter 0, i.e.,

2

et T\ 2k+v 1
L(z) := kZ:O( ) I'(k+1)I(v+Ek+1)

for z >0, v>—1.

21



Connection to the infinite-dimensional OU process

In particular,

Var(X{ (1)) = /Ote_szo(2v)dv = te 2 (Ih(2t) + L(2t)) < o0

(it grows as O(t/?) for large t, also,
E[X] ()X (s + 1)) = O(e” 2V )t/ )

Thus XlT (1) is not stationary.
The (marginal) distribution of Xg() , k € N is the same as
X/(), and hence, we may compute (at least numerically)

mﬂm@@nsz”mﬁwQWMs

= [ et IR () X s

and recursively, E[X] (t)Xk(u)], kEeN for 0<t,u< 0.

99



Connection to the infinite-dimensional OU process

Sample path of (XlJr (-), X2)r (1)) generated from the covariance
structure.

X/ () X3()

t
xt) :/0 ~(t-5) x (s ds+/ (-4 By (s),

for t >0 and LaW(Xl(-)) = LaW(Xz(-)).

22



Connection to the infinite-dimensional OU process

In general, we have

XtU) _/ e —(t— s)ux(u dS—I—/ —(t— s)

/ Zpok t—s; u)dWsk;

k
pok(t —s;u) == u(tkTS)e(ts) ,

where (WF, k > 0) is a sequence of independent,
one-dimensional standard Brownian motions, independent of
the Brownian motion B(:).
e Note that the integrand pox(t — s;u), k € Ng is a (taboo)
transition probability P(M(t — s) = k|M(0) = 0) of a Markov
chain M(-) in the state space Ny with generator matrix
Q = (%j)ijen, With g1 = v €[0,1], ¢;; = —1 and
g;; = 0 for the other entries 7 # 1,7+ 1.

24



Connection to the infinite-dimensional OU process
Thus we interpret pox(t — s;u) as (0, k) -element of the
Np x Ng-dimensional matrix exponential e(t=%)@ i.e.,
(pij(t —su) == P(M(t—s) = j|M(0) = 2),7,7 € No)
= ((e99);;,4,7 €No); t>5>0.
Then we have a FEYNMAN-KAC representation formula

—(a t o
X = B[ [ 5" 1 =ndWer M) = o5 20,
k=0

where the expectation is taken with respect to the probability
induced by the Markov chain M(-), independent of the
Brownian motions (W. ;, k € Np).

25



Connection to the infinite-dimensional OU process

dX: = QX:dt +dW,,

where X. := (X}, k € No) with X, = 0, and
W. = (W, k € Ng) with the backward Kolmogorov equation

d

EetQ = Qel?; t>o0.

Thus, by It6’s formula we directly verify
¢ ¢
d(/ et 9% w,) = (Q/ etIAW, ) dt+dWy; >0,
0 0

and hence :
Xt:/ et qw,;, t>o,
0

is a solution.

26



Connection to the infinite-dimensional OU process

e We may compute the variance-covariances.

e Although @ has the specific form here, it is easy to see that
in general, the FEYNMAN-KAC formula still holds for the
infinite-dimensional OU process with a class of generators @
which form a Banach algebra

(e.g., the generator of the discrete-state, compound Poisson
processes, FRIEDMAN ('71)).

e More generally, it is connected to stochastic evolution
equation (see e.g., DawsoN ('72), DA PRATO & ZABCZYK
(’92), KALLIANPUR & XIONG (’95), BATT, KALLIANPUR,
KARANDIKAR, & XIONG ('98), ATHREYA, BAss & PERKINS
(’05) for more general results in Hilbert spaces).

For more recently elaborated work in the similar direction see
CHoONG & KLUPPELBERG ('12), RAMANAN (’18).

27



Connection to the infinite-dimensional OU process

Asymptotic dichotomy

The asymptotic behaviors of their variances as ¢t — oo are

dichotomous
t
(u)y _ —2v _ 0(1)1 U € [0: 1);
Var (X, )_/0 e ““I(2uv)dv = { oWE), u=1.
-2t
with Var(Xt(o)) = 1Te,

Var(X{M) = te=2(Ip(2t) + L (2t))
for t > 0.

IR



Connection to the infinite-dimensional OU process

Weighted by Poisson probabilities

e An interpretation of

Z/ et ) 4Bk (v)
=: };)/Ot pk(t — ’l))dBk_|_1(U)

for t > 0:

Suppose N(s), 0 < s <t is a Poisson process with rate 1,
independent of (Bg(-),k € N). Then

e t
XlT(t) = ]E{Z/O 1{N(t—v):kz}dBk+1(v)‘F(t)
k=0

where F(t) := o(Bi(s),0<s<t,keN), t>0.

20



Connection to the infinite-dimensional OU

f we replace the Poisson probab111ty by
compound Poisson probability, i.e.,

N(t)

ng)

where (§x, k € N) are I.I.D. integer-valued R.V.’s with
P(¢ = i) = pi, 1<i< g, £ pi = 1 for some g €N,
independent of N(:) and (Bgk(-),k € N), then

= 2/1 T () = iy 3Be1 (W) F ()]

Il

0 ¢
;;‘o /0 Fe(t — w)dByi1(u),

where
ak

Bu(t) = o [exn (L mit(s )]

1=1

z2=0

for keN, t>0

20



Connection to the infinite-dimensional OU process

corresponds to the modified matrix

-1 p1 p2 -+ pg O
Q = 0 -1 p p2 -+ Dpg - |,
and
dx(t) = +sz 1 (1) dt + dBy(t)

with X[(0) = 0 for k €N, ¢t >0.
e In particular, if ¢ = 2, p; = ps = 1/2, then

lk/2] e—tth—i
[ = - ; > .

If we replace Poisson process by the Z-valued, continuous-time
Markov chains M(-), we obtain

21



Connection to the infinite-dimensional OU process

e Another example: if we take

~ 2 —1 12
Q= 12 -1 1/2

then the solution can be represented by
— o t ]
X;r(t) = E[ Z /0 1{Ml(t—s):k}dBk(S)‘]:(t)j| , 1EZ
k=—o0

with continuous-time, simple symmetric random walk M;(-) on
Z with M;(0) = 1€ Z.

e Connection to SPDEs with a discrete Laplacian for this case,
while for the OU case it is connected to a discrete gradient.

29



Connection to the infinite-dimensional OU process

o Another modification: now with repulsions we consider
dX;(t) = (Xi(t) — Xo(¢))dt + dBu(t),

dXo(t) = (Xo(t) — X3(¢))dt + dBa(t),

We may use the same reasoning in this case to obtain

st _1Yk(+ _ s k
Xl(t) = /Ot l;) et_s . (1)(kt!)dB1H,1(S)

with exponentially growing variance

Var(X:(t)) = te®*(I(2t) — I,(2t)); t>0.

22



Detection Problem

Now let us take F. = (o(Xs, Xs),0< 5 < -).
Thanks to Girsanov theorem, the log Radon-Nykodim
derivative of the solution P(*) w.r.t. the Wiener measure Py is

dpw)
dPg

T — 1 T —
= / (Xt — uXz)dX; + 5/ (X — uX;)?dt.
0 0

lo
g I

Thus given F %( , the observer may maximizes the conditional
log likelihood function

dp()
IE[ — log ( P,

X
)PP
with respect to u, and formally obtain a unique maximizer
U= (/ E[X?|FF]dt) / X, X,dt +/ X,dX; ‘]—"T]
0
as an estimator of w.

22U



Detection Problem
R we replace X. by X., then we obtain a modified estimator

U, ::(/ Xtdtr /Xtdt+/ Xtht
—1—(2/ X2dt) (T -X3).

lim 4, =1-+V1-u?<u€l0,1].

T—o0

Another typical method of estimation of u is known as the
method of moments. We may obtain the method of moments
estimator by matching the second moment in the limit, i.e.,

1/2 1/2

lim 4y = u €][0,1].
T—o0

Thus this method of moments estimator 4,, is asymptotically

consistent to the value v as T — 0.
225



Connection to Time Series Analysis

A Discrete-time version — modified AR(1)

Let us consider its discrete-time ygrsion, namely, for a € (0,1),
u € [0,1] the solution pair (X,, X,), n = 0,1,2,... which
satisfies the following recursive equation for n = 1,2,...

[ Xp = aXp 14 (1—a)(uX, 1+ (1 — wE[Xn_1]) +&n J

where we assume Law(X.) = Law(X.) and X. is independent
of the noise €,, n € N. We shall find the joint distribution of
(Xp, Xn), n €N.

For simplicity, let us assume Xy = 0 = Xo.

Then it is reduce to E[X,] = E[X,] = 0 and hence
Xn = aXp 1+ (11— a)u’)‘{'n,l +e,; n=12...

with distributional constraints Law(X.) = Law(X.).
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Connection to Time Series Analysis

Recursively substituting from Xo = Xo = 0, we have
X1 =€, Xo=aXi+(1- a)u?ﬁ—l—sb
X3 = aXo+(1—a)uXy+6€3 = -+,
n—1 ~ n—1
Xn = u Z ak’l(l —a)Xn_k+ Z afen k.
k=1 k=0

o~

Thanks to the constraints Law(X.) = Law(X.), we solve

-~
X, = Z <lz> uz(l — a)lakfzsn_k,z,
1

0<4<k<n—

— k _
-X'n = Z <£> ’U,l(]. — a)lak ZEnfk’[Jrl ) n c N,
0<¢<k<n—1

N

where €,,,, n,m € N are independently, identically
distributed noise with €,09 = €,, n € N.
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Connection to Time Series Analysis

Simulated sample path (X, T(n)

X, = aXn_1+(1—a)uyn_1+en; n=12...

with distributional constraints Law(X.) = Law(X.).

L T T
I ! L |
I N - T TS

The sample path (Xn,jfn) , n=1,...,100
with a =0.5, Xo = 0 = Xp and I.I.D. N(0, 1) noise ..
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Connection to Time Series Analysis

Asymptotic dichotomy

The variance-covariances can be calculated, e.g.,

n—1 k 2
E[X?] = Z Z( > a)zzaz(kfz)

k=0 £=0
n—1 az
k k
= u(l—a)" s —k,—k,1; —— ),

kEZjO 2Py ( (1_a)2)
n—1 k
ZZ( >< > 20-1(1 a)%’laz(k’l)ﬂ
k=1=1

for n € N. Here 2Fy(:) is the Gauss hypergeometric function.
Particularly, we have as n — o

O(1) ifuel0,1),a€]0,1),

) O(y/n) ifu=1,a€(0,1),
Var(Xn) = O(n) ifu=1,a=0,
orifu € (0,1],a = 1.
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Connection to Time Series Analysis

Another formulation — Cointegration

Another simple discrete-time version we may consider

[ X, — auX, = a(Xn_l—auYn_1)+sn; n—=12... j

o~

with distributional constraints Law(X.) = Law(X.). We
assume X. is independent of the noise €,, n € N.

This is a type of cointegration model between (X, 3{’) , Le.,
Y, =aY, 1+e,, Y, = X,— au’)‘(’n
for n € N.

