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1学術振興会・科学研究プロジェクト「新しい時系列計量分析の理論と応用」(2017年度～2020年度)が主
催した（2018年 8月 6日,信州大学経法学部) 研究集会 (明治大学先端数理科学インスティテュート (MIMS)
協賛）における講演集。

2明治大学政治経済学部



概要
金融・ファイナンスデータ、経済データなどを分析対象とした統計的時系列分析では幾つかの

検討するべき基本的な問題が存在している。例えば経済において「通常の常識では起こりにくい

とされる事象」についてのリスク解析や対策の重要性についての認識が高まっているが、実際に

2008年に起きたリーマンショックや 2011年ごろに発生したヨーロッパ諸国の金融危機などが顕著

な例として挙げることができる。国際的に連動している現代の経済・金融市場では従来の計量分

析ではほとんど考慮されてこなかった変動を経験しているのである。社会・経済を理解し、より

良いものにしていくには、事前には予想が困難である自然災害や経済変動における稀ではあるが

実際に起きると大きな影響のある不確実な事象を科学的に分析し、有効な対策を考察することが

必要であり重要となっている。また近年に明らかになりつつあるように高頻度金融データやマク

ロ経済データの分析においては、経済変数間の関係の統計的分析が重要であるが、確率過程の統

計分析や非定常多次元時系列分析にはなお解決すべき課題が少なくない。

科学研究プロジェクト「新しい時系列計量分析の理論と応用」ではこうした経済・金融・社会

における新しい動向を背景として、近年の日本経済・社会の理解の方法として重要な新しい計量

分析の方法を開発、応用を検討している。特に金融現象やマクロ経済の統計分析では、時々起き

る大きな経済変動は重要であるにもかかわらず、なお研究の蓄積が不十分であり、様々な研究の

可能性がある。また、ミクロ金融の分析ではジャンプや確率過程の一般理論を踏まえた金融時系

列分析はなお十分とは言えず、マイクロマーケット分析や確率過程の計量分析の方法を確立が望

まれる。こうした経済・金融におけるマクロ分野、ミクロ分野と云う二つの時系列分析において

新しい分析の枠組みを構築する必要がある。またマクロ経済データが象徴的であるように、経済・

金融分野で観察されるデータは統計的には非定常性が見られるとともに本来的に多次元時系列で

あり、次元数も必ずしも小さくない場合も研究対象である。

本年度は研究プロジェクトの二年目であり、特にファイナンス市場の分析では重要なマイクロ

マーケット、確率過程の理論と計測理論などを中心に活発な議論を行った。ここに収録した研究

報告が計量ファイナンス、経済時系列分析の理論と応用を展開する一助になることを期待する。

2018年 8月

編者
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研究集会・プログラム

科学研究プロジェクト「新しい時系列計量分析の理論と応用」

日程：2018年 8月 6日 (月)

会場：信州大学経法学部 4F403

オーガナイザー：国友直人

プロジェクト参加者：国友直人 (明治大学)・大屋幸輔 (大阪大学)・佐藤整尚 (東京大学)・栗栖大

輔 (東京工業大学)

会場責任者：椎名洋 (信州大学)

協賛：明治大学先端数理科学インスティテュート (MIMS)

<セッション I：特別講演>

Chair: 国友直人

13:00～13:50「Detecting mean-field in a financial network model」

Ichiba Tomoyuki (UC Santa-Barbara)

13:50～14:40「アルゴリズム取引の実際」

足立高徳 (首都大学東京)

<休憩>

<セッション II：Financial Econometrics >

Chair: 都築幸宏 (信州大学)

14:50～15:20「Local SIML Estimation of Some Brownian Functionals」

佐藤整尚・国友直人

15:20～16:00「Estimation for affine term structure with smooth transition」

Shingo Mukunoki and Kosuke Oya

<休憩>

<セッション III：Econometrics of Time Series>

Chair:矢部竜太 (信州大学)

16:10～16:50「Detecting Number of Factors in Non-stationary Errors-in-Variables Models」

国友直人

16:50～17:30「不等間隔観測の下でのノンパラメトリック空間回帰モデルに対する統計的推測」

栗栖大輔
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Detecting mean-field in a large financial
network model

Tomoyuki Ichiba
Department of Statistics & Applied Probability,

Center for Financial Mathematics and Actuarial Research,
University of California, Santa Barbara

Joint work with
Nils Detering & Jean-Pierre Fouque

Shinshu University, Japan, August 2018
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Motivation

Let us consider a linear directed graph (or directed network) of
vertices f1; : : : ;ng

i � 2 i � 1 i i + 1 i + 2 : : :: : :

On some probability space, based on this graph let us consider
the simple Ornstein-Uhlenbeck system (or a Gaussian cascade)

dXt ;i = (Xt ;i+1 �Xt ;i )dt + dWt ;i ; t � 0 ; i = 1; : : : ;n � 1 ;
dXt ;n = (Xt ;1 �Xt ;n)dt + dWt ;n

with initial I.I.D. random variables X0;i , independent of
standard Brownian motions (W�;i ) , 1 � i � n .

We will consider a discrete-time version later.
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Motivation
For comparison, on the same probability space, we consider a
typical mean-field interacting system where each particle is
attracted towards the mean, defined by

dXt ;i =
� 1

n

nX
j=1

Xt ;j �Xt ;i

�
dt + dWt ;i ; t � 0 ; i = 1; : : : ;n :

The particle X�;i at node i is directly attracted towards the
mean (X�;1 + � � �+ X�;n)=n of the system.

i � 2 i � 1 i

“mean”

“n(!1)”

i + 1 i + 2 : : :: : :
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Motivation

i � 2 i � 1 i i + 1 i + 2 : : :: : : i � 2 i � 1 i

“mean”

i + 1 i + 2 : : :: : :

Directed chain/Cascade Mean-field interaction

Two types of interactions

Questions.
Q1. What is the essential difference between these two types of
interacting systems for large n !1 ?

Q2. Can we detect the type of interaction from the particle
behavior at one node?

Q3. Are the optimization problem (e.g., optimal stopping) and
the answers different between two types?

Motivation.
� Effects of graph (network) structure: mean-field type and
local directed chain dependence.
� Systemic risk problems in financial network: effects of
network structure on default cascades.
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Motivation
Let us introduce an interpolated system of linear equations:

dXt ;i =
�
u �Xt ;i+1 + (1� u) � 1

n

nX
j=1

Xt ;j �Xt ;i

�
dt + dWt ;i ;

dXt ;n =
�
u �Xt ;1 + (1� u) � 1

n

nX
j=1

Xt ;j �Xt ;n

�
dt + dWt ;n

for t � 0 , i = 1; : : : ;n � 1 with the initial X0;i , 1 � i � n ,
and for fixed u 2 [0; 1] .

� What is the limit as n !1 ?

i � 2 i � 1 i

“mean”

n(!1)

i + 1 i + 2 : : :: : :

uuuuuu

1� u

1� u1� u
1� u

1� u
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An Infinite-dimensional McKean-Vlasov equation

Given u 2 [0; 1] , let us consider a pair (X (u)
t ;fX (u)

t ; t � 0) on
(
;F ; (Ft );P) with a mixture distribution

F (u)
t (�) := u � �eX (u)

t
(�) + (1� u) � L

X (u)
t

(�)

of the Dirac measure �eX (u)
t

and the identical marginal law

L
X (u)
�

� LeX (u)
�

= Law(X (u)
� ) and a McKean-Vlasov equation� �

dX (u)
t = b(t ;X (u)

t ; F (u)
t )dt + dBt ; t � 0 ;� �

where Brownian motion (Bt ; t � 0) is independent of fX (u)
� and

X (u)
0 , and b : R+ � R�M(R)! R is a measurable function.

Here M(R) is a family of probability measures on R .

� two extreme cases u = 0; 1 .
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Weak existence and uniqueness

Proposition. Suppose b : [0;1)� R�M(R)! R is Lipschitz.
in the sense that there exists a measurable functioneb : [0;1)� R� R . such that b is represented as

b(t ; x ; �) =

Z
R
eb(t ; x ; y)�(dy) ; t 2 [0;1) ; x 2 R ; � 2M(R) ;

and for every T > 0 there exists a constant CT > 0 such that

jeb(t ; x1; y1)� eb(t ; x1; y2)j � CT (jx1 � x2j+ jy1 � y2j) ; t � 0 :

With the same constant CT , let us also assume that eb is of
linear growth, i.e.,

sup
0�s�T

jeb(s ; x ; y)j � CT (jx j+ jy j) ; x ; y 2 R :

7



Then for each u 2 [0; 1] there exists a weak solution
(
;F ; (Ft );P) , (X (u)

� ;fX (u)
� ;B�) , unique in distribution for� �

dX (u)
t = b(t ;X (u)

t ; F (u)
t )dt + dBt ; t � 0 ; with

F (u)
t (�) := u � �eX (u)

t
(�) + (1� u) � L

X (u)
t

(�) ;

L
X (u)
�

� LeX (u)
�

; σ(B�) ?? σ(fX (u)
� ;X (u)

0 ) :� �
In addition, assume E[jX0j] <1 . Then, there exists a constant
c (> 0) , such that

E[ sup
0�t�T

jfX (u)
t j] = E[ sup

0�t�T
jX (u)

t j] � (E[jX0j] + c)ec T :�

� Proof is based on a contraction argument for a Picard
iteration under the Wasserstein metric W1(�; �)

(cf. Sznitman (’91), Graham (’92)).

� Some extensions.
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� When u = 0 , set (X �
� ;
fX �
� ) := (X (0)

� ;fX (0)
� )

dX �
t = b(t ;X �

t ; LX �
t
)dt + dBt ; t � 0 ;

and the corresponding copy fX �
� disappears. In particular, iffX �

0 is independent of X �
0 , then fX �

� is independent of X �
� .

� When u = 1 , set (X y
� ;fX y

� ) := (X (1)
� ;fX (1)

� )

dX y
t = b(t ;X y

t ; �eX y
t
)dt + dBt ; t � 0 ;

where fX y
� has the same law as X y

� , independent of Brownian
motion, i.e., Law(X y

� ) = Law(fX y
� ) and

σ(fX y
t ; t � 0) ?? σ(Bt ; t � 0) .

The corresponding non-linear contribution from the law
Law(X y

� ) of X y
� disappears.
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Particle system approximation

Let us consider finite systems (X (u)
t ;i , t � 0 , i = 1; : : : ;n) ,

n 2 N defined by the system of stochastic differential equations

dX (u)
t ;i = b

�
t ;X (u)

t ;i ; bF (u)
t ;i
�
dt+dWt ;i ; t � 0 ; i = 1; : : : ;n�1 ;

where

bF (u)
t ;i (�) := u ��

X (u)
t;i+1

(�)+(1�u)� 1
n

nX
j=1

�
X (u)

t;j
(�) ; i = 1; : : : ;n�1

with the boundary particle

dX (u)
t ;n = b

�
t ;X (u)

t ;n ;u � �
X (u)

t;1
+ (1� u) � 1

n

nX
j=1

�
X (u)

t;j

�
dt + dWt ;n :

10



Particle system approximation

� Here W�;i , i 2 N are standard independent Brownian
motions on a filtered probability space, independent of the
initial values X (u)

0;i , i = 1; : : : ;n .

� We assume X (u)
0;i are I.I.D with E[jX (u)

0;1 j2] < +1 .

� It is natural to write X (u)
�;n+1 � X (u)

�;1 , because

Law(X (u)
�;i ) = Law(X (u)

�;1 ) , i = 1; : : : ;n and

Law(X (u)
�;i ;X (u)

�;i+1) = Law(X (u)
�;1 ;X (u)

�;2 ) ; i = 1 : : : ;n :
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Particle system approximation

Joint and Marginal empirical distributions

Let us assign the weight 1=n to the Dirac measure at
(X (u)

t ;i ;X (u)
t ;i+1) for i = 1; : : : ;n , and consider the law of the

joint empirical measure process

Mt ;n :=
1
n

nX
i=1

�
(X (u)

t;i ;X (u)
t;i+1)

; with mt ;n :=
1
n

nX
i=1

�
X (u)

t;i
;

0 � t � T in the space M(
1) of probability measures on the
topological space 
1 := D([0;T ]; (M(R2); k�k1)) of càdlàg
functions on [0;T ] equipped with the Skorokhod topology,
where (M(R2); k�k1) is the space of p.m.’s on R2 equipped with the metric

k�� �k1 := supf

R
R2 f (x)d(�� �)(x) . Here the supremum is taken over the bounded Lipschitz

functions f : R2 ! R with supx2R2 jf (x)j � 1 and supx ;y2R2 jf (x)� f (y)j=kx � yk � 1 .
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Particle system approximation

Law of Large Numbers
By the construction the sequence of the law of the initial
empirical measure converges to the Dirac measure concentrated
in M0 (say), i.e.,

Law(M0;n) ����!n!1
�M0 weakly in M((M(R2); k�k1)) :

We denote by m0(dy) := M0(R� dy) = M0(dy � R) the
marginal of M0 .

Proposition. Fix u 2 [0; 1] . Under the same assumptions for
the functional b the law of empirical measure process M�;n
converges in M(
1) to the Dirac measure concentrated in the
deterministic measure-valued process Mt ; 0 � t � T , as
n !1 , i.e.,

lim
n!1

Law
�
Mt ;n ; 0 � t � T

�
= �(Mt ;0�t�T ) in M(
1) :
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Particle system approximation
The marginal laws of M� are the same, i.e.,
Mt (R� dy) = Mt (dy � R) =: mt (dy) , 0 � t � T , and the
joint M� and its marginal m� satisfy the integral equationZ
R
g(x )mt (dx ) =

Z
R
g(x )m0(dx )+

Z t

0
[As(M)g ]ds ; 0 � t � T

for every test function g 2 C 2
c (R) , where

As(M)g := u
Z
R2

eb(s ; y1; y2)g 0(y1)Ms(dy1dy2)

+ (1� u)
Z
R2

eb(s ; y1; y2)g 0(y1)ms(dy1)ms(dy2)

+
1
2

Z
R
g 00(y1)ms(dy1) ; 0 � s � T :

Moreover, M� is the joint distribution of the solution pair
(X�;fX�)unique in the sense of distribution with the common
marginal m� = Law(X�) = Law(fX�) . �
� Proof uses the martingale problem (Oelschläger (’84)).
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Particle system approximation - fluctuation

Fluctuation

� Let us also consider X t ;i , t � 0 , i = 1; : : : ;n + 1 , n � 1 ,
defined recursively from the pair
(X �;n ;X �;n+1) := (X (u)

� ;fX (u)
� ) of the solution to the

infinite-dimensional McKean-Vlasov stochastic equation

dX t ;n = b(t ;X t ;n ;u ��X t;n+1
+(1�u)�LX t;n

)dt+dWt ;n ; t � 0 ;

and then for j = n � 1;n � 2; : : : ; 1 , given X �;j+1 , we solve

dX t ;j = b(t ;X t ;j ;u ��X t;j+1
+(1�u) �LX t;j

)dt +dWt ;j ; t � 0

with the distributional restrictions for each pair (X �;j ;X �;j+1) .
We set the common law m� = Law(X �;i ) for i = 1; : : : ;n + 1 ,
and we also assume the initial values are the same as
X (u)

0;i = X 0;i , i = 1; : : : ;n almost surely.
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Particle system approximation - fluctuation

Proposition. In addition, let us assume that the marginal
distribution mt (dy) = m�

t (dy) of (X (u)
t ; t � 0) has the density

mt (�) (i.e., mt (dy) = mt (y)dy , y 2 R ) withR
Rjy j2m0(dy) <1 and assume there exists a constant CT
such that���eb(t ; x1; y1) � mt (x1)

mt (y1)
� eb(t ; x2; y2) � mt (x2)

mt (y2)

��� � CT (jx1 � x2j+ jy1 � y2j)

for every (xi ; yi ) 2 R2 , i = 1; 2 , 0 � t � T and

���eb(t ; x ; y) � mt (x )
mt (y)

��� � CT (jx j+ jy j)

for every (x ; y) 2 R2 , 0 � t � T .
Then for the difference between two systems

sup
n�1

1p
n

nX
i=1

E[ sup
0�s�T

jX (u)
s;i �X s;i j] <1 :

16



Detection problem

A detection problem of mean-field

Suppose that we observe only one sample path X (u)
� with

dX (u)
t = b(t ;X (u)

t ;u � �eX (u)
t

+ (1� u) � L
X (u)

t
)dt + dBt ; t � 0

but we do not observe the other particle fX (u) .

Here 1� u is the size of effect from the distribution of X (u)
�

Q2. Can we detect u 2 [0; 1] only from the one sample path?

A. In general, it seems difficult, however, we can resolve it when
b is linear.
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Connection to the infinite-dimensional OU process

Let us take a linear functional b(t ; x ; �) := � RR(x � y)�(dy)
for t � 0 , x 2 R , � 2M(R) of mean-reverting type.� �
dX (u)

t = ��u (X (u)
t �fX (u)

t )+(1�u)(X (u)
t �E[X (u)

t ])
�
dt+dBt� �

for t � 0 and each u 2 [0; 1] .

Setting a fixed initial value X (u)
0 = 0 for simplicity, we see

E[X (u)
t ] = E[fX (u)

t ] = E[X �
t ] = E[X y

t ] = 0 ; t � 0 ; u 2 [0; 1] ;

with an explicitly solvable Gaussian pair (X (u)(t);fX (u)(t)) for
t � 0 , u 2 [0; 1] .

18



Connection to the infinite-dimensional OU process

The iteration scheme, when u = 1 .
For simplicity let us set X y

i (0) = 0 and u = 1 . Given X y
2 (�) ,

we define

X y
1 (t) =

Z t

0
e�(t�s)X y

2 (s)ds +

Z t

0
e�(t�s)dB1(s) ;

and also, given X y
3 (�) , we define

X y
2 (s) =

Z s

0
e�(s�v)X y

3 (v)du +

Z s

0
e�(s�v)dB2(v)

for t � 0 , and hence substituting X y
2 (�) into the first one,

X y
1 (t) =

Z t

0
e�(t�s)dB1(s) +

Z t

0

Z s

0
e�(t�v)dB2(v)ds

+

Z t

0
e�(t�s)

Z s

0
e�(s�v)X y

3 (v)dv

for t � 0 .
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Connection to the infinite-dimensional OU process

By the product rule for semimartingales, we observeZ t

0

Z s

0
eu(s � u)k�1dB(u)ds =

Z t

0
eu (t � u)k

k
dB(u) ;

for k 2 N , t � 0 , and henceZ t

0

Z s

0
eudB(u)ds =

Z t

0
eu(t � u)dB(u) ;

Z t

0

Z sk

0
� � �
Z s1

0
eudB(u)ds1 � � �dsk =

Z t

0
eu (t � u)k

k !
dB(u)

for k 2 N , t � 0 . Thus for the above example we have

X y
1 (t) =

1X
k=0

Z t

0
e�(t�v) � (t � v)k

k !
dBk+1(v)

for t � 0 .
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Connection to the infinite-dimensional OU process

X y
1 (t) =

1X
k=0

Z t

0
e�(t�v) � (t � v)k

k !
dBk+1(v)

is a centered, Gaussian process with covariances

E[X y
1 (s)X

y
1 (t)] = e�(s+t)

1X
k=0

Z s

0

e2v

(k !)2
(s � v)k (t � v)kdv

= e�(t�s)
Z s

0
e�2v I0(2

q
(t � s + v)v)dv

for 0 � s � t , where I0(�) is the modified Bessel function of
the first kind with parameter 0 , i.e.,

I�(x ) :=
1X

k=0

� x
2

�2k+� 1
�(k + 1)�(� + k + 1)

for x > 0 , � � �1 .
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Connection to the infinite-dimensional OU process

In particular,

Var(X y
1 (t)) =

Z t

0
e�2v I0(2v)dv = te�2t (I0(2t) + I1(2t)) <1

(it grows as O(t1=2) for large t , also,

E[X y
1 (s)X

y
1 (s + t)] = O(e�(t�2

p
(t+s)s)t�1=4) :)

Thus X y
1 (�) is not stationary.

The (marginal) distribution of X y
k (�) , k 2 N is the same as

X y
1 (�) , and hence, we may compute (at least numerically)

E[X y
1 (t)X

y
2 (u)] =

Z t

0
e(t�s)E

�
X y

2 (s)X
y
2 (u)

�
ds

=

Z t

0
e(t�s)E

�
X y

1 (s)X
y
1 (u)

�
ds

and recursively, E[X y
1 (t)X

y
k (u)] , k 2 N for 0 � t ;u <1 .
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Connection to the infinite-dimensional OU process

Sample path of (X y
1 (�);X y

2 (�)) generated from the covariance
structure.

X y
1 (�) X y

2 (�)

X y
1 (t) =

Z t

0
e�(t�s)X y

2 (s)ds +

Z t

0
e�(t�s)dB1(s) ;

for t � 0 and Law(X y
1 (�)) = Law(X y

2 (�)) .
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Connection to the infinite-dimensional OU process

In general, we have

X (u)
t =

Z t

0
e�(t�s)ufX (u)

s ds +

Z t

0
e�(t�s)dBs ;

fX (u)
t =

Z t

0

1X
k=0

p0;k (t � s ;u)dWs;k ;

p0;k (t � s ;u) :=
uk (t � s)k

k !
e�(t�s) ;

where (W k
� ; k � 0) is a sequence of independent,

one-dimensional standard Brownian motions, independent of
the Brownian motion B(�) .
� Note that the integrand p0;k (t � s ;u) , k 2 N0 is a (taboo)
transition probability P(M (t � s) = k jM (0) = 0) of a Markov
chain M (�) in the state space N0 with generator matrix
Q = (qi ;j )i ;j2N0 with qi ;i+1 = u 2 [0; 1] , qi ;i = �1 and
qi ;j = 0 for the other entries j 6= i ; i + 1 .
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Connection to the infinite-dimensional OU process

Thus we interpret p0;k (t � s ;u) as (0; k) -element of the
N0 � N0 -dimensional matrix exponential e(t�s)Q , i.e.,

( pi ;j (t � s ;u) := P(M (t � s) = j jM (0) = i) ; i ; j 2 N0 )

� ((e(t�s)Q)i ;j ; i ; j 2 N0) ; t � s � 0 :

Then we have a Feynman-Kac representation formula

fX (u)
t = EM

h Z t

0

1X
k=0

1fM (t�s)= kgdWs;k jM (0) = 0
i
; t � 0 ;

where the expectation is taken with respect to the probability
induced by the Markov chain M (�) , independent of the
Brownian motions (W�;k ; k 2 N0) .
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Connection to the infinite-dimensional OU process

dX t = QX t dt + dW t ;

where X � := (X (u)
�;k ; k 2 N0) with X 0 = 0 , and

W � := (W�;k ; k 2 N0) with the backward Kolmogorov equation

d
dt

e tQ = Q e tQ ; t � 0 :

Thus, by Itô’s formula we directly verify

d
� Z t

0
e(t�s)QdW s

�
=
�
Q
Z t

0
e(t�s)QdW s

�
dt+dW t ; t � 0 ;

and hence
X t =

Z t

0
e(t�s)Q dW s ; t � 0 ;

is a solution.
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Connection to the infinite-dimensional OU process

� We may compute the variance-covariances.

� Although Q has the specific form here, it is easy to see that
in general, the Feynman-Kac formula still holds for the
infinite-dimensional OU process with a class of generators Q
which form a Banach algebra
(e.g., the generator of the discrete-state, compound Poisson
processes, Friedman (’71)).

� More generally, it is connected to stochastic evolution
equation (see e.g., Dawson (’72), Da Prato & Zabczyk
(’92), Kallianpur & Xiong (’95), Batt, Kallianpur,
Karandikar, & Xiong (’98), Athreya, Bass & Perkins
(’05) for more general results in Hilbert spaces).
For more recently elaborated work in the similar direction see
Chong & Klüppelberg (’12), Ramanan (’18).
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Connection to the infinite-dimensional OU process

Asymptotic dichotomy

The asymptotic behaviors of their variances as t !1 are
dichotomous

Var(X (u)
t ) =

Z t

0
e�2v I0(2uv)dv =

(
O(1) ; u 2 [0; 1) ;

O(
p

t) ; u = 1 ;

with Var(X (0)
t ) =

1� e�2t

2
;

Var(X (1)
t ) = te�2t (I0(2t) + I1(2t))

for t � 0 .

28



Connection to the infinite-dimensional OU process

Weighted by Poisson probabilities

� An interpretation of

X y
1 (t) =

1X
k=0

Z t

0
e�(t�v) � (t � v)k

k !
dBk+1(v)

=:
1X

k=0

Z t

0
pk (t � v)dBk+1(v)

for t � 0 :

Suppose N (s) ; 0 � s � t is a Poisson process with rate 1 ,
independent of (Bk (�); k 2 N) . Then

X y
1 (t) = E

h 1X
k=0

Z t

0
1fN (t�v)= kgdBk+1(v)

���F(t)
i
;

where F(t) := �(Bk (s); 0 � s � t ; k 2 N) , t � 0 .
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Connection to the infinite-dimensional OU process
If we replace the Poisson probability by
compound Poisson probability, i.e.,

fN (t) :=

N (t)X
k=1

�k ;

where (�k ; k 2 N) are I.I.D. integer-valued R.V.’s with
P(�1 = i) = pi , 1 � i � q ,

Pq
i=1 pi = 1 for some q 2 N ,

independent of N (�) and (Bk (�); k 2 N) , then

fX y
1 (t) := E

h 1X
k=0

Z t

0
1
feN (t�u)= kgdBk+1(u)

���F(t)
i

=
1X

k=0

Z t

0
epk (t � u)dBk+1(u) ;

where epk (t) :=
@k

@z k

h
exp

� qX
i=1

pi t(z i � 1)
�i���

z = 0

for k 2 N , t � 0
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Connection to the infinite-dimensional OU process

corresponds to the modified matrix

fQ :=

0BB@
�1 p1 p2 � � � pq 0 � � �
0 �1 p1 p2 � � � pq

. . .
. . . . . . . . . . . . . . . . . .

1CCA ;

and

dX y
k (t) =

��X y
k (t) +

qX
i=1

piX
y
i+k (t)

�
dt + dBk (t)

with X y
k (0) = 0 for k 2 N , t � 0 .

� In particular, if q = 2 , p1 = p2 = 1=2 , then

epk (t) =

bk=2cX
j=0

e�t tk�j

2k�j (k � 2j )! j !
; t � 0 ; k 2 N :

If we replace Poisson process by the Z -valued, continuous-time
Markov chains M (�) , we obtain
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Connection to the infinite-dimensional OU process

� Another example: if we take

fQ :=

0BBBBB@
. . . . . . . . .

1=2 �1 1=2
1=2 �1 1=2

. . . . . . . . .

1CCCCCA
then the solution can be represented by

fX y
i (t) = E

h 1X
k=�1

Z t

0
1fMi (t�s)= kgdBk (s)

���F(t)
i
; i 2 Z

with continuous-time, simple symmetric random walk Mi (�) on
Z with Mi (0) = i 2 Z .

� Connection to SPDEs with a discrete Laplacian for this case,
while for the OU case it is connected to a discrete gradient.
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Connection to the infinite-dimensional OU process

� Another modification: now with repulsions we consider

dX1(t) = (X1(t)�X2(t))dt + dB1(t) ;

dX2(t) = (X2(t)�X3(t))dt + dB2(t) ;

� � �
We may use the same reasoning in this case to obtain

X1(t) =

Z t

0

1X
k=0

e t�s � (�1)k (t � s)k

k !
dBk+1(s)

with exponentially growing variance

Var(X1(t)) = te2t (I0(2t)� I1(2t)) ; t � 0 :
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Detection Problem

Now let us take F� = (σ(Xs ;fXs); 0 � s � �) .
Thanks to Girsanov theorem, the log Radon-Nykodim
derivative of the solution P(u) w.r.t. the Wiener measure P0 is

log
dP(u)

dP0

���
FT

=

Z T

0
(Xt � ufXt )dXt +

1
2

Z T

0
(Xt � ufXt )

2dt :

Thus given FX
T , the observer may maximizes the conditional

log likelihood function

E
h
� log

� dP(u)

dP0

���
FT

����FX
T

i
with respect to u , and formally obtain a unique maximizer

bu :=
� Z T

0
E
�fX 2

t jFX
T
�
dt
��1

� E
h Z T

0
XtfXtdt +

Z T

0
fXtdXt

���FX
T

i
as an estimator of u .
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Detection Problem
If we replace fX� by X� , then we obtain a modified estimator

bum :=
� Z T

0
X 2

t dt
��1

�
� Z T

0
X 2

t dt +
Z T

0
XtdXt

�
= 1�

�
2
Z T

0
X 2

t dt
��1�

T �X 2
T
�
:

lim
T!1

bum = 1�
p
1� u2 � u 2 [0; 1] :

Another typical method of estimation of u is known as the
method of moments. We may obtain the method of moments
estimator by matching the second moment in the limit, i.e.,

buM =
h
1�

� 2
T

Z T

0
X 2

t dt
��1=2i1=2

:

lim
T!1

buM = u 2 [0; 1] :

Thus this method of moments estimator bum is asymptotically
consistent to the value u as T !1 .
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Connection to Time Series Analysis

A Discrete-time version — modified AR(1)

Let us consider its discrete-time version, namely, for a 2 (0; 1) ,
u 2 [0; 1] the solution pair (Xn ;fXn) , n = 0; 1; 2; : : : which
satisfies the following recursive equation for n = 1; 2; : : :� �

Xn = aXn�1 + (1� a)(ufXn�1 + (1� u)E[Xn�1]) + "n� �
where we assume Law(X�) � Law(fX�) and fX� is independent
of the noise "n , n 2 N . We shall find the joint distribution of
(Xn ;fXn) , n 2 N .

For simplicity, let us assume X0 = 0 = fX0 .

Then it is reduce to E[Xn ] = E[fXn ] = 0 and hence

Xn = aXn�1 + (1� a)ufXn�1 + "n ; n = 1; 2; : : :

with distributional constraints Law(X�) � Law(fX�) .
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Connection to Time Series Analysis

Recursively substituting from X0 = fX0 = 0 , we have

X1 = "1 ; X2 = aX1 + (1� a)ufX1 + "2 ;

X3 = aX2 + (1� a)ufX2 + "3 = � � � ;

Xn = u
n�1X
k=1

ak�1(1� a)fXn�k +
n�1X
k=0

ak"n�k :

Thanks to the constraints Law(X�) � Law(fX�) , we solve� �
Xn =

X
0�`�k�n�1

 
k
`

!
u`(1� a)`ak�`"n�k ;` ;

fXn =
X

0�`�k�n�1

 
k
`

!
u`(1� a)`ak�`"n�k ;`+1 ; n 2 N ;

� �
where "n ;m , n ;m 2 N are independently, identically
distributed noise with "n ;0 = "n , n 2 N .
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Connection to Time Series Analysis

Simulated sample path (Xn ;
fXn)

Xn = aXn�1 + (1� a)ufXn�1 + "n ; n = 1; 2; : : :

with distributional constraints Law(X�) � Law(fX�) .

u = 0:2 u = 1

The sample path (Xn ;fXn) , n = 1; : : : ; 100
with a = 0:5 , X0 = 0 = fX0 and I.I.D. N (0; 1) noise "� .
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Connection to Time Series Analysis

Asymptotic dichotomy
The variance-covariances can be calculated, e.g.,

E[X 2
n ] =

n�1X
k=0

kX
`=0

 
k
`

!2

u2`(1� a)2`a2(k�`)

=
n�1X
k=0

uk (1� a)k 2F1

�
� k ;�k ; 1;

a2

(1� a)2
�
;

E[XnfXn ] =
n�1X
k=1

kX
`=1

 
k
`

! 
k

`� 1

!
u2`�1(1� a)2`�1a2(k�`)+1

for n 2 N . Here 2F1(�) is the Gauss hypergeometric function.
Particularly, we have as n !1

Var(Xn) =

8>>><>>>:
O(1) if u 2 [0; 1) ; a 2 [0; 1) ;

O(
p

n) if u = 1 ; a 2 (0; 1) ;
O(n) if u = 1 ; a = 0 ;

or if u 2 (0; 1] ; a = 1 :
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Connection to Time Series Analysis

Another formulation — Cointegration

Another simple discrete-time version we may consider� �
Xn � aufXn = �(Xn�1 � aufXn�1) + "n ; n = 1; 2; : : :� �

with distributional constraints Law(X�) � Law(fX�) . We
assume fX� is independent of the noise "n , n 2 N .

This is a type of cointegration model between (X�;fX�) , i.e.,

Yn = �Yn�1 + "n ; Yn := Xn � aufXn

for n 2 N .

We assume ja j � 1 , j�j � 1 , u 2 [0; 1] .
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Connection to Time Series Analysis

Under the assumption X0 = 0 = fX0 , ja j < 1 , j�j 2 (0; 1] ,
u 2 [0; 1] the solution can be represented as

Xn =
1X
`=0

nX
k=0

�k (au)`"n�k ;` ;

fXn =
1X
`=0

nX
k=0

�k (au)`"n�k ;`+1 :

This case provides stationary series if jau j < 1 , j�j < 1 . If
ja j < 1 with u = 1 = � , the variance grows linearly like a
random walk.

� Ongoing project: Statistical inference problems, unit root
test, partial information.
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Connection to Time Series Analysis

Optimal stopping problem and reflected BSDE
Given the solution (X (u)

t ; 0 � t � T ) to the infinite
dimensional McKean-Vlasov equation, we shall consider the
following reflected backward stochastic differential equation

Yt = �+

Z T

t
f (s ;Ys ;Zs)ds+KT�Kt�

Z T

t
Zs �dBs +MT�Mt ;

Yt � Lt ; 0 � t � T ;

Z T

0
(Yt � Lt )dKt = 0 ;

where K� is adapted, increasing, cont., M� is a cont., local
martingale orthogonal to the BM B� with M0 = 0 , and

Lt := h(X (u)
t ) ; 0 � t � T ; � := g(X (u)

T )

with a measurable function g with at most linear growth, a
continuous function h with at most linear growth with
g(�) � h(�) .
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Connection to Time Series Analysis

We define

S2
F := f(Yt )0�t�T ; continuous, adapted E[ sup

0�t�T
jYt j2] <1g ;

L2
F := f(Zt )0�t�T ;progressively meas., E

h Z T

0
jZt j2dt

i
<1g ;

M 2
F := f(Kt )0�t�T ; adapted, cont., increasing; E[K 2

T ] < +1g ;
and assume that there is a constant C > 0 such that for every
t ; y1; y2 2 R , z1; z2 2 `2(R)

jg(t ; y1; z )� g(t ; y2; z2)j � C (jy1 � y2j+ kz1 � z2k2)

and g(�; 0; 0) 2 L2
F .

Proposition. The reflected BSDE admits a unique adapted
solution (Y ;Z ;K ;M ) in S2

F � L2
F �M 2

F � L2
F .
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Connection to Time Series Analysis

The solution Y� is the value function of optimal stopping time
problem

Yt = ess sup
�2Tt

E
h Z �

t
f (s ;Ys ;Zs)ds + h(X (u)

t ) � 1f�<Tg

+ g(X (u)
T ) � 1f� =Tg

���Ft

i
for t 2 [0;T ] , where Tt is the family of stopping times
dominated by T and greater than or equal to t .

Proof is based on El Karoui, Peng & Quenez (’97a-b). �

� Extension to the mean-field, (reflected) BSDE of Buckdhan,
Djehiche, Li & Peng (’09), Li & Luo (’12).

� Interaction between (X (u)
� ;fX (u)

� ) .
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Summary

Summary:

I Two kinds of systems with different interactions: Directed
chain/Cascade or Mean-field interaction

I Interpolation of these two systems leads us an
infinite-dimensional McKean-Vlasov equation:

I Well-posed : Weak solution exists and unique in law.
I Particle approximation : LLN of joint empirical measure

and
p

n estimate.

I Case of linear functional :
I Connection to the infinite-dimensional OU process
I Detection problem.
I Discrete-time case.

I Optimal stopping and reflected BSDE.

� Detering, Fouque & Ichiba (2018) “An infinite-dimensional
McKean-Vlasov stochastic equation” arXiv: 1805.01962 Preprint.
� Part of research is supported by NSF DMS-1313373 and DMS DMS-1615229.
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֬཰ඍ෼ํఔࣜ
ঢ়گͷมಈ͸֬཰ඍ෼ํఔࣜͰهड़͢Δɽ

dXu
t

(m×1)
= µ(t,Xu

t ,ut)
(m×1)

dt+σ(t,Xu
t ,ut)

(m×n)
dWt
(n×1)

+γ(t,Xu
t ,Y,Nu

t−,Xut ,ut)
(m×ℓ)

dNu
t,Xut

(ℓ×1)

.