We assume |a| <1, |a|] <1, u€]0,1].
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Connection to Time Series Analysis

Under the assumption Xy, = 0 = Xp, |a| < 1, |a| € (0,1],
u € [0,1] the solution can be represented as

© n
Xn = Z Z ak(au)eenfk,l;

£=0 k=0

~ o n
Xn = Z Z ak(au)esn,k,gﬂ .

£=0k=0

This case provides stationary series if |au| < 1, |a| < 1. If
la] <1 with u = 1 = «, the variance grows linearly like a
random walk.

e Ongoing project: Statistical inference problems, unit root
test, partial information.
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Connection to Time Series Analysis

Optimal stopping problem and reflected BSDE

Given the solution (Xt(u), 0 <t < T) to the infinite
dimensional McKean-Vlasov equation, we shall consider the
following reflected backward stochastic differential equation

T T
Yt = §+/ f(S, Ys,Zs)dS+KT—Kt—/ Zs'st +MT—M¢,
t t

T
Ytth; OStST, / (Yt—Lt)thZO,
0

where K. is adapted, increasing, cont., M. is a cont., local
martingale orthogonal to the BM B. with My = 0, and

L= h(XM");0<t<T, ¢:= g(xi¥

with a measurable function g with at most linear growth, a
continuous function h with at most linear growth with

9(-) = h(-).
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Connection to Time Series Analysis

We define

SZ := {(Yi)o<t<T, continuous, adapted E[ sup |Y;|?] < oo},
- 0<t< T

T
L% := {(Zt)o<t< T, progressively meas., E{/ \Zt\zdt] < 00},
== 0

M3 = {(Kt)o<t<T,adapted, cont., increasing, E[KZ] < +oo},

and assume that there is a constant C' > 0 such that for every
t: Y, Y2 € R) 21,22 € eZ(R)

|g(t1 Y1, Z) - g(t7 y2722)| S C(|y1 - y2| + Hzl - Zsz)
and g(-,0,0) € L.

Proposition. The reflected BSDE admits a unique adapted
solution (Y, Z, K, M) in S x L& x M2 x L.

43



Connection to Time Series Analysis

The solution Y. is the value function of optimal stopping time
problem

Y; = esssup E[/ f(s, Ys, Zs)ds + h(Xt(u)) Lirem
TET: t

+ 9(X§) 1= | 7]

for t € [0, T'], where 7; is the family of stopping times
dominated by T and greater than or equal to ¢.

Proof is based on EL KARrROUI, PENG & QUENEZ ('97a-b). O

e Extension to the mean-field, (reflected) BSDE of BUCKDHAN,
DiJEeHICHE, L1 & PENG (’09), L1 & Luo (’12).

¢ Interaction between (X.(u),j(’.(u)).
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Summary

Summary:

» Two kinds of systems with different interactions: Directed
chain/Cascade or Mean-field interaction
» Interpolation of these two systems leads us an
infinite-dimensional McKean-Vlasov equation:
» Well-posed : Weak solution exists and unique in law.
» Particle approximation : LLN of joint empirical measure
and /n estimate.
» Case of linear functional :

» Connection to the infinite-dimensional OU process
» Detection problem.
» Discrete-time case.

» Optimal stopping and reflected BSDE.

e DETERING, FOUQUE & IcHIBA (2018) “An infinite-dimensional
McKean-Vlasov stochastic equation” arXiv: 1805.01962 Preprint.

® Part of research is supported by NSF DMS-1313373 and DMS DMS-1615229.
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HEE #& SR D FEA
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( one-hot representation ).
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ZDEE, ATy MY —ikH (cross entropy error) % AR D
EDITERT B.

H(t, p) := —t" log(p).
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Copyright (©2018 Takanori Adachi. All rights reserved. 38/80

4
%

ZDSRES

> Za—F) - 2y b —21F, L OHIZIE U TEATH W;
ENLTA - RY l\}l/b EEHTAILIZL o THFHT S,

P%‘/‘-‘}\Xu—a Ox El+ —g_;_:)
774 VEDRIT m aaL EAET 5.
%&tnf?X&u?wiokbe%?é.

oL
Wi = Wkj— =
ki ke n&wa’

v

v

oL

772U 0 1378 (learning rate) LIFENDERTH 5.

Copyright (©2018 Takanori Adachi. All rights reserved. 40/80



IR RE 2L DR

oL
() ()

dy2

Ezeﬂ_an oL oy
ﬁy,axk OyT ox’

axk

%%@%%ﬁ%é@ﬁ,a%@ﬁﬂﬁ%ﬁﬁﬁ

Copyright (©2018 Takanori Adachi. All rights reserved.

B B D FE2

def forward(self, x, t):
self.t = t
self.y = softmax(x)

self.loss = cross_entropy_error(self.y, self.t)

return self.loss

def backward(self, dout=1):
batch_size = self.t.shapel[0]
if self.t.size == self.y.size:
= (self.y - self.t) / batch_size

else:
dx = self.y.copy(Q)
dx[np.arange(batch_size), self.t] -= 1

dx = dx / batch_size

return dx
Copyright (©2018 Takanori Adachi. All rights reserved.
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WAL, RETY MO —ZZ2EAL o AEK L 25
"5, 5,

p := softmax(x), L:= H(t,p)

L9sL, UTF2E/[E5.

8Xk p;

9pj (1= pi)ifj =k, oL _ g
—ppj ifj # k Ipj p;

ERAY.0X>

oL 9p; -
3Xk Z@pjaxi_ (apk JZ:PJ )—Pk—tk.

L72D35 T
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774 VE (N FhR)

b’
Y = X W
(NxJ) (NxK)(KxJ) b7
(NxJ)
ZZT _
y{ x{
Y =|:], and X :=]":
(NxJ) T (N><K) T
N RV
L7=h35T
K
Ynj = ZX,,J(W/(J + bj.
k=1
P ARG =
Onj _ o Oyni _ xenifi=j, Oyni _ JLifi=],
R A Y N E ab; | 0ifi+#]
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T 7 4 VD FRE

&L DIENTTIZDON2TWB L E, BTFD &S L Tl
NRBEHETE S,

6 Oyn,j O 0 oX Y
Xn, k Vn,j OXn,k Yn,j (V%K) (NxJ)(JXK)
J N
8L 6y,,,,- 8L
= — X NE
3Wk Z; ,Z; Oyn,i OWkj 4= Oyn,j "
WA
L
OW — (KxN) OY
(KxJ) (NxJ)
J N
AL yn, aL oL
Z Z Hence — 1
Oyn,i Ob; E:é9n ob — OYT
n=1i=1 Im Ynj (Jx1) (J><N)(N><1)
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J J .
Z OL_ Oy, :ZiaL'Wk,j. Hence % = ﬁ w’ .

7714 VEDFE

def forward(self, x):
self.x = x
y = self.x.dot(self.W) + self.b
return y

def backward(self, dy):
dx = dy.dot(self.W.T)
self.dW = self.x.T.dot(dy)
self.db = np.sum(dy, axis=0)
return dx
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BT — % 5 BT — X & AR 3 1% (1)

> pi 2 i BHOKMMEE §5.
» GZNZRERMOSE h, 722 2K 108, I8 L T, BAFD LS

WIZUTHEERZ bV Av EBERZ ML v 2E5.

Pith _ 1 ifj+ h < n,

Arji=< Pi
0if i+ h> n,
1if Ar; > 0,
vii=1 0if Ar; =0,
—1if Ar; < 0.

> RRNS, ZHES V.
[0/ 2
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ZD &SN (h=10 #) T, #&HiXZ blv DIF
CAETRTOEENF RO —Z, DFD0I1Z%>TL

5.

T5E, BEEN O DORZ MR KIEOEERED TN

MoTLES.

—H, D ABEBOR IR MLVOLERENR 0 IZRE LD ICE
ADFBINTULUED &, B IEFPTNUEEHRINRL k-
TL%>.
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FEM 3 D pros & cons

» Pros:
T - 7V —. DF DREDOHRS A ZRiIRE LW

» Cons:
TAMABMDO LY AR, b —=vJHIBOZN & I13E D H
H Lz,
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TIVT 7V AIEH (1)

> AR EZH > T whIE, TAMNITES.

» UL LS —MIZiE, NN OREEZEMIZE TOH R <K
XCHEHMET, R 2T ABEBOEY LN mE RO A I
MBTER.

» DFDNNZFE->TERLEZETLV I 722 ICLAETLTY

ALHENHZDEHETED ) AVEMTFHEEZRERT LI &
IHEL V.
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B E I3 A IZZEZEH LT WBDH0 D

> LA F oV, N—= TR AERERE R
HBLTLUES D L.

> Al DEEHERRIE, VIR - F VDR AERDLNE

Lavzg\wn.,
» BHHIZERHEZARRIE, MRS BVWESIZRoTLEI 2D
Lavzgwn.,
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TNT 7 ) ASEH (2)

B IX, (AHEEDLE LNRW) FEROMiED 721z, fEER
HEOMEZ BT THD"

-4 VT LYYy —T

1. RN b olzb e TDY A7 EHI
2. NAEMEITIRVWE ED) AZEHE (BTN - )V AY)
3. EFANHE D ICHMT, VAZEFHITERY

V=V - Tav 0L EORNERNIZERIZIE, 2FDDOY R
I RHUDGRRE & 7R o 7.

LU s, Al TEREhX 7z 703 XA A G2 Ll
X525 EKTIE, SFEHDY AW REH KERMEE X
BHrH L.
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HFT ORI & R3Fk
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EATLIRILTIZ S Tz D> 7

SIP (GEZ1EHALEEEEHS) 25 NBBO (2 FER R SME) % feft
LTCTWizhs, ..

SIP X RZED - 7=,
FEE HIGOILEBIZE > T TEM) 2EALTULE 7.

ZOMEIE, YATLERETAEZILIZE > THRTES N
IZHRZ 7.

LLEhs, LW TOMGERHEB U, 8—27 7 —
IV (RARERE S AT L) TH 5.
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SEUN DR RS

AT LD, TOBRLEFE L. —FEHENEOBITRTOHZE
D 80% %ML, 2FDN15%ZHED, R0 IXIHM L 1G5
AN

would sell their grandmothers for a microsecond

AV —F% L5 (Latency 25 F) (21, BAFD 3 DDHIEN
H5.
> Box
» TEZRETENT TV,
» GPU (%fis @ik 574w o - Fv 7)) ORI
» FPGA (7'— b L L TOF v 71k) OFIH.
» Logic
» TRy b OE#HL
» nanosec (107° #) ~DOHkHk ( timespec: :tv.nsec Z{H5)
> Line
» Ry THOHI
> kR ERML (RIUHEDH, &2 0 IddYiks L)
A=V %G
r—>a > (JPX TIESIRETERE 25 —)

an
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FIELLREDOIE N ERT 52 &

» RIELLE A T A 5> T E 72 (around 2004, 2005)

> TK - 53 3o 2 <, FEMR->TL BRI 7V
77®E%ﬁm%tzé W% L %5, (BB AT DR RE)

» NY - HEORMBEE H 50, K 0 EHERRIL.
» # 51X ECN 2Ff> T3
» BATS OFJEHRA L TH K\, (T ?
> [FIFRIREENS| (a.k.a. front running)

> B—=0 T =) OHBEIZE D, ERTIZHFHBITI D EHMIC
o T&ET-.
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GREH HFT vs. PRI HFT

» Good HFT
FREHHY (statistical) HFT. (taking market risk)
Ex.) electric market makers

» Bad (or at least Unpopular) HFT
PLAE Fw Y (deterministic) HFT. (taking no market risk)
Ex.) front runners (latency artbitragers)

HFT [EE5# T2 & WD DIFEREMN?