͜ͷํఔࣜͷղXu
t ΛҾ਺ͱͯؔͭ࣋͠਺ f (t,Xu

t ) ͷੵ෼ํ๏ʹ
͍ͭͯड़΂ͨͷ͕༗໊ͳҏ౻ͷެࣜͰ͋Δɽ

ҏ౻ਗ਼ઌੜ (1915-2008)
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HJBํఔࣜ

! Δͷ͕ઓུͰ͋Δɽ͑ߟ๏Λํޚ੍
! ͸͖ͬΓͱ਺஋Ͱද͞Εͨ໨ඪ͕͋Δͱ͢Δɽ͜ͷ਺஋Λද
ࣜ͢Λ஋ؔ਺ͱݺͿɽ

H( x
(m×1)

) = sup
u∈A

E
[
G (Xu

T )
(m×1)

+

∫ T

0
F (s, Xu

s
(m×1)

, us
(p×1)

)ds
]

! HJBํఔࣜ͸ɼ஋ؔ਺ʢ໨తؔ਺ʣΛ࠷େԽ͢ΔΑ͏ʹ੍ޚ
͢Δ֬཰աఔΛܾఆ͢Δɽ

! ͜ͷ஋ؔ਺Λ໨ඪʹ͢Δɼͱ͍͏఺͕ޙड़͢ΔσΟʔϓɾ
ϥʔχϯάʢਂ૚ֶशʣʹద͍ͯ͠Δ͔΋͠Εͳ͍ɽ

! ͔͠͠ɼΈͳ͕ಉ͡৘ใΛ͍ͨͯͬ࢖Βɼઓུ΋ͨࣅΑ͏ͳ
΋ͷʹͳΔɽ

! ɼऔҾίετΛ্ճΔΑ͏ͳऩӹΛ্͛Δͷ͸೉͍͠ɽہ݁
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རӹͷݯઘ

! ͷͱ͜Ζࡍ࣮ Ft ͷ৘ใ͸͍࢖੾Ε͍ͯͳ͍ɽ

! ͔ͦ͜Βɼ·͚ͩͭݟΒΕ͍ͯͳ͍རӹͷݯઘͱͳΔ৘ใ
(ΞϧϑΝͱݺͿ) Λ͚ͭݟɼ

! ͦΕΛͯͬ࢖

! औҾ଎౓Λม͑ͨΓ

! ചങλΠϛϯάΛͣΒ͢

ͳͲͷํ๏ͰɼΑΓ͍ߴऩӹΛૂ͏͜ͱ͕ॏཁʹͳΔɽ

! ༗ҙͳΞϧϑΝͷൃੜΠϕϯτ͸ɼτϦΨʔͱݺ͹ΕΔɽ

! ͜ͷτϦΨʔʹΑͬͯऔҾΞϧΰϦζϜ͕ࢀর͢Δύϥϝλ
Λมಈͤ͞Δ͜ͱʹͳΔɽ
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આ໌ม਺ͱඃઆ໌ม਺

! Ձ΍ऩӹ཰Λද֬͢཰ม਺Λඃઆ໌ม਺ͱ͍͏ɽג
! ͜ͷඃઆ໌ม਺Λ͍͔ͭ͘ͷผͷ֬཰ม਺ͷ૊Έ߹ΘͤͰද
Έͨͱ͢ΔɽࢼΑ͏ͱ͠ݱ

! ྫɿ೔ܦฏۉΛɼSˍ P500ͱυϧԁҝସϨʔτͰઆ໌͢Δɽ

rNikkeit = α+ βSP500r
SP500
t + βUSD YEN r

USD YEN
t + εt

! ͜ͷΑ͏ʹઆ໌͢ΔͨΊʹ༻͍ΒΕΔ֬཰ม਺Λઆ໌ม਺ͱ
Ϳɽݺ

! આ໌ม਺ʹΑͬͯਪఆͨ͠ඃઆ໌ม਺ͷਪఆ஋ͱ࣮ݱ஋ͷࠩ
εt ΛࠩޡͱݺͿɽ

! ͜ͷࠩޡ΋֬཰ม਺Ͱɼͦͷ෼෍͸௨ৗฏ͕ۉ 0Ͱ͋Δɽ
ͭ·Γ E[εt ] = 0ɽ
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ΞϧϑΝͱ͸Կ΋ͷ͔ʁ (1)

! Ft ద߹ͳ֬཰աఔ Yt ͷͱ͖ɼҎԼͷΑ͏ʹఆٛ͢Δɽ

∆Yt :=
Yt − Yt−h

Yt−h

! h > 0 ͸ؒ࣌஍ฏ
! Yt ͕ূ݊ͷՁ֨มಈΛද͍ͯ͠ΔͳΒ͹ɼ∆Yt ͸௚ۙ h୯
Ґؒ࣌ͷؒͷऩӹ཰

! ∆Yt ΋ɼFt ద߹
! K ͷઆ໌ม਺Ͱ∆Yt+hݸ Λઢܗճ͢ؼΔɽ

∆Yt+h = α+ β1X1,t− + β2X2,t− + · · ·+ βKXK ,t− + εt (1)

! (1) ͷӈล͸Մ༧ଌաఔ
! ล͸ద߹աఔͰ͢Βͳ͍ࠨ
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ΞϧϑΝͱ͸Կ΋ͷ͔ʁ (2)

! (1) ͷΑ͏ͳ্ख͍ۙࣅΛಘΒΕͨͱ͖ɼΞϧϑΝΛಛఆ͠
ͨɼͱ͍͏ɽ

! ΞϧϑΝΛಋ͘આ໌ม਺͸ɼऔҾͷؒ࣌஍ฏʹΑͬͯ୳͠ํ
͕େ͖͘ҟͳΔɽ

! ʢ·ͬͱ͏ͳʣΞϧϑΝ͸Մ༧ଌաఔͰ͋Δɽ

! ͭ·Γ੍ޚʹ༻͍Δ͜ͱ͕Ͱ͖Δɽ
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௒୹ظΞϧϑΝ
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HFTͰͷΞϧϑΝͷιʔε͸ʁ

! ൘৘ใ (Limit Order Book)

! ස౓ςΩετσʔλߴ (Twitter ͳͲ)
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൘৘ใ (LOB)
HFTͰ͸ɼΞϧϑΝ͸൘৘ใ͔Β୳͢͜ͱ͕ଟ͍ɽ

09:00:08.280

100( 1) 1006

300( 2) 1005

1500( 2) 1004

400( 1) 1003

200( 1) 1002

500( 2) 1001

1000( 1) 1000

999

998 1500( 4)

997 400( 1)

996 700( 2)

995 900( 3)

994 1000( 1)

Figure: βϥόதͷ൘৘ใ
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LOBΛར༻ͨ͠આ໌ม਺ͷ۩ମྫ (1)

! Mid price: Pi

! Ask side: {Pa
i ,ℓ, s

a
i ,ℓ}ℓ where Pi < Pa

i ,1 < Pa
i ,2 < . . .

! Bid side: {Pb
i ,ℓ, s

b
i ,ℓ}ℓ where Pi > Pb

i ,1 > Pb
i ,2 > . . .

xi :=

∑
ℓ s

b
i ,ℓe

−λi (Pi−Pb
i,ℓ)

∑
ℓ s

a
i ,ℓe

−λi (Pa
i,ℓ−Pi )

(2)

! ଟॏઢੑܗʹ஫ҙ͠ͳ͕Βɼ͜͏ͨ͠આ໌ม਺Λ ఔ౓ݸ5
(ͦΕΑΓଟ͍ͷ͸͍͚ͳ͍ɼͭ·Γ K <= 5) ୳͢ɽ

! ͸ύϥϝλࡍ࣮ λi ͷ஋ΛܾΊΔͱ͜Ζ͕େม೉͍͠ɽγϛϡ
Ϩʔγϣϯͷؒ࣌ࢉܭͱͷଥڠͷ࢈෺ʹͳΔ͜ͱ͕ଟ͍ɽ

! ͔͠͠Ұ୴ λi ͕ܾ·ͬͨͳΒɼগͳ͘ͱ΋ 1ϲ݄͸ಈ͔͠
ͯ͸͍͚ͳ͍ɽ
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MomentumΛྀͨ͠ߟઆ໌ม਺

ΫϩεηΫγϣφϧͳઆ໌ม਺ xi ,t ͕༩͑ΒΕͨͱ͢Δɽ
͜ͷ࣌ɼݮਰ཰ µi Λͯͬ࢖

yi ,t :=

∫ t

0
e−µi (t−s)xi ,sds

ͱఆٛ͢Δɽ(ؼ࠶త͍ͨ޲ʹࢉܭख๏)

! λi ΍ µi Λ࣌ม (֬཰ม਺) ʹͯ͠ɼ΋ͬͱ࢝ݪతͳύϥϝλ
Ͱද͢ݱΔɽ

! ͞Βʹͦͷ࢝ݪతͳύϥϝλΛҨ఻తΞϧΰϦζϜͰٻΊΔɽ

! . . .
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LOBʹؔ͢Δۙ࠷ͷڀݚ

! [Minami et al., 2008]
೔ܦ 225ͷ໏ฑͷ LOBΛϕΫτϧͱΈͳ͠ɼແ࡞ҝʹநग़
ͨ͠ 10000ςΟοΫΛΫϥελʔ෼ੳʹΑΓ 768௨Γͷύ
λʔϯʹ෼ྨɽύλʔϯͷྻܥ࣌มԽ͔ΒՁ֨มಈ֬཰෼෍
Λͨ͠ࢉܭɽ

! [Cont et al., 2010], [Vinkovskaya, 2014]
LOBͷ֤൘Λ଴ͪྻߦͱΈͳ͠ɼ఺աఔϞσϧͰදͨ͠ݱɽ

! [Kato et al., 2014]
೔ܦઌ෺ͷ 1ඵຖͷ LOB͔Βෳ߹ Poisson෼෍ͱԾఆ֤ͨ͠
൘ͷ஫จ౸ணڧ౓Λ࠷໬๏ʹΑΓਪఆ͠ɼͦΕΒ͕ؾྑ࠷഑
͔Βͷဃ཭ʹରͯ͠ႈ৐ଇ͕͋Δ͜ͱΛࣔͨ͠ɽͦͷ্Ͱ
MIؔ਺͕ Sܗঢ়Ͱ͋Δ͜ͱΛࣔͨ͠ɽ
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ͭ͗ͷՁ֨มԽ্͕ঢͰ͋Δ֬཰ ( [Cont et al., 2010] )

Pup
x = L−1{F̂Ux(s)}(0).

ͨͩ͠

F̂Ux(s) :=
1

s

{
(1− Λx

Λx + s
)f̂σA

x
(Λx + s) +

Λx

Λx + s

}

{
(1− Λx

Λx − s
)f̂σB

x
(Λx − s) +

Λx

Λx − s

}
,

f̂σA
x
(s) :=

( −1

λ(kS(x))

)|xkA(x)|
|xkA(x)|∏

i=1

Φ∞
j=i

−λ(kS(x))(µ+ jθ(kS(x)))
λ(kS(x)) + µ+ jθ(kS(x)) + s

,

f̂σB
x
(s) :=

( −1

λ(kS(x))

)|xkB (x)|
|xkB (x)|∏

i=1

Φ∞
j=i

−λ(kS(x))(µ+ jθ(kS(x)))
λ(kS(x)) + µ+ jθ(kS(x)) + s

,

Λx :=
∑

1≤j<kS (x)

λ(j).
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ContνʔϜͷࣄ࢓

଴ͪྻߦཧ࿦ (queueing theory ) Λ͏࢖ɽ([Cont et al., 2010])

! Ϳɽݺͱܕ஫จɼΩϟϯηϧͳͲΛΠϕϯτߦ஋஫จɼ੒ࢦ
! Bid/Ask ͷ֤Ϩϕϧ (൘)ຖʹΠϕϯτܕ i ͷΠϕϯτ͕΍ͬ
ͯ͘Δ౸ணࠁ࣌ T i

n ΛఆࣜԽ͢Δɽ
! ͭ·ΓɼΠϕϯτܕ i ͱࠁ࣌ t ຖʹ intensity λi (t) Λͭ࣋ϙ
Ξιϯաఔͱ͑ߟΔɽ(Hawkes աఔ)

λi (t) := θi +
J∑

j=1

δij
∑

TJ
n ≤t

e−κi (t−Tj
n)

! ͞ΒʹྭײىԠ౓ δij ΍ݮਰ཰ κi Λ bid-askεϓϨουʹґ
ଘͤ͞ΔͳͲͷ޻෉΋͋Δɽ([Vinkovskaya, 2014])

͜͏ͨ͠ཧ࿦ (LOB)Ϟσϧ͸ɼઆ໌ม਺ͷಛఆʹར༻Ͱ͖Δɽ
͕ɼͦΕ͚ͩͰ͸ͳ͍ɽɽ
Copyright c⃝2018 Takanori Adachi. All rights reserved. 25 / 80

LOBཧ࿦Ϟσϧ͕͋ΔͱԿ͕͔͍͠خʁ
! ैདྷͷγϛϡϨʔγϣϯํ๏

! աڈσʔλ (historical data)ʹରͯ͠ɼ௚઀ΞϧϑΝɾϞσϧ
ΛΩϟϦϒϨʔτ͍ͯ͘͠ɽ

! աڈσʔλ͸େ͖͘ɼΞϧϑΝɾϞσϧͷύϥϝλ਺͸ଟ͍
ͷͰɼେྔͷ͔͔͕ؒ࣌Δɽ

! ͋Δ͍͸ɼे෼ͳछྨͷύϥϝλ஋Λͤࢼͳ͍ɽ

! LOBཧ࿦ϞσϧΛͨͬ࢖γϛϡϨʔγϣϯํ๏
! աڈσʔλʹରͯ͠ɼLOBཧ࿦ϞσϧΛΩϟϦϒϨʔτͯ͠
͍͘ɽ

! աڈσʔλ͸େ͖͍͕ɼύϥϝλ਺͸ൺֱతগͳ͍ͷͰɼϞ
σϧ͑͞ྑ͚Ε͹Α͍͕ۙࣅಘΒΕΔɽ

! LOBཧ࿦Ϟσϧʹରͯ͠ɼΞϧϑΝɾϞσϧΛΩϟϦϒϨʔ
τ͍ͯ͘͠ɽ

! ΋͠ղੳతख๏͕͑࢖ΔͳΒ͹ɼLOBཧ࿦Ϟσϧʹର͢Δ
γϡϛϨʔγϣϯ͸ߴ଎ʹ͑ߦΔͷͰɼύϥϝλ਺͕ଟ͍Ξ
ϧϑΝɾϞσϧ΋े෼ͳछྨͷύϥϝλ஋ͰͤࢼΔɽ

! աڈσʔλͰ௚઀ΩϟϦϒϨʔτ͢Δ͜ͱʹର͢Δෆ҆ఆੑ
Λ؇࿨Ͱ͖Δɽ
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ઓུ
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ΞϧϑΝͷ༗ޮར༻

༗ҙͳΞϧϑΝΛ͍ͯͯͬ࣋΋ɼઓུ͕ϛεϚονͳΒ͹ɼં֯
ͷΞϧϑΝͷྗ΋े෼ʹൃشͰ͖ͳ͍ɽ

! ஫จૹग़ͷγάφϧͱͯ͠ͷΈར༻͢ΔΘ͚Ͱ͸ͳ͍ɽ

! औҾίετͱظ଴ϦλʔϯͷτϨʔυΦϑɽ(bid-ask εϓ
Ϩουɾίετ)

! (Ұൠʹʣࢢ৔ΠϯύΫτͷ࠷খԽΛૂ͏ɽ(permanent
and/or temporary impact)

! ৘ใӅณ

! ಛʹגՁࢦ਺ࡋఆऔҾͰ͸ɼτϥοΩϯάɾΤϥʔ∆t Λί
ετΛ཈͑ͳ͕Βখ͘͢͞Δͷʹ͔ܽͤͳ͍ɽ
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ϖΞɾτϨʔυ
! co-move ͢Δ;ͨͭͷΞηοτ S1 ͱ S2 ͕͋Δɽ
! ҎԼͷ Xt ͕ 0 ͷपΓͰมಈ͢ΔΑ͏ʹ β1 ͱ β2 ΛܾΊΔɽ

Xt := β1S
1
t + β2S

2
t

ͨͩ͠ β1β2 < 0.

! T Λؒ࣌஍ฏͱ͢Δɽt < T ʹରͯ͠

T [t,T ] := {τ : Ω → [t,T ] | F−ఀࠁ࣌ࢭ }

! τ ∈ T [t,T ] ʹରͯ͠ɼ࡞ಈج४ (performance criterion)

Hτ (t, x) := E[e−r(τ−t)G (Xτ ) | Xt = x ]

! ஋ؔ਺ (value function)

H(t, x) := sup
τ∈T [t,T ]

Hτ (t, x)
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໰୊ࢭదఀ࠷ : ཧ࿦తղ๏

! ֬཰աఔ Xt ͕ҎԼͷ֬཰ඍ෼ํఔࣜΛຬͨ͢ͱ͢Δɽ

dXt = µ(t,Xt)dt + σ(t,Xt)dWt

! OUաఔͱͯ͠΋Α͍ɽ

ఆཧ (DPE [Touzi, 2013])

H ∈ C([0,T ],R)ɼG : R → R ͕࿈ଓؔ਺ͱ͢Δͱɼ೚ҙͷ
(t, x) ∈ [0,T ]× R ʹରͯ͠ҎԼ͕੒Γཱͭɽ

{(( ∂

∂t
+ Lt,x − r

)
H(t, x)

)
∨
(
G (x)− H(t, x)

)}
= 0

ͨͩ͠

Lt,x := µ(t, t)
∂

∂x
+

1

2
σ2(t, x)

∂2

∂x2
.
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౷ܭతࡋఆऔҾ : ৔Ͱͷղ๏ݱ

! S1 ͱ S2 ͷΞϧϑΝɼα1 ͱ α2 Λಛఆ͍ͯ͠Δͱ͢Δɽ

! X̃t := β1S1
t (1 + α1

t ) + β2S2
t (1 + α2

t )

! αt := X̃t − Xt Λγάφϧͱͯ͠ɼ࠷దఀࠁ࣌ࢭΛܾఆ͢Δɽ
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Γֶशͷ͓͞Β͍͋ࢣڭ
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χϡʔϩϯ f : RK → RJ

x1

!!

x2

""

y1

x3 ## f

$$

##

""

y2

..
.

x4

$$

..
.

yJ

xK

%%
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૚RKi → RKi+1

xi ,1

&&

h ## xi+1,1

xi ,2 ##

..
.

fi

''

##

((

h ##

..
.

xi+1,2

..
.

xi ,Ki

))

h ## xi+1,Ki+1

͜͜Ͱ h ͸ɼ͍ΘΏΔੑ׆Խؔ਺ (activation function) ͱݺ͹Ε
Δؔ਺Ͱɼ͜ͷϊʔτͰ͸ग़ྗείΞΛ [0, 1] ۠ؒʹඪ४Խ͢Δ
ͨΊʹɼγάϞΠυؔ਺Λ͏࢖ɽ
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χϡʔϥϧɾωοτϫʔΫͷجຊߏ଄

χϡʔϥϧɾωοτϫʔΫ (neural network) ͸ɼ૚ΛॏͶͨ΋ͷ
Ͱɼͦͷ࠷ऴஈͷ૚͸ɼ༧ଌ͔෼ྨ͔ɼͱ͍͏໨తʹΑͬͯҟ
ͳͬͨ΋ͷʹͳΔɽ
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෼ྨͷ৔߹ͷ࠷ऴஈ૚

xf ,1

""

xf ,2 ##

..
.

argmax ##

xf ,Kf

$$

ͭ·ΓɼҰ൪֬ߴ཰ͷΫϥεΛબͿΘ͚͕ͩɽɽ
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ΞϑΟϯ૚

ؔ਺ fi ͕ҎԼͷΑ͏ͳܗΛ͍ͯ͠Δ࣌ɼͦͷ૚͸ΞϑΟϯ૚
(affine layer) ͱݺ͹ΕΔɽ

xi+1
(Ki+1×1)

:= WT
i

(Ki+1×Ki )
xi

(Ki×1)
+ bi

(Ki+1×1)

Ε͹͑׵͍ݴ

xTi+1
(1×Ki+1)

:= xTi
(1×Ki )

Wi
(Ki×Ki+1)

+ bTi
(1×Ki+1)

.

bi ΛWi ͷୈ̍ྻʹٵऩͤ͞Δ͜ͱʹΑͬͯόΠΞε߲ΛফڈͰ
͖Δ͕ɼ࣮͸͜Ε͸ͦΕ΄Ͳૉ੖Β͍͠ΞΠσΞͰ͸ͳ͍ɽͱ͍
͏ͷ΋ɼ͍͔ͭ͘ͷΞϑΟϯ૚ΛॏͶ͍ͯ͘ͱ৽ͨͳෳ͕͞ࡶಋ
ೖ͞Εͯ͠·͏ͷͩɽ
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ιϑτϚοΫε૚

ؔ਺ fi : RKi → RKi (ͭ·Γ, Ki+1 = Ki ) ͸ɼҎԼͷΑ͏ʹఆٛ͞
Ε͍ͯΔͱ͖ɼιϑτϚοΫε૚ (softmax layer) ͱݺ͹ΕΔɽ

xi+1,j :=
exi,j

∑Ki
k=1 e

xi,k
.

໌Β͔ʹɼιϑτϚοΫεؔ਺ fi ͸ɼKi Β͹Δ֬཰ࢄʹͷ఺ݸ
෼෍Λ༩͑Δɽ

͞Βʹภಋؔ਺͸ҎԼͰ༩͑ΒΕΔ఺ʹ஫ҙ͞Ε͍ͨɽ

∂xi+1,j

∂xi ,k
=

{
xi+1,j(1− xi+1,j) if j = k ,

−xi+1,kxi+1,j if j ̸= k .

Copyright c⃝2018 Takanori Adachi. All rights reserved. 38 / 80

ਪఆ݁ՌͷධՁ
ΘΕΘΕͷ໰୊͸ɼೖྗσʔλʹԠͯ͡ Kf ͷΫϥεͷதͷͻݸ
ͱͭΛબͿɼͱ͍͏΋ͷͰ͋Δɽ͜ͷͱ͖ͷࢣڭσʔλ͸ɼҎԼ
ͷΑ͏ͳ (Kf × 1) ͷϕΫτϧݩ࣍ t Ͱද͞ݱΕΔ࣮ݱ෼෍ͱͳΔ
( one-hot representation )ɽ

tk =

{
1΋͠ k ,ΫϥεͳΒ͹ݱ࣮͕

0ͦ͏Ͱͳ͚Ε͹.

͜͜Ͱɼਪఆ஋͕ (Kf × 1) ͷϕΫτϧݩ࣍ p ͰҎԼͷΑ͏ͳੑ࣭
Λͭ࣋ɼ͢ͳΘͪ֬཰෼෍ͱΈͳͤΔͱ͢Δɽ

pk > 0 (k = 1, 2, . . . ,Kf ),
Kf∑

i=1

pi = 1.

͜ͷͱ͖ɼަࠩΤϯτϩϐʔࠩޡ (cross entropy error) ΛҎԼͷ
Α͏ʹఆٛ͢Δɽ

H(t,p) := −tT log(p).

ΘΕΘΕͷΰʔϧ͸ɼ࠷ऴஈ૚ͷग़ྗͰ؍ଌ͞ΕΔ L := H(t,p)
Λ࠷খԽ͢Δ͜ͱͰ͋ΔɽCopyright c⃝2018 Takanori Adachi. All rights reserved. 39 / 80

ֶशํ๏

! χϡʔϥϧɾωοτϫʔΫ͸ɼL ͷ஋ʹԠͯ͡ॏΈྻߦWi

ͱόΠΞεɾϕΫτϧ bi Λߋ৽͢Δ͜ͱʹΑֶͬͯश͢Δɽ
! ֤ϊʔυ x ͝ͱʹ ∂L

∂x Λ͢ࢉܭΔɽ

! ΞϑΟϯ૚ͷͳ͔Ͱ ∂L
∂wk,j

ͱ ∂L
∂bj
Λ͢ࢉܭΔɽ

! ॏΈͱόΠΞεΛҎԼͷΑ͏ʹͯ͠ߋ৽͢Δɽ

wk,j := wk,j − η
∂L

∂wk,j
,

bj := bj − η
∂L

∂bj

ͨͩ͠ η ͸ֶश཰ (learning rate) ͱݺ͹ΕΔఆ਺Ͱ͋Δɽ
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ภඍ෼܎਺ ∂L
∂x ͷޙୀ఻ൖ

x1

&&

y1 ## ∂L
∂y1

x2 ##

..
.

f

))

##

&&

y2

..
.

## ∂L
∂y2

xK

))

yJ ## ∂L
∂yJ

∂L

∂xk
=

J∑

j=1

∂L

∂yj

∂yj
∂xk

=
∂L

∂yT
∂y
∂x

.

਺͚ͩɽ܎ͷภඍ෼ࣈͷඞཁ͕͋Δͷ͸ɼ੨ࢉܭ
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ऴஈ૚ʹ͓͚Δ࠷ ∂L
∂x

ऴஈ૚࠷ RK → RJ Ͱ͸ɼιϑτϚοΫεؔ਺Λ֬ͯͬ࢖཰෼෍
ʹมޙͨ͠׵ɼަࠩΤϯτϩϐʔࠩޡΛద༻ͯ͠ϩεؔ਺ L Λܭ
ɼࠓΔɽ͢ࢉ

p := softmax(x), L := H(t,p)

ͱ͢ΔͱɼҎԼΛಘΔɽ

∂pj
∂xk

=

{
pk(1− pk) if j = k ,

−pkpj if j ̸= k

∂L

∂pj
= −

tj
pj
.

͢ͳΘͪ

∂L

∂xk
=

J∑

j=1

∂L

∂pj

∂pj
∂xk

= pk
( ∂L

∂pk
−

J∑

j=1

pj
∂L

∂pj

)
= pk − tk .

͕ͨͬͯ͠
∂L

∂x
= p− t.
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ऴஈ૚ͷ࣮૷࠷

def forward(self, x, t):

self.t = t

self.y = softmax(x)

self.loss = cross_entropy_error(self.y, self.t)

return self.loss

def backward(self, dout=1):

batch_size = self.t.shape[0]

if self.t.size == self.y.size:

dx = (self.y - self.t) / batch_size

else:

dx = self.y.copy()

dx[np.arange(batch_size), self.t] -= 1

dx = dx / batch_size

return dx
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ΞϑΟϯ૚ (όον൛)

Y
(N×J)

:= X
(N×K)

W
(K×J)

+

⎡

⎢⎣
bT

...
bT

⎤

⎥⎦

(N×J)

͜͜Ͱ

Y
(N×J)

:=

⎡

⎢⎣
yT1
...
yTN

⎤

⎥⎦ , and X
(N×K)

:=

⎡

⎢⎣
xT1
...
xTN

⎤

⎥⎦ .

͕ͨͬͯ͠

yn,j =
K∑

k=1

xn,kwk,j + bj .

ҎԼʹ஫ҙͤΑɽ

∂yn,j
∂xn,k

= wk,j ,
∂yn,i
∂wk,j

=

{
xn,k if i = j ,

0 if i ̸= j

∂yn,i
∂bj

=

{
1 if i = j ,

0 if i ̸= j
.
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ΞϑΟϯ૚ͷภඍ෼܎਺
∂L
∂Y ͷ஋͕͢ͰʹΘ͔͍ͬͯΔͱ͖ɼҎԼͷΑ͏ʹͯ͠ଞͷภඍ
෼܎਺ΛࢉܭͰ͖Δɽ

∂L

∂xn,k
=

J∑

j=1

∂L

∂yn,j

∂yn,j
∂xn,k

=
J∑

j=1

∂L

∂yn,j
wk,j . Hence

∂L

∂X
(N×K)

=
∂L

∂Y
(N×J)

WT

(J×K)
.

∂L

∂wk,j
=

N∑

n=1

J∑

i=1

∂L

∂yn,i

∂yn,i
∂wk,j

=
N∑

n=1

∂L

∂yn,j
xn,k .

Ώ͑ʹ
∂L

∂W
(K×J)

= XT

(K×N)

∂L

∂Y
(N×J)

.

∂L

∂bj
=

N∑

n=1

J∑

i=1

∂L

∂yn,i

∂yn,i
∂bj

=
N∑

n=1

∂L

∂yn,j
. Hence

∂L

∂b
(J×1)

=
∂L

∂YT

(J×N)

1
(N×1)

.
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ΞϑΟϯ૚ͷ࣮૷

def forward(self, x):

self.x = x

y = self.x.dot(self.W) + self.b

return y

def backward(self, dy):

dx = dy.dot(self.W.T)

self.dW = self.x.T.dot(dy)

self.db = np.sum(dy, axis=0)

return dx
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ࡧΞϧϑΝ୳ͨͬ࢖ΓֶशΛ͋ࢣڭ
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൘৘ใ (LOB)
HFTͰ͸ɼΞϧϑΝ͸൘৘ใ͔Β୳͢͜ͱ͕ଟ͍ɽ

09:00:00.090500

126000(23) 199.9

34000(11) 199.8

10000( 2) 199.7

25000( 2) 199.6

56000(10) 199.5

7000( 5) 199.4

199.3* 30000( 8)

199.2 33000(20)

199.1 110000(32)

199.0 629000(197)

198.9 102000(11)

198.8 38000( 9)

198.7 53000( 8)

Figure: βϥόதͷ൘৘ใ: 6502(౦ࣳ) 2017/2/17
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൘ͷߴස౓σʔλ

time kehai ita-4 ita-3 ita-2 ita-1 ita0 ita1 ita2 ita3 ita4

32400.0905 199.3 -10000 -25000 -56000 -7000 30000 33000 110000 629000 102000

32400.1048 199.5 -126000 -34000 -10000 -25000 -56000 0 30000 33000 110000

32400.1513 199.3 -10000 -25000 -56000 0 35000 33000 110000 629000 102000

32400.1536 199.6 -713000 -126000 -34000 -10000 -25000 0 0 35000 33000

32400.2268 199.6 -713000 -126000 -34000 -10000 -25000 0 0 35000 33000

32400.2276 199.6 -713000 -126000 -34000 -10000 -25000 0 0 35000 33000

32400.2322 199.4 -34000 -10000 -25000 0 5000 35000 33000 110000 629000

32400.2506 199.6 -713000 -126000 -34000 -10000 -15000 0 5000 35000 33000

32400.2972 199.6 -713000 -126000 -34000 -10000 -15000 0 5000 35000 33000

32400.3106 199.6 -713000 -126000 -34000 -10000 -15000 0 5000 35000 34000

32400.3512 199.6 -713000 -126000 -34000 -10000 -15000 0 5000 35000 34000

32400.3671 199.5 -126000 -34000 -10000 -15000 5000 5000 35000 34000 110000
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1ඵ͝ͱͷ൘σʔλ

time kehai ita-4 ita-3 ita-2 ita-1 ita0 ita1 ita2 ita3 ita4

32401 199.2 -12000 0 0 0 29000 115000 628000 102000 57000

32402 199.2 -1000 -134000 0 0 5000 115000 629000 102000 38000

32403 199.2 0 -135000 0 0 11000 9000 628000 105000 38000

32404 199.2 0 -134000 0 0 9000 0 626000 102000 38000

32405 199.2 0 -133000 0 0 5000 2000 658000 108000 40000

32406 199.2 -34000 -126000 0 0 5000 2000 659000 111000 40000

32407 199.1 -124000 -6000 0 0 6000 669000 114000 42000 63000

32408 199.1 -124000 -4000 0 0 6000 669000 114000 46000 64000

32409 199.7 -21000 -748000 -126000 -49000 -21000 0 0 0 6000

32410 199.2 0 -25000 -1000 0 19000 9000 666000 112000 56000

32411 199.5 -126000 -43000 0 0 -25000 16000 7000 11000 11000

32412 199.3 -2000 0 -7000 0 20000 16000 9000 669000 112000

32413 199.4 -48000 -3000 0 -9000 -4000 16000 16000 11000 670000
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൘σʔλ͔ΒࢣڭσʔλΛ࡞੒͢Δํ๏ (1)

! pi Λ i ൪໨ͷؾ഑஋ͱ͢Δɽ
! ༩͑Εͨؒ࣌஍ฏ hɼͨͱ͑͹ 10ඵɼʹରͯ͠ɼҎԼͷΑ͏
ʹͯ͠ऩӹϕΫτϧ∆v ͱࢣڭϕΫτϧ v Λ࡞Δɽ

∆ri :=

{
pi+h
pi

− 1 if i + h ≤ n,

0 if i + h > n,

vi :=

⎧
⎪⎨

⎪⎩

1 if ∆ri > 0,

0 if ∆ri = 0,

−1 if ∆ri < 0.

! ೦ͳ͕Βɼ͜Ε͸͏·͍͔͘ͳ͍ɽ࢒
Կ͔ނʁ

Copyright c⃝2018 Takanori Adachi. All rights reserved. 51 / 80

൘σʔλ͔ΒࢣڭσʔλΛ࡞੒͢Δํ๏ (2)

! ྫ͑͹ɼྲྀಈੑͷ௿͍໏ฑͷ৔߹ɼ
! ͜ͷΑ͏ͳ୹͍ؒظ (h = 10 ඵ) Ͱ͸ɼࢣڭϕΫτϧ v ͷ΄
ͱΜͲ͢΂ͯͷཁૉ͕தԝͷέʔεɼͭ·Γ 0 ʹͳͬͯ͠
·͏ɽ

! ͢Δͱɼશཁૉ͕ 0 ͷϕΫτϧ͕େ఍ͷ৔߹ྑ࠷ͷ༧ଌʹ
ͳͬͯ͠·͏ɽ

! Ұ୴ɼϩεؔ਺ͷग़ྗϕΫτϧͷશཁૉ͕ 0 ʹͳΔΑ͏ʹॏ
Έ͕ௐ੔͞Εͯ͠·͏ͱɼ΋͸΍ͦΕҎ্ߋ৽͞Εͳ͘ͳͬ
ͯ͠·͏ɽ
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ցֶशͷػ pros ͱ cons

! Pros:
ϞσϧɾϑϦʔɽͭ·Γಛఆͷ֬཰෼෍Λલఏͱ͠ͳ͍

! Cons:
ςετؒظͷϨδϝ͕ɼτϨʔχϯάؒظͷͦΕͱ͸ҧ͏͔
΋͠Εͳ͍ɽ
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ցֶश͸ຊ౰ʹֶश͍ͯ͠Δͷ͔ʁػ

! ϨδϝɾνΣϯδ͸ɼτϨʔχϯάؒظʹֶΜͩݧܦΛͿͪ
յͯ͠͠·͏͔΋͠Εͳ͍ɽ

! AI ͷߴ଎ͳਪ࿦͸ɼϨδϝɾνΣϯδͷϖʔεΛૣΊΔ͔΋
͠Εͳ͍ɽ

! ໌೔ʹ༗༻ͳ஌ࣝ͸ɼԿ΋࢒Βͳ͍Α͏ʹͳͬͯ͠·͏͔΋
͠Εͳ͍ɽ
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ΞϧϑΝͱϦεΫ؅ཧ (1)

! ౷ܭత෼෍Λ஌͍ͬͯΕ͹ɼςετ͸Ͱ͖Δɽ

! ͔͠͠ͳ͕ΒҰൠతʹ͸ɼNN ͷঢ়ଶۭؒ͸ͱͯͭ΋ͳ͘େ
͖͘ෳࡶͰɼͨͱ͑͹ϩεؔ਺ͷద౰ͳ෼෍Λ͚ͭݟΔ͜ͱ
͕Ͱ͖ͳ͍ɽ

! ͭ·Γ NNΛͯͬ࢖ੜ੒ͨ͠ΞϧϑΝΛ΋ͱʹͨ͠ΞϧΰϦ
ζϜऔҾʹ͑࢖Δ৴པͰ͖ΔϦεΫ؅ཧख๏Λൃ͢ݟΔ͜ͱ
͸೉͍͠ɽ
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ΞϧϑΝͱϦεΫ؅ཧ (2)

“౤ࢿͱ͸ɼ(ෆ࣮͔֬΋͠Εͳ͍) কདྷͷՁ஋ͷͨΊʹɼ࣮֬ͳ
”ͷՁ஋Λ٘ਜ਼ʹ͢Δ͜ͱͰ͋Δࡏݱ

– ΢ΟϦΞϜɾγϟʔϓ

1. ֬཰෼෍͕Θ͔ͬͨ͋ͱͰͷϦεΫܭଌ

2. ෼෍͕ఆ͔Ͱͳ͍ͱ͖ͷϦεΫܭଌʢϞσϧɾϦεΫʣ

3. Ϟσϧ͕͋·ΓʹෳࡶͰɼϦεΫΛܭଌͰ͖ͳ͍

ϦʔϚϯɾγϣοΫͷͱ͖ͷঢ়گΛௐ΂ͨࡍʹ͸ɼ̎൪ΊͷϦε
Ϋ͕த৺՝୊ͱͳͬͨɽ
͔͠͠ͳ͕ΒɼAIͰۦಈ͞ΕͨΞϧΰϦζϜऔҾ͕ࢢ৔Λࢧ഑͢
ΔΑ͏ʹͳΔۙະདྷͰ͸ɼ̏൪໨ͷϦεΫ͕࠷΋େ͖ͳ໰୊ͱͳ
Δ͔΋͠Εͳ͍ɽ
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HFTͷݱঢ়ͱະདྷ
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ϛϦඵͷੈք
૪૬खΑΓɼΑΓૣ͘औҾͤΑɽҰ൪଎͍΋ͷ͕͢΂ͯͷརӹڝ
ͷ 80%Λ֫ಘ͠ɼ2൪Ί͕ 15%Λ֫Γɼ࢒Γ͸୺਺͔͠ಘΒΕ
ͳ͍ɽ

would sell their grandmothers for a microsecond

εϐʔυΛ্͛Δ (LatencyΛݮΒ͢) ʹ͸ɼҎԼͷ 3ͭͷํ๏͕
͋Δɽ

! Box
! Ͱ͖Δ͚ͩ଎͍Ϛγϯɽ
! GPU (҆Ձͳߴ଎άϥϑΟοΫɾνοϓ) ͷར༻ɽ
! FPGA (ήʔτϨϕϧͰͷνοϓԽ) ͷར༻ɽ

! Logic
! ϩϘοτͷߴ଎Խ
! nanosec (10−9 ඵ) ΁ͷ௅ઓ ( timespec::tv nsec Λ͏࢖)

! Line
! ϗοϓ਺ͷݮ࡟
! ഑ઢͷ௚ઢԽ (ಉ͡෦԰ͷதɼ͋Δ͍͸ݐ෺ؒͳͲ)
! ϚΠΫϩ೾औҾ
! ίϩέʔγϣϯ (JPX Ͱ͸ࠓ͸ͱͯ΋ϙϐϡϥʔ)
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ͲΜͳঢ়ͨͬͩگͷ͔ʁ

! SIP (ূ݊৘ใॲཧߏػ) ͕ NBBO (શؾྑ࠷ࠃ഑஋) Λఏڙ
͍͕ͯͨ͠. . .

! SIP ͸େม஗͔ͬͨɽ

! ݁Ռɼࢢ৔ͷൣ޿ғʹ౉ͬͯʮແ஌ʯΛৢ੒ͯ͠͠·ͬͨɽ

! ͜ͷ໰୊͸ɼγεςϜΛվળ͢Δ͜ͱʹΑͬͯղܾͰ͖Δ͔
ɽͨ͑ݟʹ

! ͔͠͠ͳ͕Βɼ৽͍͠λΠϓͷઓ৔͕ݱग़ͨ͠ɽμʔΫϓʔ
ϧ (ઃऔҾγεςϜࢲ) Ͱ͋Δɽ
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໿ఆൺ཰ͷ௿Լ͕ҙຯ͢Δ͜ͱ

! ໿ఆൺ཰͕Լ͕͖ͬͯͨ (around 2004, 2005)

! TK - ໿ఆ଎౓͕ۃ୺ʹ஗͘ɼ໿ఆ͕ฦͬͯ͘ΔલʹΞϧ
ϑΝͷ৆ຯݶظΛ௒͑Δ͜ͱ͕ଟ͘ͳΔɽ(औҾॴͷ໰୊)

! NY - ଎౓ͷ໰୊΋͋Δ͕ɼΑΓෳࡶͳঢ়گɽ
! ൴Β͸ ECN Λ͍ͯͬ࣋Δ
! BATSͷ໿ఆ཰͕ͱͯ΋Α͍ɽԿނʁ
! ճઢࡋఆऔҾ (a.k.a. front running)

! μʔΫϓʔϧͷग़ݱʹΑΓɼ౦ژͰ͑͞΋ࣄଶ͸ΑΓෳࡶʹ
ͳ͖ͬͯͨɽ
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౷ܭత HFT vs. ܾఆ࿦త HFT

! Good HFT
౷ܭత (statistical) HFT. (taking market risk)
Ex.) electric market makers

! Bad (or at least Unpopular) HFT
ܾఆ࿦త (deterministic) HFT. (taking no market risk)
Ex.) front runners (latency artbitragers)

HFT ͸উͪଓ͚Δͱ͍͏ͷ͸ຊ౰͔ʁ

ଟ͘ͷ ECN͕͋Δ͜ͱΛར༻ͯ͠ USͰߦΘΕ͍ͯΔ͋Δछͷܾ
ఆ࿦త HFTͳΒ͹Մೳ͔΋͠Εͳ͍ɽ
͕ɼ౷ܭత HFTͰ͸΋ͪΖΜෆՄೳɽ

ຊ౰ʹ੍ن͸ඞཁͳͷ͔ʁ
(΋ͬͱਐΜͩཧ࿦ʹͮ͘ج) ςΫϊϩδʔͰղܾͰ͖ͳ͍ͷ͔ʁ
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AI ͱ͸ผͷ HFT ͷະདྷ

! HFTੑѱઆ?