Z<DECNDPHBZ L ZFHLTUS TIHHNTWDE HLFEDIR
M HFT S IEmRE» S Lz,
D, HEHFT TlEH b AARTARE.

AR HNE BT AR D2 ?
(- LHARIMIZEDL) 727 /8 Y —CTRILTELRVDN?
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FRER D HFT - R[4

> TR (XS )

HFT 1 — 100sec
VHFT 1073 — 1sec
UHFT 107°%— 10 3sec
SHFT 1079 — 10 %sec

> RFMREDN T2 v ZHIZED W T W7z 6 8575007
> ARV OHTEBERERETE R RS ?
(Heisenberg O AT E M U )

» Local self-financing property 23figd1% ?
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Al & 1XHID HFT kK

» HFT PEEER?

> N =TTy H—

» HFT & 7Juyv horv=v7
» HFTOIE7 1711k

> EREEIZZA AP E>TWE, SOHFT S THA
BEDTH HFT L E-o TWEHRE 72D LIRVIES
NBH X B72A55.

» HFT 2Bl oG] & U THLHIS 2 B2 e < 70 5.
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FRBR D HFT - %l A fif

» 2003 4£D NYSE TOZIAEHE/NTIE, BEIARY 2 —Lh—
LRATE B 2 7=,

> 2014 F 7 HD TSE TOHIAEME/NME, KREFETIERY 22—
LMEEZ =D, WO ELS R OEEIR L D6 ko 7x.

» 2015 4E 9 HIZIX TSE 1%, WL DD DD ZL A fEZ 50
g2 s MMM ICELE.

> LA L, FERANC IR FIAREE O/ & FIRRIC, S A S i
INUTWL 7259,
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MR D HFT - X €Y

» A UAEY TRET 54

» 2003 ££. NYSE O ZIAfEMH/NDOHET—HD tick T — X W
2GB A 7-.

» BIFO R Ly bV VTEET 7 CATEST N LU AZEM%
R0 T, WWERFERTINAZBEND 7.

» 64 Y YT UDT L AZEMORSIE 8EB (8 x 108byte).

» TQTI28E Y RV UDBELT LA ING, THELHIEK

SEES 5.
> 25 RICBEWE T — R NS 254
> BEEEAG Y 212 o TRIEASAET B (7)
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7 )L THBI DIFIK & R3E
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RO HFT : ) A 2758

> WUNIERE D) 2 2 5 EE
» 201045 HD7Ivva - rIvva
> A XY OBINIERF DL
» BT ZZEH (7)
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7OV THLG | D R A

> MG —EHOWIEZ TV IR D2 DD 5.

v

HEEOBEMIHNEDOEERN LW ETHY, HHERK L
HICEEEZ2F vy EILLUTWAEZ ENEHEELRFRA YV MNT

H5.
> TH, ALIZEEDRHLZDN?

FIZMFETLVIOL ZEESN?

v

> FZADR S G ETEHERTLIDOE X7

T T&FE5 > THES S 9

v

> ZARRART NI ALEELSHPENDTIERN?
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7OV THLA] & K]

b

L

» —F, BULAIEATTLIIEOK 2 VWS Z e nlE, 7L
T ANZRATERLTIEWIT .

» LU, BURTIEZHIZEEL V.
FEHRIZ 1 Turing test LYW, THZIhd, ADSD EX
N=SHETERNWESS.

» ZTNTH, HIFTIEITIZ6 —7ENIE 7T LT EBbnsgdh»
5, ZORBEIXE) TENR,

> fEEw, T LIRDENS, BIFPEUFICTT 5 A HN LB
BEROT 5NN DNE L,

» BHNZHEERICE DOV TR I NS TEWIT 2.

> ZHOTHRIINIE, WEHBI - ZIZR->TULESZIFDLSIC

>
BZ5.
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LR IEER DY

> flifiE (PR BEN IZ o E D LTnWa T L.

ol

» BRE LD BERE - SX—VEHET O
» il - Twitter DF F A MRS RKX— 2 Z2EET.

» U2 USRS R 2 2RI 2N HERN» 7
> TT 7 BRIZIZEMEAS. (VT —F)

> RHEHSEDRRWEIRIZB AR A 5. (Y TIVEA L)
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NIE7Z2 T

» A& 7NV TDE UG TS T 2 DIXAFED?

» 2016 E#E. Goldman Sachs 1600 4\W/- b L —&X—% 24
S L, RODIZ200H/DFEHT Y Y =T HRFT LT
NWITEEI Ta I L% E->T-.

(MIT Technology Review 2017 42 H 7 H)
> IEX-350 ¥ ZufiEND PTS

» RO 2R EBmEDEE?
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Alpha Go Zero : ML without Big Data

F2 135 ETHEWMEE (ML) By 75— X% & 5 RRAA]
DEEZ, THHMLIZIZKEDOHED Y — AR RBE L BWAA
T\ 7=,

Alpha Go Zero DifEilfif7 & Z A1, (FREDDEICEIT5) AJE
DHFHE GO KEDOT =X 2FbTI, 7VIV ALDATSE
TANEPEERGR - 72HEE (B 22 o72, dwH 2273
5. ZTORIEYE LT, BDELREIEEORDVHZITNE, Ih
WERAZZEZNE, BA2 NEDOHEEP NPT —N—=~y RD%
WEARTHDEH, WS eFEES.

W ZE, WRLIZET 25D 2 L—ILELTEDS I &
T, IR EDORED DI SR, REEIZ universal
mathematics & THFERIR & AFHD i E DR RATHRE L 2 WEeg
(17 2)2AID T ZENTESEND LA,
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27 UFE DR & A

» T2/ IAMERANZESHZS, DF0T7 05710 7HEHAD
i S N N

» AIOH L TERREDOERICZKNEAZHEL S LW HHAAIRE
B 7 (NHK R 2017 467 A 22 H)

D DA S 7R 2 SRR Y Z 2 CHATES
PP (BBEBRIL Y —HEE? )

> (REF) BlEm DL\, 7— X721 OfitsR.
HPZENZELD?

» HOEME TP 20 3MER WD, BEKOERZMHEKE T
% DT HIFHE DL OBUIHRIREEEE LTH 5.

> HEMIC TR I NZEENZR > TLUEDRVLD?
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ERET D Al

» PwC identifies three waves of automation between now and
the mid-2030s: algorithm wave, augmentation wave and
autonomy wave

> In the first wave up to the early 2020s, relatively few jobs will
be automated but financial services could be relatively
highly impacted

» Up to 30% of existing jobs could be impacted by the
mid-2030s, with the transport, manufacturing and retail
sectors particularly affected

» There should be broadly offsetting job gains provided
investment is made in retraining

(PwC Press-Release 2018 42 H 6 H)
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TVUVA T AN —

» BaAVVEa—T 4 VI, epthiGEaEAT 5.
» Deep learning O > 732 k

» T3/ 3IAbvs. Za—I)0V-xv b T—2
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ELWEL Z?

“TDEFLZRETEEL, [MBHEPbR5RR.
7272, Al OFEFIZBRSZIFLITICE->TIE I EZ 8D
MORLUE 577,
FTEELWXULZ) 228D B WERIX, KEW, "

- TIZA-NFER (T4 =7 - 3AVF)
(HAREH5 50 2017 4F 6 H 4 HEATI)

ARSI ZaicAB e, —a—I N0 Fxy hU—J &2 f-oTWE
. — AT, BRTANLSHEEZF>TVWBEDIFTT.
SEIREHROL L THROI>TWET.
EhoimBEEr bR AL LTRVEWITRWY, "

- HRHE— (HALFEISERT)

(BITA 7<% FK 2017 4 4 H 16 H)
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» 7L XL, AlIZE > TAY— MZIR o8RRI, &
SHANDFEZENTANIZE->THEEINS., FTORE. .

> BEIZEICREHT 2o A= d, BIEXRHEY R FHRILL L
DIAZZI NS85 ZLIFTERLR5,

» BUESEP R, WACHE, 2O XLEE 2 kU e
%, WhW D GRElEAN & B 5 KM L 1R HEED AN
LIRHRON S 2DFTEET B,

> 7TV XLHEIDSEITHEFERD, ZARIERIZAm»S Z
CATTRNFHERE S L.
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Estimation of Brownian Functionals
Let
Y(&7) = X(t7) + env(t]) (i=1,---,n) (1)
be the (one dimensional) observed (log-)price at t”
O=tg<tf<---<tp=1)and v(t7) (= v;) be a
sequence of i.i.d. random variables with E[v;] = 0 and
E[v?] = 02 (> 0). We assume that

L )

€nh — ﬁ
where ¢ (> 0) is a constant. When § = 0, it is the
micro-market noise model, while it is the high-frequency
financial model without noise when § = co. When
0 < § < o0, it corresponds to the small-noise model. The
underlying continuous-time Brownian martingale is

X(t) :X(0)+/otasst O<s<t<1l), (3)

which is independent of v(t/), o, is the (instantaneous)
volatility function and Bs is the Brownan motion.
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Local SIML
Estimation of

We assume that when the volatility process is is a diffusion S e
unctionals
type process as

Naoto Kunitomo

Estimation of

t t

U% = 08 +/ ugds—i—/ wldBl (0<s<t<1), (4 Brownian |
0 0

where p? and w? are the drift and diffusion coefficients and

BZ is another Brownian motion, which may be correlated

with Bs.

The problem of our original interest is how to estimate

Brownian functionals of the form

1
V(g.2r) = /0 g(s)o2 ds (5)

for any positive integer r and a known function g(s) from a
set of observations of Y(t") (i =1,---,n). We denote
V(2r) = V(g,2r) when g(s) =1 (0 <s <1).



Example 1: When r=1, the integrated volatility is given by

1
V(2) = / olds .
0

Example 2 : The asymptotic variance of the SIML
estimator of integrated volatility V/(2) is given by

1
2V(4) :2/ odds .
0
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Local SIML

No-Micro-Market-noise Case Extimation of

Some Brownian
Functionals

Naoto Kunitomo

For simplicity, we take t7 — ¢ ; =1/n(j =1,---,n) and

t§ = 0. We divide (0,1] into b(n) sub-intervals and in every

interval we allocate c(n) observations. First, we consider the (25 Simeten
sequence c*(n) such that c*(n) — oo and we can take glarketnoise
b(n) — oo and b(n) ~ n/c*(n). A typical choice of

observations in each interval would be c*(n) = [n?]

(0 < v < 1), whereupon b(n) ~ n'=7. Because there are

some extra observations (n is not equal to b(n)c*(n)) and

b(n) is a positive integer, we adjust the number of terms in

each interval c¢(n) = ¢*(n) + (several terms). We can ignore

the effects of extra terms because they are asymptotically

negligible and b(n)c(n) = n.