! ϋοΧʔͱΫϥοΧʔ

! HFT ͱ ϑϩϯτϥϯχϯά

! HFTͷίϞσΟςΟԽ

! ͷࠓͳ͍͖ͬͯɼ͔͘ࡉղ૾౓͸ͲΜͲΜؒ࣌ HFT΋ʮ͋Μ
ͳ΋ͷͰ΋ HFTͱ͍࣌ͨͯͬݴ୅ͩͬͨͷͩͳʯͱৼΓฦΒ
ΕΔΑ͏ʹͳΔͩΖ͏ɽ

! HFTΛಛผͷऔҾͱ੍ͯ͢͠نΔҙຯ͕ͳ͘ͳΔɽ
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ͷHFTݶۃ : ղ૾౓ؒ࣌

! ղ૾౓ؒ࣌ (औҾ଎౓)

HFT 1− 100sec
VHFT 10−3 − 1sec
UHFT 10−6 − 10−3sec
SHFT 10−9 − 10−6sec
. . .

! ΒͲ͏ͳΔ͔ʁ͍͍ͨͬͯͮۙʹؒ࣌ղ૾౓͕ϓϥϯΫؒ࣌
! Πϕϯτͷલ܎ؔޙΛಛఆͰ͖ͳ͘ͳΔʁ

(Heisenbergͷෆ֬ఆੑݪཧ)

! Local self-financing property ่͕ΕΔʁ
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ͷHFTݶۃ : Έ஋ࠁ

! 2003೥ͷ NYSE ͰͷࠁΈ஋ॖখͰ͸ɼऔҾϘϦϡʔϜ͕Ұ
਺ׂ૿͑ͨɽʹؾ

! 2014೥ 7݄ͷ TSE ͰͷࠁΈ஋ॖখ͸ɼେגܕͰ͸ϘϦϡʔ
Ϝ͕૿͕͑ͨɼ൘͕ബ͘ͳΓऔҾ͕ͮ͠Β͘ͳͬͨɽ

! 2015೥ 9݄ʹ͸ TSE ͸ɼ͍͔ͭ͘ͷ໏ฑͷࠁΈ஋Λʮ50
મʯ͔Βʮ1ԁʯʹ໭ͨ͠ɽ

! ͔͠͠ɼকདྷతʹ͸ؒ࣌ղ૾౓ͷॖখͱಉ༷ʹɼࠁΈ஋΋ॖ
খ͍ͯͩ͘͠Ζ͏ɽ
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ͷHFTݶۃ : ϝϞϦ

! ΦϯϝϞϦͰॲཧ͢Δ৔߹

! 2003೥ɽNYSEͷࠁΈ஋ॖখͷӨڹͰҰ೔ͷ tickσʔλ͕
2GBΛ௒͑ͨɽ

! ౰࣌ͷ 32ϏοτϚγϯͰ௚઀ΞΫηεͰ͖ΔΞυϨεۭؒΛ
௒͑ͨͷͰɼݼଉͳखஈͰ଱͑Δඞཁ͕͋ͬͨɽ

! 64ϏοτϚγϯͷΞυϨεۭؒͷݶք͸ 8EB (8× 1018byte)ɽ

! ͙͢ʹ 128ϏοτϚγϯ͕ొ৔͢ΔͩΖ͏͔Βɼͪ͜Β͸େ
ৎ෉ͩΖ͏ɽ

! Ϋϥ΢υʹஔ͍ͨσʔλΛॲཧ͢Δ৔߹

! ௨৴଎౓͕ωοΫʹͳͬͯ໰୊͕ൃੜ͢Δ (?)
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ͷHFTݶۃ : ϦεΫ؅ཧ

! ඍখؒ࣌ͷϦεΫ؅ཧ

! 2010೥ 5݄ͷϑϥογϡɾΫϥογϡ

! Πϕϯτͷ؍ଌॱংͷཚΕ

! ϦεΫཧ࿦ࢠྔ (?)
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ΞϧΰऔҾͷݱঢ়ͱະདྷ
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ΞϧΰऔҾͷ໰୊఺

! ૬৔ૢॎͱࢴҰॏͷઓུΛΞϧΰ͕ͱΔ͜ͱ͕͋Δɽ

! ͳ͍͜ͱͰ͋Γɼ໨తୡ੒ͱಉ͕ࢥͷཁ݅͸໿ఆͷҙۄͤݟ
ΛΩϟϯηϧ͍ͯ͠Δ͜ͱ͕ॏཁͳϙΠϯτͰۄͤݟʹ࣌
͋Δɽ

! Ͱ΋ɼAIʹҙ͕͋ࢥΔͷ͔ʁ

! ಛʹ૬ख΋Ξϧΰͷͱ͖͸Ͳ͏͔ʁ

! ਓ͕΍ͬͨ৔߹Ͱ΋૬ख͕Ξϧΰͷͱ͖͸ʁʹٯ

! ΞϧΰΛ༠ҾͬͯԿͩΖ͏ʁ

! ͦΜͳλίͳΞϧΰϦζϜΛॻ͘ํ͕ѱ͍ͷͰ͸ͳ͍ʁ
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ΞϧΰऔҾͱ੍ن
! Ұํɼ΋͠ਓ͸μϝͰΞϧΰ͸OKͱ͍͏͜ͱͳΒ͹ɼΞϧ
ΰͱਓΛ۠ผͰ͖ͳͯ͘͸͍͚ͳ͍ɽ

! ͔͠͠ɼݱঢ়Ͱ͸͜Ε͸೉͍͠ɽ
తʹ͸ۃڀ Turing test ͔͠ͳ͍ɽͰ΋͜Ε΋ɼਓͷ;ΓΛ͞
ΕͨΒ൑ఆͰ͖ͳ͍ͩΖ͏ɽ

! ͦΕͰ΋ɼ౦ূͰ͸͢Ͱʹ 6ʵ 7ׂ͸ΞϧΰͱࢥΘΕΔ͔
Βɼ͜ͷ໰୊͸ආ͚ͯ௨Εͳ͍ɽ

! खʹ͢Δ߹ཧతͳཧ༝͡ېɼήʔϜͳͷ͔ͩΒɼ΋͸΍ہ݁
͸͚ͭݟΒΕͳ͍ͷ͔΋͠Εͳ͍ɽ

! ͳ͞Εͳͯ͘͸͍͚ͳ͍ɽ͍ͯͮجʹ͸ཧ࿦੍ن

! ͦ͏Ͱͳ͚Ε͹ɼ͍ͨͪͬ͜͝ʹͳͬͯ͠·͏͚ͩͷΑ͏ʹ
Δɽ͑ࢥ
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ެਖ਼ͳࢢ৔

! ਓؒͱΞϧΰ͕ಉ͡ࢢ৔Ͱڝ૪͢Δͷ͸ެฏ͔ʁ

! 2016೥฻ɽGoldman Sachs ͸ 600໊͍ͨτϨʔμʔΛ 2໊
ʹΒ͠ɼ୅ΘΓݮʹ 200໊ͷػࢉܭΤϯδχΞ͕อक͢ΔΞ
ϧΰऔҾϓϩάϥϜΛͨͬޏɽ
(MIT Technology Review 2017೥ 2݄ 7೔)

! IEX - 350ϚΠΫϩඵ஗Εͷ PTS

! Ϙϩ໥͚͢ΔͳͲաڈͷ࿩ʁ
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Խֶश͸༗ޮ͔ʁڧ

! Ձ஋ (ใु)ؔ਺͕͸͖ͬΓ͍ͯ͠Δ͜ͱɽ

! ਫ਼౓ΑΓ΋௿ਫ਼౓ߴ → ύλʔϯΛ୳͢ͷ͕ಘҙ

! ྫɿTwitterͷςΩετ͔ΒύλʔϯΛ୳͢ɽ

! ΔͷʹͲΕ͚ͩ༗ޮ͔ʁ͢ٻΛཁࢉܭਫ਼౓ͳ਺஋ߴ͔͠͠

! ΞϧϑΝ୳ࡧʹ͸༗ޮͩΖ͏ɽ(Ϧαʔν)

! ஍ฏ͕௕͍ઓུʹ΋༗ޮͩΖ͏ɽ(ϦΞϧλΠϜ)ؒ࣌
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Alpha Go Zero : ML without Big Data

զʑ͸ࠓ·ͰػցֶशʢMLʣͱϏοάσʔλղੳΛ͋ΔҙຯෆՄ
෼ͱ͑ߟɼͦΕނMLʹ͸େྔͷࢉܭϦιʔε͕ඞཁͱࠐ͍ࢥΜ
Ͱ͍ͨɽ
Alpha Go Zeroͷըظతͳͱ͜Ζ͸ɼʢಛఆͷ෼໺ʹ͓͚Δʣਓྨ
ͷ஌ࣝΛؚΉେྔͷσʔλΛ࢖ΘͣʹɼΞϧΰϦζϜͷΈͰࠓ·
Ͱਓྨ͕౸ୡෆೳͩͬͨ஌ࣝʢٕज़ʣʹͨͬࢸɼͱ͍͏͜ͱͩΖ
͏ɽͦͷ෭࢈෺ͱͯ͠ɼඞཁͳྔࢉܭͷݮগ͕͋Δ͚ΕͲɼ͜Ε
͸ํݟΛม͑Ε͹ɼզʑਓྨͷ஌͕͍͔ࣝʹΦʔόʔϔουͷଟ
͍ମܥͰ͋Δ͔ɼͱ͍͏͜ͱͩͱ͏ࢥɽ

ྫ͑͹ɼந৅Խʹؔ͢ΔԿΒ͔ͷࢦ਑Λϧʔϧͱͯ͠ఆΊΔ͜ͱ
Ͱɼ·ͣ͸܈࿦ͳͲͷಛఆͷ෼໺͔Β࢝Ίɼ࣍ୈʹ universal
mathematics ͱͰ΋ݺͿ΂͖ਓྨͷաڈͷ஌ݟʹґଘ͠ͳ͍਺ֶ
(Πϯϑϥ)Λ૑Γग़͢͜ͱ͕Ͱ͖Δ͔΋͠Εͳ͍ɽ
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ͳֶ͠शͷར༻ͱ໰୊఺ࢣڭ

! ΤίϊϛετΛ AIʹஔ͖͑׵Δɼͭ·ΓΞΫςΟϒӡ༻ͷ
ίετΛԼ͛Δɽ

! AIͷग़͖ͯͨ͠ఏݴͷഎޙʹҼՌ཯Λ୳ͦ͏ͱ͍͏ࢼΈ͸༗
ޮ͔ʁ (NHKಛू 2017೥ 7݄ 22೔)

! ҼՌੑ͕Θ͔Βͳ͍ੈքΛۚ༥ۀք͸Ͳ͜·Ͱڐ༰Ͱ͖Δ
͔ʁ (௒ଟஈࣜάϨϯδϟʔҼՌ཯ʁ )

! ཧ࿦ͷͳ͍ɼσʔλ͚ͩͷੈքɽ(ࡁܦ)
୭͕ͦΕΛ৴͡Δʁ

! Λछમͱۚ͢ࢿఆͰ΍Δ෼ʹ͸໰୊ͳ͍͕ɼ͓٬༷ͷצݾࣗ
ΔͷͰ͋Ε͹٬ސઆ໌੹೚ͷ؍఺͕ґવোนͱͯ͋͠Δɽ

! ഑͞ΕͨऔҾʹͳͬͯ͠·Θͳ͍͔ʁࢧʹຐज़ࠇ
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ϒϨΠΫεϧʔ

! ৔Λޮ཰Խ͢ΔɽࢢίϯϐϡʔςΟϯά͸ɼۚ༥ࢠྔ

! Deep learning ͷΠϯύΫτ

! Τίϊϛετ vs. χϡʔϥϧɾωοτϫʔΫ
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ۚ༥ۀքͷAIԽ

! PwC identifies three waves of automation between now and
the mid-2030s: algorithm wave, augmentation wave and
autonomy wave

! In the first wave up to the early 2020s, relatively few jobs will
be automated but financial services could be relatively
highly impacted

! Up to 30% of existing jobs could be impacted by the
mid-2030s, with the transport, manufacturing and retail
sectors particularly affected

! There should be broadly offsetting job gains provided
investment is made in retraining

(PwC Press-Release 2018೥ 2݄ 6೔)
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ਖ਼͍͠͸͠͝?

“͜ͷ͸͠͝͸ͱͯ΋͘ߴɼԿஈ͋Δ͔Θ͔Βͳ͍ɽ
ͨͩɼAI ͷྺ࢙͸ͨͬޡ͸͠͝ʹొͬͯ͸ԼΓΔ͜ͱͷ

Γฦͩͬͨ͠ɽ܁
ʰਖ਼͍͠͸͠͝ʱʹͨͲΓண͍ͨҙຯ͸ɼେ͖͍ɽ”

– σϛεɾϋαϏε (σΟʔϓɾϚΠϯυ)

(೔ຊࡁܦ৽ฉ 2017೥ 6݄ 4೔ேץ)

“ਓؒ͸ϛΫϩʹΈΔͱɼχϡʔϥϧωοτϫʔΫΛ͍ͯͬ࢖·
͢ɽҰํͰɼݱ৅ͰΈΕ͹ޠݴΛ͍ͯͬ࢖ΔΘ͚Ͱ͢ɽ

͸ҙࣝͷ΋ͱͰ੒Γཱ͍ͬͯ·͢ɽޠݴ
͔ͩΒ࿦ཧߏ଄͕ͪΌΜͱͯ͠ͳ͍ͱ͍͚ͳ͍ɽ”

– ؁རढ़Ұ (ཧԽֶڀݚॴ)

(BITAσδϚϥϘ 2017೥ 4݄ 16೔)
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ใΘΕΔࣾձ

! ΞϧΰϦζϜɼAIʹΑͬͯεϚʔτʹͳͬͨۚ༥ػೳ͸ɼଟ
͕͘ਓͷखΛ཭Εͯ AIʹΑͬͯӡӦ͞ΕΔɽͦͷ݁Ռɽɽ

! ۚ༥͢ࣄैʹۀΔͨͬ࢒ਓͨͪ΋ɼ΋͸΍ద੾ͳख਺ྉҎ্
ͷऩೖΛ͔ͦ͜ΒಘΔ͜ͱ͸Ͱ͖ͳ͘ͳΔɼ

! ੡଄ۀ΍೶ۀɼ෱ࢱ΍ڭҭɼܳज़΍จԽత׆ಈΛ͸͡Ίͱ͢
Δɼ͍ΘΏΔۚ༥ٕज़Λ͢࢖ۦΔۀछͱ͸ҟͳΔ࣮ۀͷਓͨ
͕ͪใΘΕΔࣾձ͕࣮͢ݱΔɼ

! ΞϧΰϦζϜऔҾͷઌʹଓ͘কདྷ͕ɼͦΜͳࣾձʹ͜͏͔޲
ͱʹͳΕ͹ૉ੖Β͍͠ɽ
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Estimation of Brownian Functionals
Let

Y (tni ) = X (tni ) + ϵnv(t
n
i ) (i = 1, · · · , n) (1)

be the (one dimensional) observed (log-)price at tni
(0 = tn0 ≤ tn1 ≤ · · · ≤ tnn = 1) and v(tni ) (= vi ) be a
sequence of i.i.d. random variables with E[vi ] = 0 and
E[v2i ] = σ2v (> 0). We assume that

ϵn =
1

nδ
, (2)

where δ (≥ 0) is a constant. When δ = 0, it is the
micro-market noise model, while it is the high-frequency
financial model without noise when δ = ∞. When
0 < δ <∞, it corresponds to the small-noise model. The
underlying continuous-time Brownian martingale is

X (t) = X (0) +

∫ t

0
σsdBs (0 ≤ s ≤ t ≤ 1) , (3)

which is independent of v(tni ), σs is the (instantaneous)
volatility function and Bs is the Brownan motion.
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We assume that when the volatility process is is a diffusion
type process as

σ2t = σ20 +

∫ t

0
µσs ds +

∫ t

0
ωσ
s dB

σ
s (0 ≤ s ≤ t ≤ 1) , (4)

where µσs and ωσ
s are the drift and diffusion coefficients and

Bσ
s is another Brownian motion, which may be correlated

with Bs .
The problem of our original interest is how to estimate
Brownian functionals of the form

V (g , 2r) =

∫ 1

0
g(s)σ2rs ds (5)

for any positive integer r and a known function g(s) from a
set of observations of Y (tni ) (i = 1, · · · , n). We denote
V (2r) = V (g , 2r) when g(s) = 1 (0 ≤ s ≤ 1).
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Example 1 : When r=1, the integrated volatility is given by

V (2) =

∫ 1

0
σ2s ds .

Example 2 : The asymptotic variance of the SIML
estimator of integrated volatility V (2) is given by

2V (4) = 2

∫ 1

0
σ4s ds .
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No-Micro-Market-noise Case

For simplicity, we take tnj − tnj−1 = 1/n (j = 1, · · · , n) and
tn0 = 0. We divide (0, 1] into b(n) sub-intervals and in every
interval we allocate c(n) observations. First, we consider the
sequence c∗(n) such that c∗(n) → ∞ and we can take
b(n) → ∞ and b(n) ∼ n/c∗(n). A typical choice of
observations in each interval would be c∗(n) = [nγ ]
(0 < γ < 1), whereupon b(n) ∼ n1−γ . Because there are
some extra observations (n is not equal to b(n)c∗(n)) and
b(n) is a positive integer, we adjust the number of terms in
each interval c(n) = c∗(n) + (several terms). We can ignore
the effects of extra terms because they are asymptotically
negligible and b(n)c(n) = n.
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When there does not have micro-market noise, we simply use
the log-return process rj = y(tnj )− y(tnj−1) from the
log-price process y(tnj ). We order the data rj and denote as
rk,(i) (k = 1, · · · , c(n); i = 1, · · · , b(n)).
When p = 1, let the 2r−th moment in the i-th interval be

M∗
2r ,(i) =

c(n)∑
k=1

[rk,(i)]
2r .

Then we define the local realized moment (LRM) estimator
of V ∗(2r) by

V̂ ∗(2r) =
nr−1

ar

b(n)∑
i=1

M∗
2r ,(i)

where

ar =
2r !

r ! 2r
.

When r = 1, it is the realized volatility (RV).
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Proposition 1 : Assume that there is no micro-market
noise, i.e. ϵn = 0 with p = 1 and r ≥ 1. Also assume that
Y (tni ) = X (tni ), v(t

n
i ) is a sequence of i.i.d. random

variables with E[v4ri ] <∞ and σs (0 ≤ s ≤ 1) is bounded.
(i) As n −→ ∞

V̂ ∗(2r)− V (2r)
p−→ 0 . (6)

(ii) As n −→ ∞

√
n
[
V̂ ∗(2r)− V (2r)

]
L−s→ N [0,W ] , (7)

where L − s means the stable convergence and

W = c∗r

∫ 1

0
[σx(s)]

4r ds , (8)

where c∗r (= a2r/a
2
r − 1) is a positive constant.
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Local SIML Estimation

By following Chapter 3 of Kunitomo et al. (2018), we
transform c(n)× p matrix Yc(n,(i) to c(n)× p matrix

Zn,(i) (= (z
′
k(i))) (i = 1, · · · , b(n)) by

Zc(n),(i) = h
−1/2
c(n) Pc(n)C

−1
c(n)

(
Yc(n),(i) − Ȳ0,(i)

)
where hc(n) = 1/c(n), c(n)× c(n) matrices

C−1
c(n) =


1 0 · · · 0 0
−1 1 0 · · · 0
0 −1 1 0 · · ·
0 0 −1 1 0
0 0 0 −1 1

 ,

Pc(n) = (pjk) , pjk =

√
2

c(n) + 1
2

cos

[
2π

2c(n) + 1
(k − 1

2
)(j − 1

2
)

]
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The initial conditions are Ȳ0(i) = 1c(n) · y
′
0(i) . and we have

the spectral decomposition C−1
c(n)C

′−1
c(n) = Pc(n)Dc(n)P

′

c(n) ,
where Dc(n) is a diagonal matrix with the k-th element

dk = 2

[
1− cos(π(

2k − 1

2c(n) + 1
))

]
(k = 1, · · · , c(n)).

and

ak,c(n) = c(n)dk = 4c(n) sin2
[
π

2

(
2k − 1

2c(n) + 1

)]
(k = 1, · · · , n) .
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When p = 1, let the 2r−th moment in the i-th interval be

M2r ,(i) =
1

mc

mc∑
k=1

[zk,(i)]
2r .

Then we define the LSIML estimator of V (2r) by

V̂ (2r) =
b(n)r−1

ar

b(n)∑
i=1

M2r ,(i)

where

ar =
2r !

r ! 2r
.

In particular, a1 = 1, a2 = 3 and a3 = 15.
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Asymptotic Properties of Local SIML

(i) The Case of r = 1
First, we consider the asymptotic behavior of the quantity
(1/mc)

∑mc
k=1 z

2
k,(i). in the i-th interval

Ic(i) = ((i − 1) c(n)n , i c(n)n ] (i = 1, · · · , b(n)).
By using the analogous arguments as Chapter 5 of Kunitomo
et. al (2018) to the interval ((i − 1) c(n)n , i c(n)n ],

√
mc

c(n)∑
k,l=1

[ckl rk rl − δ(k , l)

∫ tnk

tnk−1

σ2s ds](
n

c(n)
) = Op(1) ,

where rk are hidden returns in the i-th interval and
tnk − tnk−1 = 1/n.
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The asymptotic bias term for
∑b(n)

i=1 [1/mc ]
∑mc

k=1 z
2
k,(i)

becomes

ABn = b(n)
π2

3

(mc)
2

c(n)
[ϵn]

2σ2v .

Because the normalizing factor of the above terms is√
mcb(n), we find that

Var

[
1

mc

mc∑
k=1

z2k (i)−
∫
s∈((i−1) c(n)

n
,i c(n)

n
]
σ2s ds

]
= O(

1

mcb(n)2
) .
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Then we have the relation thatb(n)∑
i=1

1

mc

mc∑
k=1

z2k (i)

−
∫ 1

0
σ2s ds

p−→ 0 ,

provided that max{ 1
b(n) ,

1
mc

} −→ 0 and

b(n) (mc )2

c(n) [ϵn]
2 −→ 0 . For the asymptotic normality without

any asymptotic bias term, a sufficent condition would be

√
mcb(n)b(n)

(mc)
2

c(n)
[ϵn]

2 −→ 0 .
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Proposition 2 : When r = 1 and p = 1, assume that v(tni )
is a sequence of i.i.d. random variables with E[v4i ] <∞,
σs (0 ≤ s ≤ 1) is bounded and α∗ > 0 and α∗

2 > 0.
(i) For mc = [c(n)α] and 0 < α < min{0.5, α∗

1}, as n −→ ∞

V̂ (2)− V (2)
p−→ 0 . (9)

(ii) For mc = [c(n)α] and 0 < α < min{0.4, α∗
1}, as n −→ ∞√

mcb(n)
[
V̂ (2)− V (2)

]
L−s→ N [0,W ] , (10)

where

W = 2

∫ 1

0
[σx(s)]

4 ds . (11)

If we take δ = 0.0 and γ = 2/3, then the above condition for
consistency implies 0 < α < 1/4.
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(ii) The Case of r = 2

The main bias term m2
c/c(n) in each interval of the sample

size c(n)

1

mc

mc∑
k=1

ak,c(n) = O(
1

mc
× m3

c

c(n)
) = O(

m2
c

c(n)
) .

The main signal part of (1/mc)
∑mc

k=1 z
4
k is given by

c(n)∑
j1,j2,j3,j4=1

[
4

√
mc

mc∑
k=1

sk,j1sk,j2sk,j3sk,j4 ]rj1rj2rj3rj4 ,

where sjk = cos θjk and θjk = 2π
2mc+1(j −

1
2)(k − 1

2)
(j = 1, · · · , c(n); k = 1, · · · ,mc).
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There are many terms for its asymptotic variance such as∑
i1=i2 ̸=i3=i4

∑
j1=j2 ̸=j3=j4

[(
4

mc

mc∑
k=1

s2k,i1s
2
k,i3 ][(

4

mc

mc∑
k ′=1

s2
k ′ ,j1

s2
k ′ ,j3

]

× E(r2i1)E(r
2
i3)E(r

2
j1)E(r

2
j3) .

The main bias term comes from the main noise part and in
the interval Ic(i) = ((i − 1) c(n)n , i c(n)n ] becomes

1

mc

mc∑
k=1

c(n)∑
j1,j2,j3,j4=1

bk,j1bk,j2bk,j3bk,j4E[vj1vj2vj3vj4 ] .

Hence when r = 2, the typical bias term [m4
c/c(n)

2] in each
sub-interval because

1

mc

∑
i1=j1 ̸=i2=j2

b2k,i1b
2
k,i2 =

1

mc

mc∑
k=1

a2k,c(n) = O(
m4

c

c(n)2
) ,

where

ak,c(n) = 4c(n) sin2
[
π

2

2k − 1

2c(n) + 1

]
.
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Then the condition for consisitency becomes

b(n)[b(n)
(mc)

4

c(n)2
][ϵn]

4 −→ 0 .

If we set c(n) = nγ , b(n) = n1−γ and mc = [c(n)]α, then

b(n)2[
(mc)

4

c(n)2
][ϵn]

4 = n2(1−γ)−2γ+4γα−4δ = n2[1−2γ+2γα−2δ] .

The condition for the asymptotic normality without bias
becomes√

mcb(n)b(n)
2[
(mc)

4

c(n)2
][ϵn]

4 = n
1−γ+αγ

2
+2(1−2γ)−2γ+4γα−4δ .
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Theorem 3 : When p = 1 and r ≥ 1, assume that v(tni ) is
a sequence of i.i.d. random variables with E[v4ri ] <∞ and
σs (0 ≤ s ≤ 1) is bounded. We set α∗

1r = [2γ + 2δ − 1]/[2γ]
and α∗

2r = [(4r + 1)γ − (1 + 2r) + 4rδ]/[(4r + 1)γ].
(i) For mc = [c(n)α] and 0 < α < min{0.5, α∗

1r} ((α∗
1r > 0),

as n −→ ∞
V̂ (2r)− V (2r)

p−→ 0 . (12)

(ii) For mc = [c(n)α] and 0 < α < min{0.4, α∗
2r} (α∗

2r > 0),
as n −→ ∞√

mcb(n)
[
V̂ (2r)− V (2r)

]
L−s→ N [0,W ] , (13)

where

W = c∗r

∫ 1

0
[σx(s)]

4r ds , (14)

where c∗r is a positive constant.
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In particular, when r = 1, c∗1 = 2. In this case, we have
Proposition 2. In the general case, c∗r = a2r/a

2
r − 1 and

c∗2 = 105/32 − 1 when r = 2.
It is because

a2r =
4r !

2r !2r
=

4r !

4r · 2(2r − 1) · · · 2
= (4r − 1)(4r − 3) · · · 1 ,

for instance. It is interesting to find that the form of the
asymptotic variance for the LSIML estimation is the same as
RV when there is no micro-market noise.
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An Optimal Choice of α and γ

Theorem 4 : When p = 1 and r ≥ 1, assume that v(tni ) is
a sequence of i.i.d. random variables with E[v4ri ] <∞ and
σs (0 ≤ s ≤ 1) is bounded. An optimal choice of
mc = [c(n)α] and c(n) = nγ (with ϵn = n−δ) to minimize
MSE when n is large, is given by

−1 + γ(1− α) = 2[(1− 2γ)r + 2rαγ]− 4rδ , (15)

which means the choice as

α∗ =
(4r + 1)γ + 4rδ − 2r − 1

(4r + 1)γ
= 1 +

4rδ − 2r − 1

(4r + 1)γ
. (16)



Local SIML
Estimation of
Some Brownian
Functionals

Naoto Kunitomo

Estimation of
Brownian
Functionals

Local Estimation
for the No-Micro-
Market-noise
Case

Local SIML
Estimation

Asymptotic
Properties of Local
SIML

An Optimal Choice
of α and γ

Simulations

Generalizations

For instance, when δ = 0, α∗ = 1− 3/[5γ] for r = 1 and
α∗ = 1− 5/[9γ] for r = 2. When δ = 0 and we take α∗,
then the MSE is proportionalto n−1+γ∗(1−α∗

), which is

MSE ∼ n
−2r
4r+1 .

When r = 1, we find that 2r/[4r + 1] = 2/5, which is the
same as the asymptotic order of the SIML estimation.
Moreover, when r = 2, we have 2r/[4r + 1] = 4/9.
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Simulations

In our simulations we set b(n) = [n1−γ ], c(n) = [nγ ] and the
number of replications is 3,000. Also we have investigated
several cases in which the instantaneous volatility function
σ2s is given by

σ2s = σ20
[
a0 + a1s + a2s

2
]
,

where ai (i = 0, 1, 2) are constants and we have some
restrictions such that σs > 0 for s ∈ [0, 1].
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Table 1 : Estimation of integrated fourth-order functional
(a0 = 1.0, a1 = 0.0, a2 = 0.0;σ2u = 0.0005, b(n) = 5, c(n) =

521)

n=2,605 V (2) = 2.00 V (4) = 4.0

mean 2.009 4.053
Var 0.134 2.837
AV 0.133 2.843

Table 2 : Estimation of integrated fourth-order functional
(a0 = 1.0, a1 = 0.0, a2 = 0.0;σ2u = 0.0005, b(n) =

10, c(n) = 1, 000)

n=10,000 V (2) = 2.00 V (4) = 4.0

mean 2.023 4.056
Var 0.092 1.973
AV 0.089 1.895
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Table 3 : Estimation of integrated fourth-order functional
(a0 = 6.0, a1 = −24.0, a2 = 24.0;σ2u = 0.0005, b(n) =

7, c(n) = 355)

n=2,485 V (2) = 2.00 V (4) = 7.2

mean 2.014 6.973
Var 0.342 30.824
AV 0.343 36.549

Table 4 : Estimation of integrated fourth-order functional
(a0 = 6.0, a1 = −24.0, a2 = 24.0;σ2u = 0.0005, b(n) =

10, c(n) = 1, 000)

n=10,000 V (2) = 2.00 V (4) = 7.2

mean 2.023 7.167
Var 0.160 15.093
AV 0.160 17.056
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Figure 1: Normalized Histogram and Normalized Distribution
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Generalizations

Let
Y(tni ) = X(tni ) + ϵnv(t

n
i ) (i = 1, · · · , n)

be the (p-dimensional) observed (log-)prices
Y(tni ) = (Yj(t

n
i )) at t

n
i (0 = tn0 ≤ tn1 ≤ · · · ≤ tnn = 1) and

v(tni ) (= (vj(t
n
i ))) be a sequence of i.i.d. random vectors

with E[v(tni )] = 0. The general form of the SDE for the
p−dimensional continuous-time stochastic processes is given
by

dX = µtdt + σtdBt ,

and

X(t) = X(0) +

∫ t

0
µ(s)ds +

∫ t

0
σ(s)dBs .

Kunitomo (2018) has proposed one way to determine the
underlying number of hidden volatilities under the
micro-market noise.



Local SIML
Estimation of
Some Brownian
Functionals

Naoto Kunitomo

Estimation of
Brownian
Functionals

Local Estimation
for the No-Micro-
Market-noise
Case

Local SIML
Estimation

Asymptotic
Properties of Local
SIML

An Optimal Choice
of α and γ

Simulations

Generalizations

When the volatility parameters follow a diffusion type
process as

σij(t) = σij(0)+

∫ t

0
µσ
ij (s)ds+

∫ t

0
ωσ

ij (s)dB
σ
s (0 ≤ s ≤ t ≤ 1) ,

where µij(s) and ωω
ij (s) are the drift and 1× q2 diffusion

coefficients and Bσ
s is another q2 × 1 Brownian motion

vector, which may be correlated with Bs .
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The class of diffusion processes can be extended to the class
of Itô semi-martingales, which is given by

X(t) = X(0) +

∫ t

0
µsds +

∫ t

0
Cx(s) dB(s)

+

∫
s

∫
∥δ(s,x)∥<1

δ(s, x)(µ− ν)(ds, dx)

+

∫
s

∫
∥δ(s,x)∥≥1

δ(s, x)µ(ds, dx) .

(Ikeda and Watanabe (1989), and Jacod and Protter
(2012).)
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There is an interesting problem whether we need the jump
terms in addition to the diffusion processes when we have
the micro-market noise. Kunitomo and Kurisu (2017) have
shown that the effects of micro-market noise is significant
and the validity of existing procedure is questionable. When
p = 1, a test statistics for the presence of jump terms may be√

mcb(n)[Vk(4)− V1(4)]

where Vk(4) is constructed from |y(tnj )− y(tnj−k)|4 (k ≥ 2)

and V1(4) is constructed from |y(tnj )− y(tnj−1)|4.
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Introduction

Term structure models provide the relationship among yields with
different time to maturity.
Japanese government bond (JGB) from Mar.1999 to Dec.2015.
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Yield curves

Yield curves take various structures.
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Affine term structure

Affine term structre model tells us how investors price risk under
no arbitrage assumption.
Vasicek (1977), Duffie and Kan(1996), etc.

y(n)
t = an + b′n ft,

βn =
{
Im +Φ

Q′ + · · · + (ΦQ′)n−1
}
β1

αn = nα1 +
{
β′1 + β

′
2 + · · · + β′n−1

}
cQ − 1

2

{
β′1Σβ1 + · · · + β′n−1Σβn−1

}

an = −
1
n
αn, bn = −

1
n
βn

Difficulties in estimation of canonical affine term structure models

Unobserved factors
Highly non-linear and badly behaved objective function
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Previous studies and Ours

Hamilton and Wu (2012)
point out that the parameter estimates correspond to a local maxima
of the likelihood surface.

the minimum chi-square estimation is adopted which is one of the
two stage estimations.

Diez de los Rios (2015)
uses principal components as factors and applies asymptotic least
square (ALS) estimation.

assumes factors (principal components) follow VAR process.

This study
introduces more general framework to the market price of risk, that
is, factor follows smooth-transition VAR (STVAR) process (the term
structure model with smooth transition market price of risk).
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Canonical affine term structure model

Assume followings:

m-dimensional factor vector ft is assumed to follow VAR process
under risk-neutral measure Q.

ft = cQ +ΦQft−1 + vQt , vQt ∼ i.i.d.N(0,Σ) (1)

It is possible to take more than one for the lag order of VAR.

ft captures variations in all the varibales relate to bond price.

Short rate rt is assumed to be the linear function of factors

rt = α1 + β′1 ft. (2)

No-arbitrage: Bond price p(n)
t at t with n periods to maturity,

p(n)
t = exp(−rt)EQt

[
p(n−1)

t+1

]
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Bond price and yield with n periods to maturity

Stochastic discount factor is represented as follow

mt+1 = exp
(
−rt −

1
2
λ′tΣ

−1λt − λ′tΣ−1vt+1

)
, λt = Λ +Λf ft

where λt is the market price of risk.

Bond price at time t with maturity n is given by

p(n)
t = exp(−rt)EQt

[
p(n−1)

t+1

]
= Et[ mt+1 p(n−1)

t+1 ] = exp
(
αn + βn ft

)

where αn = αn−1 + β′n−1cQ − 1
2β
′
n−1Σβn−1 +α1 and βn = β1 + (ΦQ)′βn−1

Yield: y(n)
t = −

1
n

log p(n)
t = −1

n
αn −

1
n
β′n ft = an + b′n ft, rt = y(1)

t

Factor under physical measure P

ft = (cQ +Λ)
︸!!!︷︷!!!︸

c

+ (ΦQ +Λf )
︸!!!!!︷︷!!!!!︸
Φ

ft−1 + vt, vt ∼ i.i.d.N(0,Σ) under P. (3)
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Canonical Model for estimation

For m-dimensional factor ft and yt = (y(1)
t , . . . , y

(N)
t )′,

ft = c +Φ ft−1 + vt, vt ∼ i.i.d.N(0,Σ)

yt = a(θ) + b(θ) ft + ηt, ηt ∼ i.i.d.N(0,Ω), E[ vtηs ] = 0 for ∀ t, s

where a(θ) = (a1(θ), . . . , aN(θ))′, b(θ) = (b1(θ), . . . , bN(θ))′

bn(θ) = −1
n

{
Im +Φ

Q′ + · · · + (ΦQ′)n−1
}
β1

an(θ) = −α1 + {b1(θ)′ + 2b2(θ)′ + · · · + (n − 1)bn−1(θ)′} cQ/n
−
{
b1(θ)′Σb1(θ) + · · · + (n − 1)2bn−1(θ)′Σbn−1(θ)

}
/2n.

Parameter to be interest.

θ =
(
c′, vec(Φ)′, vech(Σ)′, cQ′, vec(ΦQ)′,α1, β′1, vech(Ω)′

)′
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Previous research: HW (2012) and Diez de los Rios (2015)

1st step: Estimate auxiliary parameters π = (τ′,π′P)′

τ = (c′, vec(Φ)′, vech(Σ)′, vech(Ω)′)′ , πP = (a′, vec(b)′)′.

State space model

ft = c +Φft−1 + vt vt ∼ i.i.d.N(0,Σ)
yt = a + b ft + ηt ηt ∼ i.i.d.N(0,Ω)

2nd step: Estimate parameters of interest θ = (τ′,θ′Q)′

θQ =
(
cQ′, vec(ΦQ)′,α1, β′1

)′

Objective function (WHW, WALS: weights)

[π̂ − g(θ)]′WHW[π̂ − g(θ)], HW estimation

[γ(π̂) − Γ(π̂)θ]′WALS[γ(π̂) − Γ(π̂)θ], ALS estimation in Diez... (2015)
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π = g(θ) used in HW (2012) is highly non-linear in θ.

γ(π) = Γ(π)θ in Diez... (2015) is based on the following restrictions

αn = αn−1 + β′n−1cQ − (1/2)β′n−1Σβn−1 + α1,

βn = β1 + (ΦQ)′βn−1.

These recursion can be rewritten as

⎧⎪⎪⎨⎪⎪⎩
n an − (n − 1)an−1 − a1 + (1/2)(n − 1)2b′n−1Σbn−1 = (n − 1)b′n−1cQ,

n bn − b1 = (n − 1)2b′n−1Φ
Q

a1 = −α1, b1 = −β1.

The estimation method in Diez ...(2015) doesn’t require numerical
optimization.
Diez ...(2015) adopts principal components for factors and assumes
that the factors follow VAR process.
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JGB yields

Monthly data from March 1999 to December 2015.
Time to maturity: 1month to 120 months.
Data source
Mar. 1999 to Dec. 2011: Kikuchi and Shintani (2012)
Jan. 2012 to Dec. 2015: We compute by the same method.
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1998 2000 2002 2004 2006 2008 2010 2012 2014 2016
-4
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-2

-1

0

1

2

3
PC 1 v.s. level

PC 1
y120

1998 2000 2002 2004 2006 2008 2010 2012 2014 2016
-4

-3

-2

-1

0

1

2

3
PC 2 v.s. curvature

PC 2
y120 -2*y 60 +y1

prop. cum.
PC 1 93.44 93.44
PC 2 5.56 99.00
...

...
...

the first two principal
components explain
99 % of the variation

in bond yields.
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Our research

To allow the variability in the risk sensitivity of investors, we introduce
a following extension for the market price of risk.

λt = Λ +Λf ft → λt = Λ(t) +Λf (t) ft

The coefficients of Λ(t) and Λf (t) transit smoothly through

Λ(t) = Λ(1) +Λ(2)H(t), Λf (t) = Λ
(1)
f +Λ

(2)
f H(t),

H(t) = diag(h(1)(t), . . . , h(m)(t)) and h(i)(t) =
{
1 + exp

(
−ζ(i)(t/T − d(i))

)}−1
.