When there does not have micro-market noise, we simply use
the log-return process r; = y(t) — y(t/";) from the
log-price process y(tj”). We order the data r; and denote as
ey (k=1,---,c(n);i=1,---,b(n)).

When p = 1, let the 2r—th moment in the i-th interval be

c(n)

M;r (i) Z[rk( ]2r

Then we define the local realized moment (LRM) estimator
of V*(2r) by

where
2r!

rl2r’
When r =1, it is the realized volatility (RV).

dr =
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for the No-Micro-
Market-noise
Case



Local SIML
Proposition 1 : Assume that there is no micro-market ootimation of
noise, i.e. €, =0 with p=1 and r > 1. Also assume that Functionals
Y(t") = X(t), v(t") is a sequence of i.i.d. random
variables with E[vf'r] < oo and 05 (0 < s < 1) is bounded.
(i) As n — o0

Naoto Kunitomo

Local Estimation
for the No-Micro-

\,\/*(2r) — V(2r) L} O . (6) gllarket-noise
(i) As n — o0

Jn [€7*(2r)~—-\/(2r)} SN, W, (7)

where £ — s means the stable convergence and

1
W:dAhMﬁ“$, (8)

where ¢/ (= ap,/a? — 1) is a positive constant.



Local SIML Estimation

By following Chapter 3 of Kunitomo et al. (2018), we
transform c(n) x p matrix Y, (j) to c(n) x p matrix

Z,() (= (z (1)) (i=1,---,b(n)) by

) (Ye.(h = o)

where he(,y = 1/c(n), c(n) x c(n) matrices

o -1)2
Z (n),(i) = he(ny Pe(n)Ce

-1
n

(

1 0 0 0
1 1 .0
0o -1 1 o ---
0 o -1 1 0
0 0 0 -1 1
2 2w

c(n) + % €08 [2C(n) +1
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The initial conditions are Yo(i) = 1) - yo(i) . and we have

the spectral decomposition C;&)C;’}) = PC(,,)DC(,,)PC(H) ,
where D () is a diagonal matrix with the k-th element

2k —1

dp =2 [1 - cos(ﬂ(m

) G ERR) -

Estimation

and

Bkc(n) = )y = 4c(n)sin? [g (23("”)_+ll>] (k=1 .n).
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When p = 1, let the 2r—th moment in the i-th interval be

Naoto Kunitomo
1 &
Mo, iy = — Z[Zk,(i)]zr :
Me 21
Then we define the LSIML estimator of V/(2r) by

Local SIML
Estimation

r—1 b(n)
o) > Mo

i=1

V(2r) = .

where
2r!
a, =

Corlor’
In particular, a1 = 1,a = 3 and a3 = 15.




Asymptotic Properties of Local SIML

(i) The Case of r =1

First, we consider the asymptotic behavior of the quantity
(1/mc) chlzf() in the i-th interval

(i) = (i — 1) iy (=1, b(n)).

By using the analogous arguments as Chapter 5 of Kunitomo
et. al (2018) to the interval ((i — 1)<ln) ;<)

c(n) t]
Ve 3 [eann = (k1) [ © a2l ) = Op(1)
k,I=1 -1 (

where r, are hidden returns in the i-th interval and
tg —t]_,=1/n.
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The asymptotic bias term for Z I [l/mc] S, z? 0
becomes

72 (mc)?
AB, = b(n)(c(n)) [en]?02 .

Because the normalizing factor of the above terms is

/mcb(n), we find that

Asymptotic

1 mc 1 ;’Ir’t\n/lpl_ertles of Local
2(- 2

— z(/)—/ osds| = O(————) -

mec kz::l k se((i—l)c(") .cnn)] s ] mcb(n)2

Var




Then we have the relation that

b(l‘l) mc

1
P sz - [ otds Er0,
Ilmc 0

provided that max{bi i} — 0 and

b(n)(mc [en]> — O . For the asymptotic normality without
any asymptotlc bias term, a sufficent condition would be

mcb(n)b(n) (:(’;)) [en]> — 0.
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Proposition 2 : When r =1 and p = 1, assume that v(t)
is a sequence of i.i.d. random variables with E[v{] < oo,

0s (0 <5 <1)is bounded and * > 0 and a3 > 0.

(i) For m¢ = [c(n)?] and 0 < o < min{0.5, 5}, as n — o0

V) -ve £o. (9)
(ii) For m¢ = [c(n)®] and 0 < o < min{0.4, &} }, as n — oo
meb(n) [\7(2) - V(z)} SFNjo, W], (10)

where
1
W:2/0 [0 (s)]* ds . (11)

If we take § = 0.0 and v = 2/3, then the above condition for
consistency implies 0 < a < 1/4.
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(i) The Case of r =2

The main bias term m2/c(n) in each interval of the sample
size c(n)

1 & 1 m
ranzlak,c(n):O(rncx c(n)):O(c(n))

The main signal part of (1/m¢) >/, z{ is given by

c(n) m
4 (o}
E : FE :Skulskuzsku35ku4]rj1r12r13rj4 )
J1:J2:43:44=1

where sj = cos 0 and 0 = 2mc+1(/' - *)( - %)
(_j:]_,--',C(n);k:]_,"' C)'
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There are many terms for its asymptotic variance such as

DO D (e Z Sk Seanll(— Zskﬁjl K a)

i =ihF#B=l4 j1=joFj3=]a

X E(r})E(r})E(r)E(r})

The main bias term comes from the main noise part and in
the interval I.(i) = ((1 — 1)M, l@] becomes

n

— Z Z bic jy brcjo i js bic ja E[ vy Vo Vs Vi ] -
€ k=1j1j2.jsa=1
Hence when r = 2, the typical bias term [m?/c(n)?] in each
sub-interval because
1 m?
mi Z bkll kyip — Zakc(n) (C(n‘;g))
© h=j1£h=j

where
T 2k—1 ]

_ n2 | 5
ak,c(n) = 4c(n)sin [2 2e(m 11

Local SIML

Estimation of
Some Brownian

Functionals

Naoto Kunitomo

Asymptotic
Properties of Local
SIML



Then the condition for consisitency becomes

b(n)[b(n) (CTn))2 Jlea]* — 0.

If we set c(n) = n?7, b(n) = n*~7 and m. = [c(n)]®, then

( )2[(mc)4][€n]4 _ 2(1=7)-2v+4ya—45 _ 2[1-29+27a-28]

c(n)?

The condition for the asymptotic normality without bias
becomes

1—

(mc)4

meb(mb(n)[ 12

Jeal* = n

LAY 4 2(1-27) -2y +4ya—48 '
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Theorem 3 : When p =1 and r > 1, assume that v(t”) is
a sequence of i.i.d. random variables with E[v*'] < oo and
0s (0 <5 <1)is bounded. We set aj, = [27 + 2§ — 1]/[27]
and o3, = [(4r + 1)y — (1 4 2r) + 4rd]/[(4r + 1)7].
(i) For me = [c(n)?] and 0 < ae < min{0.5,5,} ((a], > 0),
as n — o0

V() —v(er)2o. (12)
(ii) For me = [c(n)*] and 0 < a < min{0.4, a3, } (a3, > 0),
as n — oo

meb(n) [V(zr) - V(zr)] SEN[o,W] ., (13)

where .
W= / [0 (s)]*" ds | (14)
0

where ¢} is a positive constant.
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In particular, when r =1, ¢f = 2. In this case, we have
Proposition 2. In the general case, ¢ = a,/a> — 1 and
c; = 105/32 — 1 when r = 2.

It is because

4r! 4r!

, = — = (4r —1)(4r —3)---1,
2= 5o ~ ar@r =12 A Dlér=3)

for instance. It is interesting to find that the form of the
asymptotic variance for the LSIML estimation is the same as
RV when there is no micro-market noise.
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An Optimal Choice of o and ~ Local SIML

Estimation of
Some Brownian
Functionals

Naoto Kunitomo

Theorem 4 : When p =1 and r > 1, assume that v(t”) is
a sequence of i.i.d. random variables with E[v*'] < oo and
0s (0 <5 <1)is bounded. An optimal choice of

me = [c(n)®] and c(n) = n" (with €, = n~°%) to minimize
MSE when n is large, is given by

141 —a)=2[(1—2y)r+2ray] —4rd , (15)
which means the choice as s Ol e
of v and ~
. @Br+)y+4ro—-2r—1 4r§ —2r —1
o = =

(4r+ 1)y =1t g, (9



Local SIML

Estimation of
Some Brownian

Functionals

Naoto Kunitomo

For instance, when 6 =0, a* =1 —3/[5] for r =1 and
a* =1-5/[9v] for r =2. When § = 0 and we take a*,
then the MSE is proportionalto n=1+7"(1=2™) "which is

MSE ~ niri .

When r =1, we find that 2r/[4r 4 1] = 2/5, which is the
same as the asymptotic order of the SIML estimation. oot Cht
Moreover, when r = 2, we have 2r/[4r + 1] = 4/9. ofammdy
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In our simulations we set b(n) = [n*~7], c¢(n) = [n?] and the
number of replications is 3,000. Also we have investigated

several cases in which the instantaneous volatility function

2
s

0% is given by

02 =03 [a0 + a1s + 3252] ,

where a; (i = 0,1,2) are constants and we have some
restrictions such that o5 > 0 for s € [0, 1]. Simulations



Table 1 : Estimation of integrated fourth-order functional

(ap = 1.0,a; = 0.0, a2 = 0.0; 02 = 0.0005, b(n) = 5, c(n) =

521)
n=2,605 | V(2) =2.00 V(4) =40
mean 2.000 4.053
Var 0.134 2.837
AV 0.133 2.843

Table 2 : Estimation of integrated fourth-order functional
(ap = 1.0, a1 = 0.0, ap = 0.0; 02 = 0.0005, b(n) =

10, ¢(n) = 1,000)

n=10,000 | V(2) =2.00 V(4)=4.0
mean 2.023 4.056
Var 0.092 1.973
AV 0.089 1.895
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Table 3 : Estimation of integrated fourth-order functional
(ap = 6.0,a3 = —24.0, ap = 24.0; 02 = 0.0005, b(n) =

7,c(n) = 355)
n=2,485 | V(2) =2.00 V(4) =72
mean 2.014 6.973
Var 0.342 30.824
AV 0.343 36.549

Table 4 : Estimation of integrated fourth-order functional
(ap = 6.0,a; = —24.0, ap = 24.0; 02 = 0.0005, b(n) =

10, ¢(n) = 1,000)

n=10,000 | V(2) =2.00 V(4)=7.2
mean 2.023 7.167
Var 0.160 15.093
AV 0.160 17.056
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Figure 1. Normalized Histogram and Normalized Distribution
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Generalizations

Let
Y(t) = X(&) + enu(t]) (i=1,---,n)

be the (p-dimensional) observed (log-)prices
Y(£7) = (Yj(tr) at 7 (0= t§ <t <--- < t2 = 1) and
v(t") (= (vj(t"))) be a sequence of i.i.d. random vectors
with E[v(t")] = 0. The general form of the SDE for the
p—dimensional continuous-time stochastic processes is given
by

dX = p,dt + o+dB; |,

and

X(t) = X(0) + /O " (s)ds + /O " o(s)dB. |

Kunitomo (2018) has proposed one way to determine the
underlying number of hidden volatilities under the
micro-market noise.
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When the volatility parameters follow a diffusion type
process as

t t
oii(t) = a,y(O)—F/ ug-(s)ds—k/ wi(s)dB (0<s<t<1),
0 0
where p1;5(s) and wj(s) are the drift and 1 x g, diffusion
coefficients and BY is another g> x 1 Brownian motion

vector, which may be correlated with Bs.

Generalizations



The class of diffusion processes can be extended to the class
of 1t6 semi-martingales, which is given by

X(t) :X@+AM¢+AC$MMQ

(s, x)( — v)(ds, dx

R s )
O(s,x)u(ds, dx) .

+/s/||5(s,x)21 (5 X )

(Ikeda and Watanabe (1989), and Jacod and Protter
(2012).)
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There is an interesting problem whether we need the jump
terms in addition to the diffusion processes when we have
the micro-market noise. Kunitomo and Kurisu (2017) have
shown that the effects of micro-market noise is significant
and the validity of existing procedure is questionable. When
p = 1, a test statistics for the presence of jump terms may be

v meb(n)[Vi(4) — Vi(4)]

where V/(4) is constructed from |y(t) — y(t/ IIF (k> 2)
and V4 (4) is constructed from [y(¢]") — y(¢]" 1)\

Generalizations
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Introduction

@ Term structure models provide the relationship among yields with
different time to maturity.

@ Japanese government bond (JGB) from Mar.1999 to Dec.2015.

Zero coupon vyield
0.025 T T T T p Iy

0.02
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0.01

0.005

O_

_0.005 1 1 1 1 1 1 1 1
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Yield curves

@ Yield curves take various structures.

Yield curves
0.025 T T T T T
0.02 F Jan. 2000 i
Jan. 2004
B Jan. 2008
0.015 Jan. 2015
0.01
0.005 .
Or i
_0005 1 1 1 1 1

0 20 40 60 80 100 120
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Affine term structure

@ Affine term structre model tells us how investors price risk under
no arbitrage assumption.
@ Vasicek (1977), Duffie and Kan(1996), etc.

yW =a,+b, fi,
ﬁn = {Im + CDQ’ +ot (q)Q,)n_l}ﬁl

= ey + (B4 B @ =3 (BB b B )

1 1
ay = _Ean/ bn = _Eﬂn

Difficulties in estimation of canonical affine term structure models

@ Unobserved factors
@ Highly non-linear and badly behaved objective function

“ MMDS
Contr for Mathematical Modeling and Data Science

Intro.
[eJe]e] ]

Previous studies and Ours

@ Hamilton and Wu (2012)
@ point out that the parameter estimates correspond to a local maxima
of the likelihood surface.

e the minimum chi-square estimation is adopted which is one of the
two stage estimations.

@ Diez de los Rios (2015)
@ uses principal components as factors and applies asymptotic least
square (ALS) estimation.

e assumes factors (principal components) follow VAR process.
@ This study
e introduces more general framework to the market price of risk, that

is, factor follows smooth-transition VAR (STVAR) process (the term
structure model with smooth transition market price of risk).

“ MMDS
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Canonical affine term structure model

Assume followings:

@ m-dimensional factor vector f; is assumed to follow VAR process
under risk-neutral measure Q.

fi =R+ % +02, o2 ~iidN(O,I) (1)

e ltis possible to take more than one for the lag order of VAR.
@ f, captures variations in all the varibales relate to bond price.

@ Short rate r; is assumed to be the linear function of factors
Ty = + ﬁift (2)

@ No-arbitrage: Bond price pt") at t with n periods to maturity,

P = exp(=r)Ep [p1;"]

“ MMDS
Contr for Mathematical Modeling and Data Science

Canonical ATSM
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Bond price and yield with n periods to maturity

@ Stochastic discount factor is represented as follow
1 Iy — Iy —
M1 = exXp (—T’t - EAtZ 1At - /\tZ 1’0t+]), At =A+ Afft
where A; is the market price of risk.

Bond price at time ¢ with maturity » is given by

Pgn) = eXP("’t)E(tD [Pfﬁl)] = E[ 144 Pg:l) ] = exp (an + Bn fr)

where a,, = a1 + B _,c®— 3B, ZPu1 + a1 and B, = 1 + (P2 B,y
. 1 1 1
Yield: 3" = —— logp®™ = ——ay—=pifi = a,+V,f, ri=y"
n n n
Factor under physical measure P

fi=(R+A) + @+ Ay) fir + v, v ~iidNQO L) under P.  (3)
— S~———
c @ MMDS e
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Canonical Model for estimation

For m-dimensional factor f; and y; = (ylfl), . .,yEN))’,

fi=c+®fi1 + 0y, vy ~ 1.1.d.N(0, X)

ve=a(0)+b0) fr +1n:, m ~1..d.N(,Q), E[vms]=0for “ts
where a(0) = (a1(0), ...,an(0))’, b(6) = (b1(0),...,bn(O))

b,(6) = —% {Im + O 4.y (q)@')”—l}ﬁ1

1,(0) = —ay + {b1(0) +2b2(0) + -+ + (n — 1)b,1(0)'} ®/n
~{01(6)Zb1(6) + -+ + (1 = 10,1 (6) Tbus (6)} /2.

Parameter to be interest.

0= (c’, vec(®), vech(X), ¥, vec(PRY, oy, BL vech(Q)’)I

“ MMDS
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Previous research: HW (2012) and Diez de los Rios (2015)

@ 1st step: Estimate auxiliary parameters 7= = (', 7t,)’
T = (', vec(®)’, vech(X) ,vech(Q)') , mp = (a’,vec(b)’) .

State space model

fi=c+Qfi1+v v ~1id.NQO,X)
Yyr=a+ bft 1 M ZZdN(O, Q)

@ 2nd step: Estimate parameters of interest 6 = (7/, 05)
Og = (CQ’, Uec(CDQ)’, a],ﬂi)/
Objective function (Wgw, Wars: weights)

[7t — g(0)] Waw[7t — g(0)], HW estimation
[y(7t) = T(7))0] Wars[y(ft) — T'(71)0], ALS estimation in Diez... (2015)
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@ 7t = g(0) used in HW (2012) is highly non-linear in 6.
@ y(n) =I'(n) 0 in Diez... (2015) is based on the following restrictions
ay = ayo1 + 12 = (1/2)B_,Zfu1 + a1,
B = P + (P2 Bu-1.
These recursion can be rewritten as

na,— -1, —a+(1/2)(m -1 b,y =m -1 _°,
nb,—by=m-172p_ oY

al = —a1, b1 = _,Bl-

@ The estimation method in Diez ...(2015) doesn’t require numerical
optimization.

@ Diez ...(2015) adopts principal components for factors and assumes
that the factors follow VAR process.

* MMDS
Cnerfor Mathematca Modeting and Data Scienca
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JGB yields

@ Monthly data from March 1999 to December 2015.
@ Time to maturity: 1month to 120 months.

@ Data source
Mar. 1999 to Dec. 2011: Kikuchi and Shintani (2012)
Jan. 2012 to Dec. 2015: We compute by the same method.

Zero coupon yield
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3 . . . PC I1 V.S. I(Iavel . . .
o |
L
ol
T prop. cum.
2r PC1 9344 93.44
3t . PC2 556 99.00
-14998 202)0 2062 2064 20(I)6 20I08 20I1 0 20I1 2 2011 4 2016
PC 2 v.s. curvature
8 ' ' ' ' ' ' ' ' the first two principal
2r 5 - components explain
1r 99 % of the variation
ol in bond yields.
1k
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Our research

To allow the variability in the risk sensitivity of investors, we introduce
a following extension for the market price of risk.

A=A+ Arfr = A= At) + Ae(D) fi
The coefficients of A(t) and As(t) transit smoothly through

Ay =AY + APH(), Ap(t) = A+ APH),

. -1
H(t) = diag(h)(t), - ., hon()) and he(t) = {1+ exp (=L (t/T - dy))}
We will show later that factors follow STVAR under the assumption.

frr = c(t) + DU fi + 01 V1 ~ i.id.N(O, T)
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[llustration of transition function

Plot; i(f) = {1 + exp (—C(t — )}

1

I I
08 |
06 |
—(=100,d=0.2
0.4 —(=100,d=0.1 | -
¢ =20,d=05
0.2 — (=10,d=05 | T
0 1 1
0 0.2 0.4 06 08 1
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Factor process under P

From the definition of stochastic discount factor m;, 1,

1
Et [exp(k' ﬁ+1)] = E;D [exp(k'ﬁ+1) exp ( EA;Z_lAt + /\t):_lvt+1)]

= exp K (cQ + CDQﬁ) + %A;Z_l)\t)E? [exp {k’vQ + /\tZ_lth}]

t+1

= exp K (cQ + D) - %A;Z_lAt)E? [exp {(k’ + Az ol }]

t+1

= exp (K(cQ + DL, + 1)) + %k'z k)

= exp (K { @+ At) + (@2 + Ap(r) fi } + %k’Zk)
Thus, the factor follows the following process under measure P;

fisr ={ @+ AW} +{ D2+ A(B)} fi + 011 D1 ~ £AN(O, D).
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Smooth transition VAR process, cf.) Terasvirta (1994).

Reparameterize as follows,

where c(t) = ¢V + c(PH(t) and ®(t) = ®D + O H(¢)
H(t) = diag(hay(t), . .., hun(®) and

hp(t) = {1+ exp (=L (/T - d(i)))}_1 -

(D2 @ AD D 2 A
oM =92+ AL, O = AP

“ MMDS
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Linearity test cf.) Terasvirta (1994) ex.) AR(1) v.s. STAR(1)

STAR(1) models
xpp1 = D 4+ qb(l)xt + (c(z) + cp(z)xt)h(t) + E441
h(t) = {1+exp(~C (T — d))}
@ Hj:C =0 implies AR model.
@ However, if Hy is true, parameters remain unidentified.
xi1 = (€W +¢P72) + (¢ + 9P /2) 1 + e

@ To deal with the identification problem, consider the Taylor
expansion of h(t)

=36 -d)een-

1 1 1 _t
R;: remainder term.
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STAR(1) models can be rewritten as

X1 = ¢V + oWx; + (c® + pPxh(t) + 441,

1 1 1.t
= C(l) + gb(l)xt + (C(z) + (/’)(Z)xt) (E — Z d C + Z_LC? + Rt) + E+41,
f {
= C(l)* + qb(l)*xt + C(z)*f + (P(Z)*xtf + 8;_1.
where
1 1 1 1
W — ) 4 (_ _ 1y ) @ b0 — 5O 4 (_ _ 1y ) @
e i E el el R L

1 1
@ _ 272 4@+ _ L1710
c 4Cc , O 4C¢

€11 = €11 + (c(z) + cp(z)xt)Rt
We use equivalent hypothesis; Hy : ¢@* = ¢@* = 0.