We will show later that factors follow STVAR under the assumption.

ft+1 = c(t) +Φ(t) ft + vt+1 vt+1 ∼ i.i.d.N(0,Σ)
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Illustration of transition function

Plot; h(t) =
{
1 + exp (−ζ(t − d))

}−1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

ζ = 100, d=0.2
ζ = 100, d=0.1
ζ = 20, d=0.5
ζ = 10, d=0.5
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Factor process under P

From the definition of stochastic discount factor mt+1,

Et
[
exp(k′ ft+1)

]
= EQt

[
exp(k′ft+1) exp

( 1
2
λ′tΣ

−1λt + λtΣ
−1vt+1

)]

= exp
(
k′(cQ +ΦQft) +

1
2
λ′tΣ

−1λt

)
EQt
[
exp
{
k′vQt+1 + λtΣ

−1vt+1

}]

= exp
(
k′(cQ +ΦQft) −

1
2
λ′tΣ

−1λt

)
EQt
[
exp
{
(k′ + λ′tΣ

−1)vQt+1)
}]

= exp
(
k′(cQ +ΦQft + λt) +

1
2

k′Σ k
)

= exp
(
k′
{

cQ +Λ(t) + (ΦQ +Λf (t)) ft
}
+

1
2

k′Σk
)

Thus, the factor follows the following process under measure P;

ft+1 =
{

cQ +Λ(t)
}
+
{
ΦQ +Λf (t)

}
ft + vt+1 vt+1 ∼ i.i.d.N(0,Σ).
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Smooth transition VAR process, cf.) Teräsvirta (1994).

Reparameterize as follows,

ft+1 = c(t) +Φ(t) ft + vt+1

where c(t) = c(1) + c(2)H(t) and Φ(t) = Φ(1) +Φ(2)H(t)

H(t) = diag(h(1)(t), . . . , h(m)(t)) and

h(i)(t) =
{
1 + exp

(
−ζ(i)(t/T − d(i))

)}−1
.

c(1) = cQ +Λ(1), c(2) = Λ(2)

Φ(1) = ΦQ +Λ(1)
f , Φ

(2) = Λ(2)
f .

Intro. Canonical ATSM Estimation and data Our research Summary and future research References References

Linearity test cf.) Teräsvirta (1994) ex.) AR(1) v.s. STAR(1)

STAR(1) models

xt+1 = c(1) + φ(1)xt + (c(2) + φ(2)xt)h(t) + εt+1

h(t) =
{
1 + exp (−ζ ( t/T − d ) )

}−1

H0 :ζ = 0 implies AR model.
However, if H0 is true, parameters remain unidentified.

xt+1 = (c(1) + c(2)/2) + (φ(1) + φ(2)/2) xt + εt+1

To deal with the identification problem, consider the Taylor
expansion of h(t)

h(t) =
1
2
+

1
4

( t
T
− d
)
ζ + Rt =

1
2
− 1

4
d ζ +

1
4
ζ

t
T
+ Rt.

Rt: remainder term.
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STAR(1) models can be rewritten as

xt+1 = c(1) + φ(1)xt + (c(2) + φ(2)xt)h(t) + εt+1,

= c(1) + φ(1)xt + (c(2) + φ(2)xt)
(1

2
− 1

4
d ζ +

1
4
ζ

t
T
+ Rt

)
+ εt+1,

= c(1)∗ + φ(1)∗xt + c(2)∗ t
T
+ φ(2)∗xt

t
T
+ ε∗t+1.

where

c(1)∗ = c(1) +
(1

2
− 1

4
dζ
)

c(2), φ(1)∗ = φ(1) +
(1

2
− 1

4
dζ
)
φ(2)

c(2)∗ =
1
4
ζ c(2), φ(2)∗ =

1
4
ζ φ(2)

ε∗t+1 = εt+1 + (c(2) + φ(2)xt)Rt

We use equivalent hypothesis; H0 :c(2)∗ = φ(2)∗ = 0.
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Our model and linearity test

STVAR models

ft+1 = c(1) +Φ(1)ft + (c(2) +Φ(2) ft) H(t) + vt+1

where H(t) = diag(h(1)(t), . . . , h(m)(t)) and

h(i)(t) =
{

1 + exp
(
−ζ(i)(t/T − d(i))

) }−1
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

We test linearity based on the third Taylor expansion.

H0 :ζ(i) = 0, i = 1, . . . ,m: VAR

H1 :∃i, ζ(i) ! 0: STVAR

LM test statistics upper 5% point
67.14 28.87
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Our model and ALS estimation

State space model

yt = a + b ft + ηt, ηt ∼ i.i.d.N(0, σ2
ηP⊥P′⊥)

ft+1 = c(t) +Φ(t) ft + vt+1 i.i.d.N(0,Σ)

Note that the OLS estimators satisfy the self-consistecy condition;
P′â = 0 and P′b̂ = Im since ft = P′yt.

1st step: Estimate auxiliary parameters πST = (τ′ST,π
′
P)′

τST =
(
c(1)′, c(2)′, vec(Φ(1))′, vec(Φ(2))′, vech(Σ)′, ζ′, d′, σ2

η

)′

πP = (a′, vec(b)′)′.

2nd step: Estimate parameters of interest θST = (τ′ST,θ
′
Q)′

θQ =
(
cQ′, vec(ΦQ)′,α1, β′1

)′

Obj. func.: [γ(π̂ST) − Γ(π̂ST)θST]′W[γ(π̂ST) − Γ(π̂ST)θST]
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Empirical result

Data
Monthly data of Japanese government bond yield from March 1999
to December 2015.
Time to maturity: 1month to 120 months.

Model
2 factors (The first two principle components)
2 regimes for each factors

Estimated transition function
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The transition function

For factor 1
For factor 2
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Factor loadings (yn
t = an + b1nf1t + b2nf2t)

0 20 40 60 80 100 120
0.02

0.04

0.06

0.08

0.1

0.12
factor 1 loading: b 1n

0 20 40 60 80 100 120
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15
factor 2 loading: b 2n

Intro. Canonical ATSM Estimation and data Our research Summary and future research References References

1998 2000 2002 2004 2006 2008 2010 2012 2014 2016

×10 -3

-15

-10

-5

0

5
The market price of factor 1 risk

1 regime
ST

1998 2000 2002 2004 2006 2008 2010 2012 2014 2016

×10 -3

-3

-2

-1

0

1

2

3
The market price of factor 2 risk

1 regime
ST

λt = Λ(t) +Λf (t) ft
λt = Λ +Λf ft
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One period log expected excess return for n-month yield

log
Et[p(n−1)

t+1 ]

p(n)
t

− y(1)
t = −b′nλt
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One-period log expected exess return for y (6)
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Summary
We introduce more general framework to the market price of risk
and provide the affine term structure model with
smooth-transition.

Our smooth transition model captures the variability in the market
price of risk more than 1 regime model.

Future research
Incorporation of more regimes to capture the various shapes of
market price of risk.
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Motivations

▶ In many macro-times series we observe non-stationary
trend, non-stationary seasonality and stationary cycles
with measurement errors

▶ The official seasonal X-12-ARIMA uses the univariate
Box-Jenkins method with moving averages

▶ In macro-consumption example there are several
consumption time series which do not move in the same
ways, but in similar ways

▶ We need to develop a new way to determine the
number of factors of non-stationary trends
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Non-Stationary Errors-in-Variables Model

Consider the non-stationary errors-in-variables representation

yi = xi + vi (i = 1, · · · , n),

where xi (i = 1, · · · , n) are a sequence of non-stationary I(1)
process which satisfy

∆xi = (1− L)xi = w
(x)
i

with the lag-operator Lxi = xi−1, ∆ = 1− L,

w
(x)
i =

∞∑
j=0

C
(x)
j e

(x)
i−j ,

and e
(x)
i is a a sequence of i.i.d. random vectors with

E(e(x)i ) = 0 and E(e(x)i e
(x)′

i ) = Σ
(x)
e (positive-semi-definite).
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The coefficients matrices C
(x)
j (= c

(x)
kl (j)) are absolutely

summable
∑∞

j=0 ∥C
(x)
j ∥ <∞, where

∥C(x)
j ∥ = maxk,l=1,··· ,p |c

(x)
kl (j)| and C

(x)
j = (c

(x)
kl (j)).

The random vectors vi (i = 1, · · · , n) are a sequence of
stationary I(0) process with

vi =
∞∑
j=0

C
(v)
j e

(v)
i−j ,

where the coefficient matrices C
(v)
j are absolutely summable

(
∑∞

j=0 ∥C
(v)
j ∥ <∞, where ∥C(v)

j ∥ = maxk,l=1,··· ,p |c
(v)
kl (j)|

and C
(v)
j = (c

(v)
kl (j))) and vi are a sequence of i.i.d. random

vectors with E(e(v)i ) = 0, E(e(v)i e
(v)′

i ) = Σ
(v)
e (positive

definite).
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Let f∆x(µ) and fv (µ) be the spectral density (p × p)
matrices of ∆xi and vi (i = 1, · · · , n) as

f∆x(µ) =
1

π
(
∞∑
j=0

C
(x)
j e2πiµj)Σ

(x)
e (

∞∑
j=0

C
(x)′

j e−2πiµj),

and

fv (µ) =
1

π
(
∞∑
j=0

C
(v)
j e2πiµj)Σ

(v)
e (

∞∑
j=0

C
(v)′

j e−2πiµj),

where we set C
(x)
0 = C

(v)
0 = Ip and i2 = −1 (see Chapter 7

of Anderson (1971) for instance.)
The spectral density matrix of the transformed vector
process ∆yi (= yi − yi−1) is

f∆y (µ) = f∆x(µ) + (1− e2iµ)fv (µ)(1− e−2iµ)

and we have the relation

f∆y (0) = f∆x(0) .
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We denote the long-run variance-covariance matrices of the
trend components and the stationary components for
g , h = 1, · · · , p as

Ωx = f∆x(0) (= (ω
(x)
gh )) ,

and
Ωv = fv (0) = (ω

(v)
gh ) .
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Macro-SIML Estimation of Common Trends

Consider the situation when each vectors ∆xi and vi are
independently, identically, and normally distributed (i.i.d.) as
Np(0,Σx) and Np(0,Σv ), respectively. We have the
observations of an n × p matrix Yn = (y

′
i ) and set the

np × 1 random vector (y
′
1, · · · , y

′
n)

′
. Given the initial

condition y0, we have

vec(Yn) ∼ Nn×p

(
1n · y

′
0, In ⊗Σv + CnC

′
n ⊗Σx

)
,

where 1
′
n = (1, · · · , 1) and

Cn =


1 0 · · · 0 0
1 1 0 · · · 0
1 1 1 · · · 0
1 · · · 1 1 0
1 · · · 1 1 1


n×n

.
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Then, given the initial condition y0, the conditional
log-likelihood function except a constant is

L∗n = log |In ⊗Σv + CnC
′
n ⊗Σx |−1/2

−1

2
[vec(Yn − Ȳ0)

′
]
′
[In ⊗Σv + CnC

′
n ⊗Σx ]

−1[vec(Yn − Ȳ0)
′
] ,

where Ȳ0 = 1n · y
′
0 .

We use the K ∗
n−transformation that from Yn to Zn (= (z

′
k))

by Zn = K∗
n

(
Yn − Ȳ0

)
,K∗

n = PnC−1
n , where

C−1
n =


1 0 · · · 0 0
−1 1 0 · · · 0
0 −1 1 0 · · ·
0 0 −1 1 0
0 0 0 −1 1


n×n

,

and Pn = (p
(n)
jk ) , p

(n)
jk =

√
2

n+ 1
2

cos
[

2π
2n+1(k − 1

2)(j −
1
2)
]
.
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By using the spectral decomposition C−1
n C

′−1
n = PnDnP

′
n

and Dn is a diagonal matrix with the k-th element

dk = 2[1− cos(π(
2k − 1

2n + 1
))] (k = 1, · · · , n) .

Then the conditional likelihood function given the initial
condition is proportional to

Ln =
n∑

k=1

log |a∗knΣv +Σx |−1/2 − 1

2

n∑
k=1

z
′
k [a

∗
knΣv +Σx ]

−1zk ,

where

a∗kn (= dk) = 4 sin2
[
π

2

(
2k − 1

2n + 1

)]
(k = 1, · · · , n) .

In the above representation, we have used two
transformations on the nonstationary time series into the
sequence of independent random variables zk (k = 1, · · · , n)
which follows Np(0,Σx + a∗knΣv ), and the coefficients a∗kn is
a dense sample of 4 sin2(x) in (0, π/2)
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It may be natural to use zkz
′
k to estimate Σx + a∗knΣv since

it is the variance-covariance matrix of zk . We notice that
akn → 0 as n → ∞ for a fixed k . When k is small, akn∗ is
small and we can expect that k = kn depending n is still
small when n is large. However, am = (1/mn)

∑mn
k=1 a

∗
kn is

not small if mn is near to n, which suggests the condition
mn/n → 0 as n → ∞. The separating information maximum
likelihood (SIML) estimator of Σ̂x can be defined by

Gm = Σ̂x ,SIML =
1

mn

mn∑
k=1

zkz
′
k .
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Non-stationary Common Trends

Let yi be the i−th observation of p-dimensional time series
for i = 1, · · · , n and yi = xi + vi and Yn = (y

′
i ) be an

n × p (p ≥ 1) vector of observations. We assume that the
vectors xi satisfy

xi = xi−1 +Πµi ,

where Π is a p × q (1 ≤ q < p) matrix, µi is a sequence of
q × 1 (i.i.d.) random vectors following Nq(0,Σµ) and vi are
i.i.d. (p-dimensional) random vectors following Np(0,Σv )
with the (non-singular) variance-covariance matrix Σv . We

denote Π∗ = ΠΣ
1/2
µ . We note that a normalization for the

matrix Π is needed. Since the rank of Π is q, then when
1 ≤ q < p we can set a p × r matrix B such that

B
′
Π∗ = O

and r = p − q.
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One way to characterize the present formulation is to use

E [zkz
′
k ] = Σx + o(1) fork = 1, · · · ,mn

E [a∗−1
kn zkz

′
k ] = Σv +

1

4
Σx + o(1) fork = n+1−mn, · · · , n ,

where the rank of matrix Σx is p − r (= q). Hence the
present problem has a form of the reduced-rank problem
asymptotically in the sense that n is large. Then it may be
natural to consider the characteristic equation

GmB̂SIML −HB̂SIMLΛ = 0 ,

and Gm (= Σ̂x .SIML) =
1
mn

∑mn
k=1 zkz

′
k , where

Λ =


λ1 0 · · · 0
0 λ2 0 · · ·
0 · · ·
0 · · · λr

 ,

with 0 < λ1 < · · · < λr < · · · < λp and

|Gm − λH| = 0 ,

where H is a non-singular matrix.
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To estimate the variance-covariance matrix Σv for the noise
vectors, there are two candidates. The first one we may use
is given by

Σ̂v .SIML(1) =
1

2
[
1

n

n∑
k=1

zkz
′
k − Σ̂x .SIML] ,

and the second one is

Σ̂v .SIML(2) =
1

ln

n∑
k=n+1−ln

a−1
kn zkz

′
k −

1

4
Σ̂x .SIML .

We call B̂SIML as the SIML estimator of B. A simplified
(consistent) estimation can be obtained by using the
equations

Σ̂x .SIML × B̂SIL = O ,

that is,

Σ̂x .SIML × [
Ir

−B̂2.SIL
] = O .

We can solve them as

B̂2.SIL = Σ̂
−1
22x .SIMLΣ̂21x .SIML ,

provided that the (q, q)lower-right-corner of Σ̂x is
non-singular.
Then this method can be regarded as the least squares
estimator for the transformed variables and it may be called
the separating information least squares (SILS) estimator.



Detecting Trend
Factors in

Non-stationary
Errors-in-Variables

Models

Naoto Kunitomo

Motivations

The
Non-Stationary
Errors-in-Variables
Model

Macro-SIML
Estimation of
Common Trends

Asymptotic
Properties of
Characteristic
Roots and Vectors

Some Remarks

Theorem 4.1 : In the non-stationary errors-in-variables
model with 1 ≤ q < p, assume that (i) the sequences of

coefficients C
(x)
i and C

(v)
v are squared summable, (ii)

e
(x)
i = (e

(x)
ji ) and e

(v)
i = (e

(v)
ji ) are a sequence of

independent random variables with E [e(x)4ji ] <∞ and

E [e(v)4ji ] <∞ (i , j = 1, · · · , n; g , h = 1, · · · , p), where
e
(x)
i = (e

(x)
ji ) and e

(v)
i = (e

(v)
ji ) for j = 1, · · · , p. We use Gm

as the estimator Ωx .
Then (i) For mn = [nα] and 0 < α < 1, as n −→ ∞

Ω̂x −Ωx
p−→ O .

(ii) For mn = [nα] and 0 < α < 0.8, as n −→ ∞
√
mn

[
ω̂
(x)
gh − ω

(x)
gh

]
L−→ N

(
0, ω

(x)
gg ω

(x)
hh +

[
ω
(x)
gh

]2)
.

The covariance of the limiting distributions of
√
mn[ω̂

(x)
gh − ω

(x)
gh ] and

√
mn[ω̂

(x)
kl − ω

(x)
kl ] is given by

ω
(x)
gk ω

(x)
hl + ω

(x)
gl ω

(x)
hk (g , h, k , l = 1, · · · , p).
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Theorem 4.2 : Assume the conditions for the asymptotic
normality of the SIML estimator of Ω̂x hold and H is a
positive definite matrix. We take
m = mn = nα (0 < α < 0.8). As n −→ ∞, m −→ ∞ and
we have

cm
[
B̂2 − B2

]
w−→ Nrq

(
0,Ω∗

v ⊗ [(O, Iq)Ωx(O, Iq)
′
]−1

)
,

(1)
where Ω∗

v = B
′
ΩvB.
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Theorem 4.3 : We take m = mn = nα (0 < α < 0.8). As
n −→ ∞, am −→ 0, cm −→ ∞, and

√
m

[
(
1

am
)λi − λ∗0i

]
w−→ N(0,

9

5
dii )

for i = 1, · · · , r (= p − q) and
√
m
[
( 1
am
)λi − λ∗0i

]
are

asymptotically normal jointly, where Λ∗
0 = (diag λ0i ). The

covariances of
√
m[(1/am)λi − λ∗0i ] and√

m[(1/am)λj − λ∗0i ] (i , j = 1, · · · , r) are given by
dij =

9
5 [δ(i , j) + ωijωij ] . Let

λ∗i =
√
m[( 1

am
)λi − λ∗0i ] (i = 1, · · · , r). Then we have

Var[
r∑

i=1

λ∗i ] = E

 r∑
i ,i ′=1

λ∗i λ
∗
i ′


=

am(2)

a2m

r∑
i ,i ′=1

[
δ(i , i

′
) + ωii ′ω

ii
′]

=
9

5
2r .



Detecting Trend
Factors in

Non-stationary
Errors-in-Variables

Models

Naoto Kunitomo

Motivations

The
Non-Stationary
Errors-in-Variables
Model

Macro-SIML
Estimation of
Common Trends

Asymptotic
Properties of
Characteristic
Roots and Vectors

Some Remarks

Corollary 4.4 : We take m = mn = nα (0 < α < 0.8) and
H = Ω̂v . As n −→ ∞, am −→ 0, cm −→ ∞,√

m

am(2)

[
r∑

i=1

(λi − am)

]
w−→ N(0, 2r) .

and [
m

am(2)

1

2r
[

r∑
i=1

(λi − am)]
2

]
w−→ χ2(1) .
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It may be natural to use the statistic for investigating the
rank condition in the underlying population.
When we use H = Ip, let

Λ∗∗ = (B
′
HB)Ω̂

∗−1
v Λ∗ (= (λ∗∗ij )) ,

and Λ∗ = (diagλ∗i ). Then we replace B and Ω∗
v by their

consistent estimators, we have the following result.