* MMDS
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Our model and linearity test

STVAR models
fir1 =D+ @Df + (@ + 0P £) H(t) + 0149

where H(t) = diag(hu)(t), ..., hu(t)) and

() = {1+ exp (~Co(t/T —dgy) ) }_1

We test linearity based on the third Taylor expansion.
Hy : C(i) =0, 1= 1,...,m: VAR
H, : 3i, C(i) # 0: STVAR

LM test statistics upper 5% point
67.14 28.87
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Our model and ALS estimation

State space model

ve=a+bfi+n, n ~iid.N(O, afIPLP’L)
fre1 = c(t) + O(t) fr + V411 1.1.d.N(O,X)

Note that the OLS estimators satisfy the self-consistecy condition;

A

P'a=0and P'b =1, since f; = P'y;.

@ 1st step: Estimate auxiliary parameters msr = (5, 70,)’

w5 = (¢, @, vec(@VY, vec(@?), vech(ZY, T, ', 63)

ntp = (a’, vec(b)')'.
@ 2nd step: Estimate parameters of interest Osr = (75, 05

O = (CQ', Uec(CDQ)’, a],/)’i)/

Obj. func.: [y(ftst) — I'(ftst)Ost]’ Wy (fist) — I'(ftsT)Os7]

“ MMDS
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Empirical result

@ Data

e Monthly data of Japanese government bond yield from March 1999
to December 2015.
e Time to maturity: 1month to 120 months.

@ Model

e 2 factors (The first two principle components)
e 2 regimes for each factors

Estimated transition function

The transition function

1 T T T T T T T T

For factor 1
08 For factor 2 | 7

0.6 _

04 -

02 1

0
1998 2000 2002 2004 2006 2008 2010 2012 2014 2016

“ MMDS
e o Mathemaica Mcetingand Data Scence




Our research
Factor loadings (v = a, + binfir + bonfor)

factor 1 loading: b in
012 T T T T T

0.1

0.08

0.06

0.04

002 1 1 1 1 1
0 20 40 60 80 100 120

factor 2 loading: b on
015 T T T T T

0.1

0.05

-0.05

-0.1

-0.15

20 40 60 80 100 120
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5 «1073 . . The rr?arket plrice of ﬁactor 1Irisk

1 regime /\t = A(t) + Af(t)ft
ST
At =A+ Afft

-10

_15 1 1 1 1 1 1 1 1
1998 2000 2002 2004 2006 2008 2010 2012 2014 2016

3 %1073 . . The mlarket plrice of factor 2I risk

1 regime
2r ST

-3
1998 2000 2002 2004 2006 2008 2010 2012 2014 2016
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One period log expected excess return for n-month yield

Et[P,(gzl)]
M _ _yy
log o Yy, = _bn/\t
P:
3 <1074 | One-E)eriod I9g expelcted exess retlurn forly ©) l
1 regime
Al ST
2 -
O -
-2
-4 1 1 1 1 1 L L :

1998 2000 2002 2004 2006 2008 2010 2012 2014 2016
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15 x10™* _One-period log expected exess return for y (60)
1 regime
10 ST .
5 - -
O -
1 1 1 1 1 1 1 1

-5
1998 2000 2002 2004 2006 2008 2010 2012 2014 2016

45 x10 -4 One-period log expected exess return for y (120)
T T T T T T T T
1 regime
10l ST
5 -
O -
1 1 1 1 1 1 1 1

-5
1998 2000 2002 2004 2006 2008 2010 2012 2014 2016




Summary and future research
[ ]

Summary

@ We introduce more general framework to the market price of risk
and provide the affine term structure model with
smooth-transition.

@ Our smooth transition model captures the variability in the market
price of risk more than 1 regime model.

Future research

@ Incorporation of more regimes to capture the various shapes of
market price of risk.

* MMDS
e for Mathemaica Mdtingand Data Scionce
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Motivations

» In many macro-times series we observe non-stationary
trend, non-stationary seasonality and stationary cycles
with measurement errors

» The official seasonal X-12-ARIMA uses the univariate
Box-Jenkins method with moving averages

P In macro-consumption example there are several
consumption time series which do not move in the same
ways, but in similar ways

> We need to develop a new way to determine the
number of factors of non-stationary trends
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Motivations



Non-Stationary Errors-in-Variables Model
Consider the non-stationary errors-in-variables representation
yi:Xi+Vi (I:]-a 7n)7

where x; (i = 1,--- , n) are a sequence of non-stationary I(1)
process which satisfy

Ax; = (1—L)x; = w,(X)

with the lag-operator £x; = x;_1, A=1—-L,

and e,(.X)

E(egx)) =0 and 5(e§x)el(.x)/) =3 (positive-semi-definite).

is a a sequence of i.i.d. random vectors with
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The coefficients matrices CJ(.X) (= c,(f)(j)) are absolutely EnorinVariabres
Models

summable 372, HCJ(.X)H < 00, where
16571l = maxic .. p e ()] and € = (¢’ (7).

Naoto Kunitomo

The random vectors v; (i = 1,--- | n) are a sequence of T
. . Non-Stati
stationary 1(0) process with O e
Model

Vv, = Z CJ(V)e,(Z)J s
j=0

where the coefficient matrices CJ(-V) are absolutely summable
(520 165 < oo, where [|C{) | = maxi o, p |6 ()

and CJ(-V) = ( ;S/)(I))) and v; are a sequence of i.i.d. random

vectors with S(e,(-v)) =0, E(egv)e,(-v),) =) (positive
definite).



Let fax(x) and f,(u) be the spectral density (p x p) Detecting Trend

Factors in

matrices of Ax; and v; (i=1,---,n) as Non-stationary
Errors-in-Variables
1 00 00 Models
fax(p) = =Y P eriny g0 (N ) e-2mini) Naoto Kuritomo
J J ’
7T
Jj=0 Jj=0
The
a nd Non-Stationary

Errors-in-Variables
’ L. Model
C(V) e—ZTrIW )
h )

fu(n) = ;

'M8

Il
)

ZC v) 27TI;U Z( )(
=0

:\H

J

where we set C(()X) = Cgv) =1, and i? = —1 (see Chapter 7
of Anderson (1971) for instance.)
The spectral density matrix of the transformed vector

process Ay; (= y; —yi-1) is
fay (1) = fax(p) + (1 — #)f, (n)(1 — e2*)
and we have the relation

fa,(0) = fax(0) .
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We denote the long-run variance-covariance matrices of the

1 The
trend components and the stationary components for LA
— Ei -in-Variabl
gvh_ 1’ ’p as N:':;zreslm ariables

Q, = fal(0) (= (w3)) .

and
Q, = £,(0) = (w¥).

gh



Detecting Trend

Macro-SIML Estimation of Common Trends Factors in

Non-stationary
Consider the situation when each vectors Ax; and v; are R e
independently, identically, and normally distributed (i.i.d.) as Naoto Kunitomo
N,(0,X,) and N,(0,X,), respectively. We have the
observations of an n x p matrix Y, = (y;) and set the
np x 1 random vector (y, - ,y,) . Given the initial

condition yg, we have
Macro-SIML
Estimation of

VeC(Y,,) ~ Nn><p (]_n . yé)? In ® ZV + Cncln ® zX) , Common Trends

where 1, = (1,--- ,1) and

1 0 --- 0 O
1 1 0 0
cC.=]1 1 1 -+ 0
1 1 1 0
1 1 1 1

nxn



Detecting Trend

Then, given the initial condition yg, the conditional N iecia
. . . . on-stationary
log-likelihood function except a constant is Errors-in-Variables
Models
* 4 —1/2 Naoto Kunitomo
L: = logll,® X, +C,C,0X,|"V

]. — 147 ! — !
—5lvec(Yn = Yo) Tl ® Xy + C,C, ® T Y vec(Y, = Yo)]

v /
where Yo =1,"y, .
. Macro-SIML
We use the K} —transformation that from Y, to Z, (= (z,))  Estmatenof

by Zn = Kz (Yn — ?0) ’Kz — P,,C;]' ’ where Common Trends
i 0 -~ 0 O
-1 1 0 --- 0
cl=| 0o -1 1 o0 ,
0 0 -1 1 0
o o o0 -1 1/




/

By using the spectral decomposition C-1C~1 = P,D,P/,
and D, is a diagonal matrix with the k-th element

2k —1
2n+1

dx = 2[1 — cos(n( N (k=1,---,n).

Then the conditional likelihood function given the initial
condition is proportional to

n n
. _ 1~ ., _
L= log|aj,E, + X 1/2f§§ P EpiS 3V 3 i A
k=1

k=1

where

al, (= di) = 4sin? [g (2"_1)} (k=1,---,n).

2n+1

In the above representation, we have used two
transformations on the nonstationary time series into the

sequence of independent random variables z, (k =1,--- ,n)
which follows N, (0, X, + a},X,), and the coefficients aj,, is

a dense sample of 4sin?(x) in (0,7/2)
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Models
’ . .
It may be natural to use z,z, to estimate X, + a; X, since Naoto Kunitomo
it is the variance-covariance matrix of z,. We notice that
akn — 0 as n — oo for a fixed k. When k is small, ag,« is
small and we can expect that kK = k, depending n is still
. o My s
small when n is large. However, a;m = (1/mp) > )", a,, is )
Macro-SIML

not small if m, is near to n, which suggests the condition
mp/n — 0 as n — oo. The separating information maximum
likelihood (SIML) estimator of X, can be defined by

Estimation of
Common Trends

1 <&

A !

Gn=2X,s5mL=— ZZka .
g



Non-stationary Common Trends D vt

Factors in
Non-stationary

Let y; be the i—th observation of p-dimensional time series Frrors i Variables
. /
fori=1,---,nandy; =x;+v;and Y, = (y;) be an Naoto Kunitomo

nx p (p > 1) vector of observations. We assume that the
vectors x; satisfy

x; =xj—1+ Mu; ,
Macro-SIML

Estimation of
Common Trends

where Mis a p x g (1 < g < p) matrix, p; is a sequence of
g x 1 (i.i.d.) random vectors following Ng(0,X,,) and v; are
i.i.d. (p-dimensional) random vectors following N,(0, X, )
with the (non-singular) variance-covariance matrix X,. We
denote M* = I'IZ}/z. We note that a normalization for the
matrix I is needed. Since the rank of I is g, then when

1 < g < pwe can set a p x r matrix B such that

BM* =0

and r=p—q.



One way to characterize the present formulation is to use Detecting Trend

Factors in

E[zkzlk] = ZX —+ 0(1) fork = 1’ cee L, mp Non-stationary

Errors-in-Variables
Models

/ 1
5[3i;12k2k] = zv + sz + 0(1) fork=n+1-— Mmp,---,Nn, Naoto Kunitomo

where the rank of matrix X is p — r (= g). Hence the
present problem has a form of the reduced-rank problem
asymptotically in the sense that n is large. Then it may be

natural to consider the characteristic equation Macro-SIML
GméSIML - HéSIMLA =0, Ezt::s:”]rroefnds
and G, (= LasimL) = —Y 24z, , where
M O -0
e SR
0o --- A
with 0 < Ap <--- <A <--- < Ap and
|G — AH| =0,

where H is a non-singular matrix.