Corollary 4.5 : We take m = mn = nα (0 < α < 0.8) and
H = Ip. As n −→ ∞, am −→ 0, cm −→ ∞,[

1

2ram(2)
[

r∑
i=1

λ∗∗ii ]2

]
w−→ χ2(1) .
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For testing the hypothesis H0 : r = r0 (r0 ≥ 1 is a specified
nbumber) against HA : r = r0 − 1 , it may be reasonable to
use the r0 − th smaller characteristic root and the rejection
region can be constructed by the limiting normal distribution
under H0. Under HA, the characteristic root λr0

p−→ ∞ and
the test should be consistent. It is also possible to consider a
sequence of local alternative hypothesis for the situation
when the rank condition is true asymptotically.
Alternatively, we can use

R0 =

r0∑
i=1

λi .

It is straightforward to derive the asymptotic distribution of
R0.
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The log-likelihood function is given by (−2) times

L∗1n =
n∑

k=1

log |a∗knΣv +Σx |+
n∑

k=1

tr[a∗knΣv +Σx ]
−1zkz

′
k .

For the (−2) log-likelihood for the non-stationary trend
factors may be approximated as

L∗2n = log |( 1
m

m∑
k=1

a∗kn)Σv+Σ(x)|+tr[(
1

m

m∑
k=1

a∗kn)Σv+Σ(x)]−1[
1

m

m∑
k=1

zkz
′
k ] .

The number of trend parameters without constraint is
p(p + 1)/2, which is the number of parameters of the
variance-covariance matrix. When 0 < q < p, the number of
free parameters is q(q + 1)/2 + q(p − q) = q(2p + 1− q)/2
(the number of coefficients Π is p × q and we can take an
arbitrary coefficients Π2). For instance, when p = 3 it is 6
(p = q), 5 (q = p − 1) and 3 (q = p − 2). Then we can
define AIC by

AIC = L∗1n(θ̂ML) +
q(2p + 1− q)

2
(q = 1, · · · , p),
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Alternatively, we may use a non-stationary criterion

NAIC =

p−q∑
i=1

log[am + λi ] +
q(2p + 1− q)

2
(q = 1, · · · , p).

We choose q∗ such that AIC or NAIC is minimized with
respect to q (or r) and we can determine the number of
non-stationary factors.
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Some remarks

▶ In many macro-times series we observe non-stationary
trend, non-stationary seasonality and stationary cycles
with measurement errors

▶ We develop a new way to determine the number of
trend factors

▶ It is also straight-forward to develop a new way to
determine the number of seasonal factors (Kunitomo
(2018, unpublished))
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Introduction

本研究では以下で定義される空間回帰モデルを考える:

Y (sj) = µ(X (sj)) + σ(X (sj))V (sj), j = 1, . . . , n.

ここで, Y (s),X (s) ∈ R, s ∈ R2,

{X (s) : s ∈ R2}: strictly stationary spatial process (random field).

V (s): i.i.d. random variables.

{(Y (sj),X (sj))}nj=1: 観測データ.

µ : R → R, σ : R → [0,∞).
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Introduction

空間回帰モデルは geostatistical data の分析
(空間計量経済学, 環境データ, 地震データ etc.) で利用される.

例 1: インドの過去の土地収益の管理体制が現在の経済状況に与える
影響の分析 (Robinson and Thawornkaiwong (’12, JoE)).

例 2: 海岸線付近のミネラルや有機物の濃度が海岸生態系に与える影
響の分析 (Hallin et al. (’09, Bernoulli)).

例 3: 地震観測地点における深度とマグニチュード・震度の関係
(Fernández et al.(’12, Environmetrics)).

例 4: 地球統計学 (分散不均一モデル, 鉱物の分布)

Y (sj) = βX (sj) + σ(X (sj))V (sj) j = 1, . . . , n.
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Nonparametric spatial regression models

データの観測の枠組みとして, domain expanding and infill (DEI)
asymptotics を考える. {sj}nj=1: データの観測地点.

∥ · ∥: Euclidean norm on R2.

δj ,n = min{∥sk − sj∥ : 1 ≤ k ≤ n, k ̸= j},
∆j ,n = max{∥sk − sj∥ : 1 ≤ k ≤ n, k ̸= j}.

max1≤j≤n δj ,n → 0 as n → ∞.

min1≤j≤n ∆j ,n → ∞ as n → ∞.

特にデータが格子点上 (Zd)ではなく連続な空間上 (Rd)で定義された空
間過程モデルを想定する場合に相性がいい枠組み.

例 1 Brownian (or Gaussian) random fields.

例 2 Spatial Lévy-driven OU processes (Nguyen and Veraart (’17, SJS)).

例 3 Lévy-driven CARMA random fields (Brockwell and Matsuda (’17,
JRSSB)) etc...
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Nonparametric spatial regression models

本研究の目標は以下の 2つ：

DEI asymptotics のもとで平均関数 µ, 分散関数 σ2に対する多次元
CLTを導出.

データ駆動型の推定量のバンド幅の選択方法を提案.
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Nonparametric spatial regression models

Figure: Simulated observation points which are randomly sampled from the lattice
(uj , vk) with uj = 0.3 + (j − 1)× 0.3 and vk = 0.6 + (k − 1)× 0.3,
j , k = 1, . . . , 750.
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Nonparametric spatial regression models

Previous works:

Estimation (random field/spatial regression)

DEI asymptotics (random) : Matsuda and Yajima (’09, JRSSB).

(irregularly observed) lattice data : Jenish and Prucha (’09, JoE), Li
(’16, SISP).

Inference (random field/spatial regression/time series regression)

DEI asymptotics (deterministic) : Lu and Tjøstheim (’14, JASA).

(irregularly observed) lattice data : Hallin et al.(’04, Ann. Statist.),
Hallin et al.(’09, Bernoulli), Robinson (’11, JoE), Robinson and
Thawornkaiwong (’12, JoE).

regular observation: Zhang and Wu (’08, Ann. Statist.).
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Assumptions

(A1): Assumption on spatial process

(i) {X (s), s ∈ R2} is a strictly stationary spatial process, satisfying the
α-mixing property that there exist a function φ such that φ(t) ↓ 0 as
t → ∞, and a function ψ : N2 → [0,∞) symmetric and increasing in
each of its two arguments, such that

α(B(S ′),B(S ′′)) = sup
A∈B(S′),B∈B(S′′)

|P(A ∩ B)− P(A)P(B)|

≤ ψ(Card(S ′),Card(S ′′))φ(d(S ′,S ′′)), (1)

where S ′,S ′′ ⊂ R2, B(S) be the Borel σ-field generated by
{Xs , s ∈ S}, and d(S ′,S ′′) = min{∥sk − sj∥|sk ∈ S ′, sj ∈ S ′′} for
each S ′ and S ′′.

(ii) For some constant γ > max{1, 2κ/(2 + κ)} and some κ > 0,

lim sup
m→∞

m4+3γ
∞∑
j=m

jφκ/(2+κ)(j) <∞.
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Assumptions

(A1): Assumption on spatial process (conti.)

(iii) nψ(1, n)φ(cn) → 0 as n → ∞, where cn = {δ2nhκ/(2+κ)}−1/γ .

条件 (1) で ψ ≡ 1のとき, random field は strong mixing であるとい
う. Strong mixing condition は多くの確率過程 (diffusion process,
Lévy-driven jump diffusion SDE etc.)や時系列モデル (ARMA,
(nonlinear) ARCH, Markov chain etc.)に対して満たされる.

条件 (1) は連続時間確率過程や (非線形時系列)時系列モデルに対す
る strong mixing condition の一般化.

実際この条件は多くの空間過程 (or 確率場)に対して満たされる (例
えば Gaussian (or CARMA) random field など. 詳しくは
Rosenbratt(1985), Guyon(1987) を参照).
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Assumptions

(A2): Assumption on bandwidths and sampling scheme
As n → ∞, the deterministic sequences {bn}n≥1 and {hn}≥1 satisfy the
following conditions:

(i) bn, hn → 0.

(ii) n(bn + hn) → ∞, lim infn→∞ n(b2n + h2n) > 0, and n(b5n + h5n) = O(1).

(iii) δ
−(2+2/γ)
n (bn + hn)

1−2κ/{(2+κ)γ} → 0.

(A3): Assumption on kernel function

(i) The kernel function K is bounded, symmetric, and has a bounded
support. Let cK =

∫
R z2K (z)dz .
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Assumptions

(A4): Assumption on regression models
Let f and fj ,k be density functions of X (s) and (X (sj),X (sk)) with j ̸= k
respectively. For some ϵ > 0, U ⊂ Rd , Uϵ denotes an ϵ-enlargement of U,
that is, Uϵ := {x : ∥x − y∥ < ϵ, y ∈ U}.
(i) infx∈I ϵ f (x) > 0 and infx∈I ϵ σ(x) > 0 for some compact set I ⊂ R

and some ϵ > 0 and I ⊂ R.
(ii) The marginal density f and the joint density fj ,k satisfy

|fj ,k(x , y)− f (x)f (y)| ≤ C uniformly for j ̸= k and (x , y) ∈ R2 where
C is a universal positive constant, and µ ∈ C 4(I ϵ), σ ∈ C 2(I ϵ) where
I⊗d = I × . . .× I︸ ︷︷ ︸

d

. Here, for S ⊂ R,

Cp(S) = {f : sup
x∈S

|f (k)(x)| <∞, k = 0, 1, . . . , p}

is the set of functions having bounded derivatives on S up to order p,
and C 0(S) is the set of continuous functions on S .
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Assumptions

(A4): Assumption on regression models (conti.)

(iii) E [V (s1)] = 0, E [V 2(s1)] = 1, and E [|V (s1)|8+4κ] <∞. Here, κ > 0
is the constant which appear in Assumption (A1) (ii).

(iv) {X (s) : s ∈ R2} and {V (s) : s ∈ R2} are independent.
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Main results

以下の推定量に対する極限定理を考える:

µ̂bn(x) =
1

nbn f̂X (x)

n∑
j=1

Y (sj)K

(
x − X (sj)

bn

)
,

σ̂2hn(x) =
1

nhn f̃X (x)

n∑
j=1

{Y (sj)− µ̂∗bn(X (sj))}2K
(
x − X (sj)

hn

)
.

ここで,

f̂X (x) =
1

nbn

n∑
j=1

K

(
x − X (sj)

bn

)
, f̃X (x) =

1

nhn

n∑
j=1

K

(
x − X (sj)

hn

)
,

µ̂∗bn(x) = 2µ̂bn(x)− µ̂√2bn
(x).
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Main results

bn, hn: バンド幅, bn, hn → 0, n(bn + hn) → ∞ as n → ∞.

K : a kernel function with
∫
K (x)dx = 1.

Bias reduction のため, σ̂2hn の定義で µ̂bn の代わりに µ̂∗bn (µ̂bn の
jackknife version) を使っている. 各 x ∈ Rに対して,

µ̂bn(x)− µ(x) = OP(b
2
n),

µ̂∗bn(x)− µ(x) = OP(b
4
n).
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Main results

Proposition 1

Under Assumptions (A1), (A2), (A3) and (A4), for
−∞ < x1 < x2 < · · · < xN <∞, we have that

√
nbn

∥K∥2
L2


f̂ (x1)−f (x1)−b2ncK f

′′(x1)/2√
f (x1)
...

f̂ (xN)−f (xN)−b2ncK f
′′(xN)/2√

f (xN)

 d→ N(0, IN).

where IN is the N × N identity matrix.
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Main results

DEI asymptotics のもとではノンパラメトリック時系列データの解析
でよく使われる small block-large block technique (Bernstein (1926,
Ann. Math.))が使えない.

→ 観測データが (regular) lattice 上のにある場合と異なり, データ間
の距離が近づいていくため, 漸近的に独立になるような観測データの
ブロックが構成できない.

代わりに Bolthausen (’82, Ann. Probab.) による CLT の証明法 (特
性関数の収束)を使う.
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Main results

Proposition 2

Assume that G and H are functions such that

(i) G ∈ C 0({x}ϵ) for some ϵ > 0.

(ii) H : R → R with E [H(V (s1))] = 0, E [H2(V (s1))] > 0 and
E [|H(V (s1))|4+2κ] <∞.

Define

Un =
1√
nhn

n∑
j=1

G (X (sj))H(V (sj))K

(
x − X (sj)

hn

)
.

Then, under Assumptions (A1), (A2), (A3) and (A4), for x ∈ I we have
that

Un
d→ N(0, f (x)G 2(x)V (H)∥K∥2L2)

as n → ∞, where V (H) = E [H2(V (s1))].
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Main results

Theorem 1

Under Assumptions (A1), (A2), (A3) and (A4), for
−∞ < x1 < x2 < · · · < xN <∞, we have that

√
nbn

∥K∥2
L2


√

f (x1)(µ̂bn (x1)−µ(x1)−b2ncKρµ(xℓ))√
σ2(x1)
...√

f (xN)(µ̂bn (xN)−µ(xN)−b2ncKρµ(xℓ))√
σ2(xN)

 d→ N(0, IN).

where ρµ(x) = µ′′(x)/2 + {µ(x)f ′′(x)/2 + µ′(x)f ′(x)}/f (x) and IN is the
N × N identity matrix.
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Main results

Theorem 2

Under Assumptions (A1), (A2), (A3) and (A4), and E [V 4(s1)] > 1, for
−∞ < x1 < x2 < · · · < xN <∞, we have that

√
nhn

V4∥K∥2
L2


√

f (x1)(σ̂2
hn
(x1)−σ2(x1)−h2ncKρσ(xℓ))√

σ4(x1)
...√

f (xN)(σ̂
2
hn
(xN)−σ2(xN)−h2ncKρσ(xℓ))√

σ4(xN)

 d→ N(0, IN).

where V4 = E [V 4(s1)]− 1,
ρσ(x) = σ′(x) + σ(x)σ′′(x) + {2σ(x)σ′(x)f ′(x) + σ2(x)f ′′(x)/2}/f (x),
and IN is the N × N identity matrix.
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Main results

Proposition 1, Theorems 1, 2 の結果を利用して f , µ, σ2に対する
I = [a, b] ⊂ R, −∞ < a < b <∞上での信頼バンドの構成方法を考える.

V4を以下で推定する:

V̂4 =

∑n
j=1 V̂

4(sj)1{X (sj) ∈ I}∑n
j=1 1{X (sj) ∈ I}

− 1, V̂ (sj) =
Y (sj)− µ̂∗bn(X (sj))

σ̂hn(X (sj))
.

naive estimator n−1
∑n

j=1 V̂
4(sj)− 1 だと X の値が大きいところで推

定精度が落ちるので finite sample performance が悪くなる.

ξ1, . . . , ξN を i.i.d. standard normal random variables とし, qτ ,
τ ∈ (0, 1) を以下を満たす値とする:

P

(
max

1≤j≤N
|ξj | > qτ

)
= τ.
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Main results

このとき, 各 design points x1, . . . , xN ∈ I における f , µ, σ2の joint
asymptotic 100(1− τ)% confidence intervals は以下で与えられる:

Ĉf (xj) =

f̂X (xj)±
√

f̂X (xj)∥K∥2
L2

nbn
qτ

 , j = 1, . . . ,N,

Ĉµ(xj) =

[
µ̂bn(xj)±

√
σ̂hn(xj)∥K∥2

L2

nbn f̂X (xj)
qτ

]
, j = 1, . . . ,N,

Ĉσ2(xj) =

σ̂2(xj)±
√√√√ σ̂4hn(xj)V̂4∥K∥2

L2

nhn f̂X (xj)
qτ

 , j = 1, . . . ,N.

これらを線形補完すればそれぞれの関数の confidence bands が得られる.
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Simulations

観測地点の生成: lattice (uj , vk) with uj = 0.3 + (j − 1)× 0.3 and
vk = 0.6 + (k − 1)× 0.3 for j , k = 1, . . . , n から n 個の locations
(ujℓ , vkℓ) with 1 ≤ jℓ, kℓ ≤ n, ℓ = 1, . . . n を選び, sℓ = (ujℓ , vkℓ) と
する.

空間過程 X (s)の生成: 以下の spatial moving average process から
データを発生させる:

X (sj) =
1∑

ℓ=−1

1∑
m=−1

aℓ,mZℓ,m, sj = (uℓ, vm), j = 1, . . . , n.

ここで, Zℓ,mは i.i.d. standard normal random variables, aℓ,m は 以下
の行列 Aの (ℓ+ 2,m + 2)成分:

A =

 1/5 2/5 −4/5
−3/5 −2/5 −1/5
−1/5 2/5 −3/5

 .
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Simulations

Y (s)の生成:

µ(x) = 0.1 + 0.3x , σ2(x) = 0.2 + 0.05x + 0.3x2.

V (sj) ∼ i .i .d .N(0, 1).

Kernel function: Epanechnikov kernel K (x) = 3
4(1− x2)1{|x | ≤ 1}.

Sample size n = 750.
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Simulations

実際に推定量を計算する際にはバンド幅の値を決める必要がある.
特に n(b5n + h5n) = o(1)なら, 信頼バンドの構成にあたって漸近バイ
アスの推定が必要なくなる.

具体的には推定の意味で optimal なバンド幅よりも order の意味で
小さいバンド幅を選ばなくてはならない.

一般には optimal bandwidth は f , µ, σ の滑らかさや mixing
condition に出てくる κ 等の未知のパラメータに依存する.

Bissantz et al. (’09, JRSSB) : deconvolution problem,
Kurisu (2018a): estimation of Lévy meas. of Lévy-driven OU proc.
のアイデアに基づくデータ駆動型のバンド幅の選択法を提案.
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Simulations

1 Set a pilot bandwidth bP > 0 and make a list of candidate
bandwidths bℓ = ℓbP/L for ℓ = 1, . . . , L.

2 Choose the smallest bandwidth bℓ (ℓ ≥ 2) such that the adjacent
value max1≤j≤N |µ̂bℓ(xj)− µ̂bℓ−1

(xj)| is smaller than
τ ×min{max1≤j≤N |µ̂bℓ(xj)− µ̂bℓ−1

(xj)| : ℓ = 2, . . . , L} for some
τ > 1.

In our simulation study, we choose bP = hP = 1, L = 20, and τ = 2.
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Simulations

Figure: Discrete L∞-distance between the true function µ and estimates µ̂bℓ

(left), and between the true function σ2 and estimates σ̂2
hℓ

(right) for different
bandwidth values. We set n = 750, I = [−0.5, 0, 5], and
xj = −0.5 + (j − 1)× 0.1, j = 1, . . . , 11.
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Simulations

Figure: Discrete L∞-distance between the estimates µ̂bℓ (left), and between the
estimates σ̂2

hℓ
(right) for different bandwidth values. We set n = 750,

I = [−0.5, 0, 5], and xj = −0.5 + (j − 1)× 0.1, j = 1, . . . , 11.
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Simulations

Figure: Normalized empirical distributions of estimates µ̂bn(x) at x = −0.25(left),
x = 0(center) and x = 0.25(right). The red line is the density of a standard
normal distribution. We set n = 750 and the number of Monte Carlo iteration is
250.
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Simulations

Figure: Normalized empirical distributions of estimates σ̂2
hn
(x) at x = −0.25(left),

x = 0(center) and x = 0.25(right). The red line is the density of a standard
normal distribution. We set n = 750 and the number of Monte Carlo iteration is
250.
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Simulations

　　

Figure: Estimates of µ (left) and σ2 (right) together with 85%(dark gray),
95%(gray), and 99%(light gray) confidence bands. The solid lines correspond to
the true functions. We set n = 750, I = [−0.5, 0.5], and
xj = −0.5 + (j − 1)× 0.1, j = 1, . . . , 11.
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Conclusions

DEI asymptotics の下でノンパラメトリック空間回帰モデルの平均・
分散関数に対する多次元中心極限定理を導出した.

多次元中心極限定理を利用して f , µ, σ2に対する信頼バンドの構成方
法を提案した.

データ駆動型の推定量のバンド幅の選択法を提案した.

数値実験で finite sample performance を確認した.

Kurisu, D. (2018a). Nonparametric inference on Lévy measures of
Lévy-driven Ornstein-Uhlenbeck processes under discrete observations.
arXiv:1803.08671.

Kurisu, D. (2018b). On nonparametric inference for spatial regression
models under domain expanding and infill asymptotics. arXiv:1804.09402.
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