To estimate the variance-covariance matrix X, for the noise et T

Factors in

vectors, there are two candidates. The first one we may use Non-stationary
. . Errors-in-Variables
is given by Models

Naoto Kunitomo
~

11, o e
2vsm(1) = 5[ > zz — Losml
k=1

and the second one is
n

N 1 A N
-1
Y, sme(2) = Z A, ZkZy — ZZX_S,ML ) Macro SIML
n k:n+1—ln Common Trends

We call I§5/ML as the SIML estimator of B. A simplified
(consistent) estimation can be obtained by using the
equations A A
2, smLxBs =0,
that is,
Tsm x| élr ]=0.
—Bosi
We can solve them as

A ~_1 ~
Bo sy =255, ciny 2015 SINIL



Theorem 4.1 : In the non-stationary errors-in-variables Detecting Trend

Factors in

model with 1 < g < p, assume that (i) the sequences of Non-stationary
. . .. Errors-in-Variables
coefficients C(X) and C) are squared summable, (ii) Models

el _

Naoto Kunitomo

(e; (x )) and e( V) = (eJ(V)) are a sequence of

(x)4

|ndependent random variables with S[e ] < o0 and

5[1-,- ]<oo(,J_1’... mg. h=1,---,p), where
el :(efix)) and egv) :(e}i")) forj=1,---,p. We use G,

1
as the estimator Q.
Then (i) For m, =[n*]and 0 < a < 1, as n — o0 _
Asymptotic

Properties of

S,-\ZX - QX L} 0 . Characteristic

Roots and Vectors

(i) For m, = [n*] and 0 < @ < 0.8, as n — o0
~(x X L x) (x x)12
N {wéh) — wéh)} — N <O,wég)w§7h) + [Wéh)} > .
The covariance of the limiting distributions of

Vo) — gl and /(e —wi]is given by
(X)CU;:I() é)l()wi(:l(() (g> hyk,I=1,--- 7p)'



Theorem 4.2 : Assume the conditions for the asymptotic

normality of the SIML estimator of Q, hold and H is a
positive definite matrix. We take
m=m,=n"(0<a<0.8). Asn— oo, m— oo and
we have

m [éz _ Bz] s Ny (0, Q ®[(0,15)2,(O0, |q)’]—1)

where QF = B'Q,B.

)

(1)
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Theorem 4.3 : We take m = m, = n® (0 < o < 0.8). As

n— 00, an — 0, ¢, — 00, and

1 w 9
\/E |:())\, — )\8,:| — N(O, *d,‘,')
am 5
fori=1,---,r(=p—q)and \/E[(i))‘i_)‘éi] are
asymptotically normal jointly, where Ay = (diag Ao;). The
covariances of \/m[(1/am)\; )\3,] and
V(L an)y = Xy (1.f = L+ 1) are given by
dij = 2[6(i, _j) + wlwj] . Let

= ﬁ[(ﬁ))\, — X5l (i=1,---,r). Then we have

Var[zr:)\f] = & zr:)\}k)\?
i=1 ii'=1

_ am(2) 3 {5(1-’ /)t wwl

2
a
mogi=1

/

= g2r.
5
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Corollary 4.4 : We take m=m, =n* (0 < @ < 0.8) and
H=Q,. Asn— o0, a;m, — 0, ¢y —> 00,

r
m w
— Aj — — N(0,2r) .
am(2) lz_;( 1 am) ( ) r)
an d 1 r Ié‘fggqeprtt:ioetsicof
m

Characteristic
37(2)5[2()\’ — am)]2 l} X2(1) . Roots and Vectors
m i=1
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It may be natural to use the statistic for investigating the Frrors i Veriables
rank condition in the underlying population. Naoto Kunitomo

When we use H = I, let
A = (B'HB)Q, A" (= () .

and A* = (diagA?). Then we replace B and @} by their
consistent estimators, we have the following result.

Asymptotic
Corollary 4.5 : We take m=m, = n* (0 < a < 0.8) and el
— R d Vi
H = Ip. AS n— o0, am — 0’ Cm — 00, oots and Vectors

*k w 2
T [ZA ).
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For testing the hypothesis Hy : r = ry (ro > 1 is a specified Frrors i Variables
nbumber) against Ha : r =ry — 1, it may be reasonable to Mo [Kafisme

use the ry — th smaller characteristic root and the rejection
region can be constructed by the limiting normal distribution
under Hy. Under Hpa, the characteristic root A, P4 50 and
the test should be consistent. It is also possible to consider a
sequence of local alternative hypothesis for the situation
when the rank condition is true asymptotically.

Alternatively, we can use

h
Ro = Z A
i=1

It is straightforward to derive the asymptotic distribution of
Ro.

Asymptotic
Properties of
Characteristic
Roots and Vectors



The log-likelihood function is given by (—2) times Detecting Trend
Factors in
Non-stationary

n n
in= Z log|ay, Xy + Xx| + Z tr[ay, X, + ZX]_lzkzk ) Frors i eriables
k=1 k=1 Naoto Kunitomo
For the (—2) log-likelihood for the non-stationary trend
factors may be approximated as

m m m

L5, = log |- > i) B A O [ > ) B AT L Y 2]
k=1 k=1 k=1

The number of trend parameters without constraint is _

p(p + 1)/2, which is the number of parameters of the Properties of

variance-covariance matrix. When 0 < g < p, the number of T .

free parametersis (¢ +1)/2+q(p—q) =qg(2p+1—q)/2

(the number of coefficients M is p x g and we can take an

arbitrary coefficients My). For instance, when p =3 it is 6

(p=q),5(q=p—1)and 3 (g=p—2). Then we can

define AIC by

q(2p+1—q)(

AIC = L% (Om) + 5

q:]-:"'vp)a



Alternatively, we may use a non-stationary criterion

pP—q
2 1-—
NAICzZIog[am+)\;]+w(q:l’... . p).

2
i=1
We choose g* such that AIC or NAIC is minimized with

respect to g (or r) and we can determine the number of
non-stationary factors.
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Some remarks

P In many macro-times series we observe non-stationary
trend, non-stationary seasonality and stationary cycles
with measurement errors

» \We develop a new way to determine the number of
trend factors

» [t is also straight-forward to develop a new way to

determine the number of seasonal factors (Kunitomo
(2018, unpublished))
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Introduction

AFETIEIUA T CERI NS ZEMERETVEEZEZS:

Y(sj) = n(X() +o(X(5)V(sj), j=1,...,n.
ZZT, Y(s),X(s) ER, s € R?,
{X(s) : s € R?}: strictly stationary spatial process (random field).
V(s): i.i.d. random variables.
{(Y(s), X(5))} 1=y BT — %
p:R—=R, 0:R—[0,00).

2018 £ 8 H 6 H
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o Z2[f[n]IF#E T 1% geostatistical data Dt
(IR, BT — &, BT — X etc) THAIIS.

o fil1: A ¥ KDtz D MRS D BRG] 2 BIAEDREFIRILUIZ 52 B
52D 1 (Robinson and Thawornkaiwong ('12, JoE)).

o il 2: MEFEARAED I % Z VXA Y DIRE VR ERRIZEX D
DM (Hallin et al. (09, Bernoulli)).

o B 3: MBI MBI 2REL Y/ =F a—F - BEDOHR
(Ferndndez et al.('12, Environmetrics)).

o il 4 MUBRERFSE (D BRI —E 7L, WD)

Y(s) = 6X(s) + o (X(s)V(5)j =1.....n.
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Nonparametric spatial regression models

T — X DB O PR A L U T, domain expanding and infill (DEI)
asymptotics 252 %. {s;}7_;: T — X OB,

o |- |I: Euclidean norm on R?.

djn=min{|[sk —s;|| : 1 < k < n, k #j},
Ajn=max{|s —sj|| : 1 < k< n k#j}

@ maxi<j<pdj, — 0 as n— oo.
@ mini<j<pAj, — 00 as n — 0.
R T — R DWW b (29) Tld7e <EfE 722 B (RY) TRES iz g
R E 7L 2 BE T 256 THEE DDA,
f4l 1 Brownian (or Gaussian) random fields.
{4 2 Spatial Lévy-driven OU processes (Nguyen and Veraart ('17, SJS)).

#1 3 Lévy-driven CARMA random fields (Brockwell and Matsuda (17
JRSSB)) etc...
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Nonparametric spatial regression models

AWFFED HEEIZL T D 2 D
o DEI asymptotics D& & TYIBIEL 1, 2 EBEEK 02 1209 5 %Ikt
CLT #&EH.

o 7 — XERENIIDHE R D NNV NIEDOERFIEZRE.
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Nonparametric spatial regression models

150
1
o,

Figure: Simulated observation points which are randomly sampled from the lattice
(uj, vi) with u; = 0.3+ (j —1) x 0.3 and v, = 0.6 + (k — 1) x 0.3,
Jok=1,...,750.

Inference for spatial regression models 2018 £ 8 H 6 H 7/35



Nonparametric spatial regression models

Previous works:

e Estimation (random field /spatial regression)

o DEI asymptotics (random) : Matsuda and Yajima ('09, JRSSB).

o (irregularly observed) lattice data : Jenish and Prucha ('09, JoE), Li
(16, SISP).

e Inference (random field /spatial regression/time series regression)

o DEI asymptotics (deterministic) : Lu and Tjgstheim ('14, JASA).

o (irregularly observed) lattice data : Hallin et al.('04, Ann. Statist.),
Hallin et al.('09, Bernoulli), Robinson (11, JoE), Robinson and
Thawornkaiwong ('12, JoE).

o regular observation: Zhang and Wu ('08, Ann. Statist.).

T (RLK) Inference for spatial regression models 2018 £ 8 H 6 H 8/35



(Al): Assumption on spatial process
(i) {X(s),s € R?} is a strictly stationary spatial process, satisfying the
a-mixing property that there exist a function ¢ such that ¢(t) | 0 as
t — oo, and a function 9 : N? — [0, 00) symmetric and increasing in
each of its two arguments, such that

C(BE)EES) = s [PANE) = PAP(E)
< ¢(Card(S’), Card(S"))p(d(S’,S")), (1)

where S, 8" C R2, B(S) be the Borel o-field generated by
{Xs,s € S}, and d(S',8") = min{||sx — sj|||sk € S',sj € S"} for
each 8’ and §”.

(ii) For some constant v > max{1,2x/(2+ k)} and some x > 0,

oo
lim sup m*+37 Zjnp”/(2+”)(j) < 0.
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(Al): Assumption on spatial process (conti.)
(iii) mp(1, n)p(cn) — 0 as n — oo, where ¢, = {§2h"/(2+5)}=1/7,

o 5 (1) Ty =1D& Z, random field 1& strong mixing TdH 5 &\
5. Strong mixing condition (% < D3R EFE (diffusion process,
Lévy-driven jump diffusion SDE etc.) ®Ki2%1E 7V (ARMA,
(nonlinear) ARCH, Markov chain etc.) IZXF U CTlii7z 3 115

o Sofi (1) I iRe i S IBAE X (LIRS RERFE T WMITHT
% strong mixing condition ® —#&%1L.

o FEMEZ DRMITE < DZERMERE (or MERY) T L Tz s (i

Z ¥ Gaussian (or CARMA) random field 72 & L < &
Rosenbratt(1985), Guyon(1987) % £I&).
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(A2): Assumption on bandwidths and sampling scheme
As n — oo, the deterministic sequences {b,},>1 and {h,}>1 satisfy the
following conditions:

(i) bn, hp — 0.
(i) n(b, + hy) — oo, liminf, o n(b2 + h2) > 0, and n(b3 + h3) = O(1).
(i) 87 B2 (b, 4 hy) L2/} s 0,

(A3): Assumption on kernel function

(i) The kernel function K is bounded, symmetric, and has a bounded
support. Let cx = [ 22K(z)dz.
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(A4): Assumption on regression models
Let f and f; 4 be density functions of X(s) and (X(sj), X(sk)) with j # k
respectively. For some ¢ > 0, U C R9, U¢ denotes an e-enlargement of U,
thatis, U = {x: [[x —y|| <€,y € U}.
(i) infxepe f(x) > 0 and infyee o(x) > 0 for some compact set /| C R
and some € > 0 and / C R.

(i) The marginal density f and the joint density f; x satisfy
f k(x,y) — F(x)f(y)| < C uniformly for j # k and (x, y) € R? where
C is a universal positive constant, and u € C*(/€), o € C?(I€) where
199 = | x ... x I. Here, for S C R,

——

d

CP(S) = {f : sup |f*)(x)| < 00,k =0,1,...,p}
x€S

is the set of functions having bounded derivatives on S up to order p,
and C9(S) is the set of continuous functions on S.
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(A4): Assumption on regression models (conti.)

(ii) E[V(s1)] =0, E[VZ(s1)] = 1, and E[|V(s1)[8"*"] < 0o. Here, k > 0
is the constant which appear in Assumption (A1) (ii).

(iv) {X(s):s € R2} and {V(s) : s € R?} are independent.
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Main results

AN DHEE BTN § HIRER 2% 2 5

T u ak (X=XE)
o 00 = —=— fx<x) > visk (bn )

~ X(sj)
5, (%) = fx(x E {Y(s) (X(s))}°K <hn>
Z T,

() = ZK(X_ S’),”x hZK(X_ 51)

Iib,(X) = 20ib,(x) — B/, (X)-

T (HLK)

Inference for spatial regression models 2018 48 H 6 H

14 / 35



Main results

@ by, hy: 2NV FI&, by, hy — 0, n(b, + hy) — 00 as n — oo.
e K: a kernel function with [ K(x)dx = 1.
e Bias reduction D728, 5; DEFET fip, DO Y IZ 1y (fip, P
jackknife version) ZffioT\5. £ x c RIZXFL T,
fib,(x) — n(x) = Op(by),
7 () — u(x) = Op(b).
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Main results

Proposition 1
Under Assumptions (A1), (A2), (A3) and (A4), for
—0 < Xx1 < Xp < < xy < 00, we have that
Floa)—F(x1)—b2ck F(x1)/2
nby, \/f_(xl)
1K1, '

: % N(O, Iy).
Fxn) —F () —bRek £/ (xn) /2

V)

where Iy is the N x N identity matrix.

T (HLK)
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Main results

e DEIl asymptotics D & Tlk/ /87 X M) v ZHERF]T — X Ot
T& L% small block-large block technique (Bernstein (1926,
Ann. Math.)) 2MHEZ 72\,

— BT — X DY (regular) lattice EDIZH 2GR, T— XM
DERFEAE DN T WL 728D, WL MSZIZ 70 2 K 5 Bl 7 — 2 @
TH Y I DR T ER.

e fH b (Z Bolthausen ('82, Ann. Probab.) (Z &% CLT DFEHHHE (F#
PEBIEDINE) 215 .
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Main results

Assume that G and H are functions such that
(i) G € Co({x}¢) for some € > 0.
(i) H:R — R with E[H(V(s1))] =0, E[H*(V(s1))] > 0 and
E[[H(V(s1))[*+%] < co.
Define

_ 15 < Nk (X=X
Uy = MEGM(J))H(V(J))K( —2).

Then, under Assumptions (A1), (A2), (A3) and (A4), for x € | we have
that

Un 2 N0, (x) G2(x)V(H) | K]|2)

as n — oo, where V(H) = E[H?(V(s1))].
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Main results

Theorem 1

Under Assumptions (A1), (A2), (A3) and (A4), for
—00 < Xx3 <X < - < xy < 00, we have that

v F(a)(fip, (x1)—p(x1)—back pu(xe))
nb Voiba)

1K1z

v/ FOn) (B, () — (v ) — b2 ek p(xe))
Vo2 (xn)

where p,(x) = p(x)/2 + {pu(x)f"(x)/2 + @/ (x)f'(x)}/f(x) and Iy is the

N x N identity matrix.

< N(O, Iy).
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Main results

Theorem 2

Under Assumptions (A1), (A2), (A3) and (A4), and E[V*(s1)] > 1, for
—00 < x1 <X < - < xy < oo, we have that

V()@ (x1)—0%(x1) —hick po (%))

Vot (x)
hn
v|,|77|y2 : % N(O, In).
N = VFOw)(@7 (xn) =0 (xn) —h3ck po (xe))
\/04 (xn)

where Vj = E[V4(s1)] — 1,
po(x) = 0'(x) + o(x)o"(x) + {20(x)0’ () F'(x) + *(x)f"(x)/2}/(x),

and ly is the N x N identity matrix.

T (HLK)
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Main results

Proposition 1, Theorems 1, 2 OFERAZFIFH LT f, p, 02 1235 5
| =[a,b] CR, —co<a< b<oo ETOEENY ROWKGIEE2EZ 5.

o VW 2L N CHERET 5:
S VA)1{X(s) € 1} - Y(s;) — 7i; (X(s))

e TS en V9T TS X))

@ naive estimator n~* "7, Vi(s)—1 2 & X DIERKRE WL 25 TH
ENREEDFE D D DT finite sample performance 2L 742 5.
@ &,...,&n % iid. standard normal random variables & U, q;,

7€ (0,1) ZAF &/~ 3EE T 5:

P< max || > qT> =T.

1<<N
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Main results

ZDL E, % design points x1,...,xy € [ 1B} B f, p, 0 D joint
asymptotic 100(1 — 7)% confidence intervals IZLAFTEH X 615!

i O)II K117

Cf(XJ): fX(XJ)j: nb,, ar 7./:17 an
_ o, ()| K|
X = n :l: -~ qT b _17 ’N7
(%) [Mb( ) b ()
~ xi ) V4| K
Coalog) = |320g) & | CROWVRIE

nh,,fx(xj)
IS 2RI T NIE TN T NDEIE D confidence bands 233515
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Simulations

o BMIHL A DAk lattice (uj, vk) with uj = 0.3+ (j — 1) x 0.3 and
vk =06+ (k—1)x03forj,k=1,...,n 25 n D locations
(ujzv sz) with 1 <o, ky<n f=1,...n BIED, s = (uj-l_,, Vke) bl
95,

o ZEMMEFE X (s) DL LA R D spatial moving average process %* &
T REFREIES:

1 1
X(s./) = Z Z aﬁ,mZZ,ma s_/ = (uf, Vm), _] = 1, cee,n.
f=—1m=-1
Z 2T, Zymm lF i.id. standard normal random variables, a; , (& EA'F
DITFIA D (£ + 2, m + 2) K53

1/5 2/5 —4/5
A=| —3/5 —2/5 —1/5
~1/5 2/5 -3/5
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Simulations

o Y(s) DARL:

u(x) = 0.1 4 0.3x, o%(x) = 0.2 + 0.05x + 0.3x°.

V(sj) ~ i.i.d.N(0, 1),

Kernel function: Epanechnikov kernel K(x) = %(1 —x2)1{|x| < 1}.

Sample size n = 750.
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Simulations

o ERIHEEZEHE T ABITIIN Y NIEDE 2 D B RENH 5.
FHZ n(b) + ) = o(1) 725, fZH/N Y K ORERKIZ & 7 o THE /N1
T ADHEEVRBEIRL 0D,

o EARIIZIIHERE DFZIRT optimal 72/ NiEL D £ order DFEIKT
INE WY NIEZE LR S TikR S0,

o —fIZ1% optimal bandwidth I% f, i, ¢ D#F 55X X mixing
condition IZH T % k FORKDINT A —RITHKFT 5.

@ Bissantz et al. ('09, JRSSB) : deconvolution problem,
Kurisu (2018a): estimation of Lévy meas. of Lévy-driven OU proc.

DT AT TIZEED LT — ZERFTL DN RO ERGE 2 .
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Simulations

@ Set a pilot bandwidth b” > 0 and make a list of candidate
bandwidths by = (b /L for ¢ =1,..., L.

@ Choose the smallest bandwidth by (¢ > 2) such that the adjacent
value maxi<j<n |fib,(Xj) — fin, ,(Xj)| is smaller than
7 x min{maxi<j<n |fip,(Xj) — fip,_,(Xj)| : £ =2,..., L} for some
T> 1

In our simulation study, we choose bP = P = 1,L =20, and 7 = 2.
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Simulations

025
025
I

0.10 015 0.20
01§ 0.20
I I

0.10

005
005

0.00
I
0.00
I

Figure: Discrete L°°-distance between the true function ;1 and estimates fiy,
(left), and between the true function o® and estimates &; (right) for different
bandwidth values. We set n =750, | = [—0.5,0, 5], and
xj=-05+(—1)x01,j=1... 11

Inference for spatial regression models 2018 48 H 6 H 27 / 35



0.08 010 0.15 020 0.26

0.00

Simulations

0.05 010 01§ 020 02§

000

Figure: Discrete L*°-distance between the estimates fip, (left), and between the
estimates & (right) for different bandwidth values. We set n = 750,
| =[-05,0,5], and xj = —0.5+ (j — 1) x 0.1, j = 1,...,11.
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Simulations

Density
Density
Density

Figure: Normalized empirical distributions of estimates i (x) at x = —0.25(left),
x = O(center) and x = 0.25(right). The red line is the density of a standard
normal distribution. We set n = 750 and the number of Monte Carlo iteration is
250.
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Simulations

Density
Density
Density

Figure: Normalized empirical distributions of estimates & (x) at x = —0.25(left),
x = O(center) and x = 0.25(right). The red line is the density of a standard
normal distribution. We set n = 750 and the number of Monte Carlo iteration is
250.
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Simulations

030 035 040
I I I

sigsq

025
I

020
I

0.
I

015
I

Figure: Estimates of 1 (left) and o2 (right) together with 85%(dark gray),
95%(gray), and 99%(light gray) confidence bands. The solid lines correspond to
the true functions. We set n = 750, | = [-0.5,0.5], and
xj=-05+(—1)x01,j=1... 11
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Conclusions

e DEI asymptotics D KT/ /37 A bV v 7 Z2[[al#E€ 7L DYy -
SIHRBEUZ N B 2 kot HUD MR PR B 2 B U 7z

o ZUGTLHUMBIREE % FIFH U T f, p, 02 120 BEHE/N Y NOMK A
HReREL.

o T—XREKENIDHEERED N Y NIFDEINEZREL7-.
o FUHEZEER T finite sample performance % 78 L 7=.
Kurisu, D. (2018a). Nonparametric inference on Lévy measures of

Lévy-driven Ornstein-Uhlenbeck processes under discrete observations.
arXiv:1803.08671.

Kurisu, D. (2018b). On nonparametric inference for spatial regression
models under domain expanding and infill asymptotics. arXiv:1804.09402.
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